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1. Introduction and main results

Let Q C R" be a bounded domain containing the origin and fix a dimension n > 2. For any 1 < p < n, we let ¢ be the critical
Caffarelli-Kohn-Nirenberg (henceforth abbreviated CKN) exponent defined by

np
=— 1.1
1 n—p(l+a-b) (1.1

whilst subject to the constraints

n—p
p

a< and a<b<a+l. (1.2)

In particular, condition (1.2) implies that max(ap, gb) < n and p < q < p* where

s._
n—p

is the critical Sobolev constant. Therefore, the weight functions x — |x|™% and x ~ |x|~* both belong to LIIOC(R”). Let us also define

a homogeneity exponent:

n—bq n b= n—p(l+a->b) b= n—p(l+a)
q q p p ’

(1.3)
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$p$


$p$


$p$


$\Omega \subset \RR ^n$


$n\ge 2$


$\Om \subset \RR ^n$


$n \geq 2$


$1 < p < n$


$q$


\begin {equation}q := \frac {np}{n-p(1+a-b)}, \label {Xeqn1-1.1}\end {equation}


\begin {equation}\label {eq:conditions} a < \frac {n-p}{p} \quad \text {and} \quad a \leq b < a+1.\end {equation}


$\max (ap, qb) < n$


$p < q \le p^\ast $


\begin {equation*}p^\ast := \frac {np}{n-p}\end {equation*}


${x} \mapsto \abs {x}^{-ap}$


$x \mapsto \abs {x}^{-bq}$


$L^1_{\text {loc}}(\RR ^n)$


\begin {equation}\label {eq:exponent} \gamma := \frac {n-bq}{q} = \frac {n}{q} - b = \frac {n-p(1+a-b)}{p} - b = \frac {n-p(1+a)}{p}.\end {equation}


$(PS)$


\begin {equation}\label {eq:probOm}\tag {A} \begin {cases} -\operatorname {div}\left (\abs {x}^{-ap}\abs {\nabla u}^{p-2}\nabla u\right ) = \abs {x}^{-bq}\abs {u}^{q-2}u &\text {in }\Om \\ u\in \D _a^{1,p}\left (\Om , 0\right ) \end {cases}\end {equation}


$\D _a^{1,p}(\Omega , 0)$


$C_c^\infty (\Omega )$


$U$


$\RR ^n$


$x_0\in \RR ^n$


\begin {equation*}\D _a^{1,p}(U, x_0) = \D ^{1,p}(U, \abs {x-x_0}^{-ap})\end {equation*}


$\D ^{1,p}(U)$


$a=0$


$C_c^\infty (U)$


\begin {equation}\label {xnorm} \norm {\cdot }_{\D _a^{1,p}(U, x_0)} := \left ( \int _U \abs {\nabla (\cdot )}^p\abs {x-x_0}^{-ap}\d {x}\right )^{1/p}.\end {equation}


$\Omega $


$\phi : \D _a^{1,p}(\Om , 0) \to \RR $


\begin {equation*}\phi (u) := \frac {1}{p}\int _\Omega \abs {\nabla u}^p\abs {x}^{-ap}\d {x} - \frac {1}{q}\int _\Omega \abs {u}^q\abs {x}^{-bq}\d {x}.\end {equation*}


$u\in \D _a^{1,p}(\Om , 0)$


\begin {equation*}\inner {\phi ^\prime (u), h} = 0 \qquad \forall h\in \D _a^{1,p}(\Om , 0).\end {equation*}


$p^\prime :=p/(p-1)$


$\D ^{-1,p^\prime }_a(U, x_0)$


$\D _a^{1,p}(U, x_0)$


$\phi ^\prime : \D _a^{1,p}(\Om , 0)\to \D _a^{-1,p^\prime }(\Om , 0)$


$\phi $


$(PS)$


$(u_\alpha )$


$\D _a^{1,p}(\Om , 0)$


$\phi (u_\alpha )$


$\alpha $


$\phi ^\prime (u_\alpha )\to 0$


$\D _a^{-1, p^\prime }(\Om , 0)$


$\alpha \to \infty $


$(PS)$


$(a,b) \ne (0,0)$


\begin {equation}\label {eq:probLim}\tag {B} \begin {cases} -\operatorname {div}\left (\abs {x}^{-ap}\abs {\nabla u}^{p-2}\nabla u\right ) = \abs {x}^{-bq}\abs {u}^{q-2}u &\text {in }\RR ^n\\ u\in \D _a^{1,p}\left (\RR ^n, 0\right ) \end {cases}\end {equation}


$\phi _{0, \infty } : \D _a^{1,p}(\RR ^n, 0) \to \RR $


\begin {equation*}\phi _{0, \infty }(u) := \frac {1}{p}\int _{\RR ^n} \abs {\nabla u}^p\abs {x}^{-ap}\d {x} - \frac {1}{q}\int _{\RR ^n}\abs {u}^q\abs {x}^{-bq}\d {x}.\end {equation*}


$a\ne b$


$a =b$


$a = b \ne 0$


$a \ne b$


$a\ne b$


$\Om \subset \RR ^n$


$(u_\alpha )$


$a \neq b$


$\gamma > 0$


$(u_\beta )$


$(u_\alpha )$


$k \ge 0$


$v_0$


$w_1,\dots , w_k$


$j=1,\dots , k$


$(\lambda _\beta ^{(j)})$


$(0,\infty $


\begin {equation*}\lambda _\beta ^{(j)} \to 0, \quad \text {as } \beta \to \infty .\end {equation*}


$\beta \to \infty $


\begin {equation}\label {eq:decomposition in the energy space a<b} u_\beta - v_0 - \sum _{j=1}^k \left ( \lambda _\beta ^{(j)} \right )^{-\gamma } w_j\left ( \frac {\cdot }{\lambda _\beta ^{(j)} }\right ) \to 0\quad \text { in } \D ^{1,p}_a(\RR ^n, 0)\end {equation}


\begin {equation*}\norm {u_\beta }_{\D ^{1,p}_a(\Om , 0)}^p \to \norm {v_0}_{\D ^{1,p}_a(\Om , 0)}^p + \sum _{j=1}^k \norm {w_j}_{\D _a^{1,p}(\RR ^n, 0)}^p\end {equation*}


\begin {equation*}\phi (u_\beta ) \to \phi (v_0) + \sum _{j=1}^k \phi _{0,\infty }(w_j)\end {equation*}


$(PS)$


$(u_\alpha )$


$v_0$


$w_j$


$\Delta u + \lambda f(u) = 0$


$p$


$p$


$p$


$\Delta _p(\cdot )$


${\RR }^N$


$p$


$C^1$


$p$


${\RR }^N$


$\D ^{1,p}({\RR }^N)$


$p$


$\mathbb {R}^N$


$p$


$p$


${\RR }^n$


$p$


$p=1$


$p$


${\RR }^N$


$p=2$


$a=b=0$


$a=b=0$


$(PS)$


$p \in (1,n)$


$p=2$


$a=0$


$w_j$


$a=b=0$


$\overline {\Om }$


$a<b$


$\partial \Om $


$a=b \ne 0$


$(PS)$


\begin {equation}\label {eq:probLimWeightless}\tag {C} \begin {cases} -\operatorname {div}\left (\abs {\nabla u}^{p-2}\nabla u\right ) = \abs {u}^{p^\ast -2}u &\text {in }\RR ^n\\ u\in \D ^{1,p}\left (\RR ^n\right ), \end {cases}\end {equation}


\begin {equation}\label {eq:probLimWeightlessHalf}\tag {D} \begin {cases} -\operatorname {div}\left (\abs {\nabla u}^{p-2}\nabla u\right ) = \abs {u}^{p^\ast -2}u &\text {in }\HH \\ u\in \D ^{1,p}\left (\HH \right ). \end {cases}\end {equation}


$a=b$


$\tau ^-$


$\eta \in C_c^\infty (\RR ^n; [0,1])$


$B(0,1)$


$\eta \equiv 1$


$B(0,1/2)$


$y\in \RR ^n$


$\lambda > 0$


$\tau ^-_{y, \alpha }$


\begin {equation*}\tau ^-_{y,\lambda }h(z) := \begin {cases} \displaystyle \lambda ^{-\gamma }h\left (\frac {z-y}{\lambda }\right ) &\text {if } a=b=0\\ \displaystyle \left (\frac {\lambda }{\abs {y}}\right )^{-b} \lambda ^{-\gamma }h\left (\frac {z-y}{\lambda }\right )\eta \left (\frac {2(z-y)}{\abs {y}}\right ) &\text {if } a=b \ne 0\,. \end {cases}\end {equation*}


$\left (\frac {\lambda }{\abs {y}}\right )^{-b}$


$a=b=0$


$\Om \subset \RR ^n$


$C^1$


$(u_\alpha )$


$a = b$


$q=p^\ast $


$\gamma > 0$


$(u_\beta )$


$(u_\alpha )$


$k,l,l^{\mathbb {H}}\ge 0$


$v_0$


$w_1, \dots , w_k$


$j=1, \dots , k$


$\left (\mu _\beta ^{(j)}\right )$


$(0, \infty )$


$\mu _\beta ^{(j)} \to 0$


$\beta \to \infty $


$v_1, \dots , v_l$


$\RR ^n$


$j=1, \dots , l$


$\left (\lambda _\beta ^{(j)}\right )_\beta $


$(0, \infty )$


$\left (y_\beta ^{(j)}\right )_\beta $


$\Om $


$\beta \to \infty $


\begin {equation*}\lambda _\beta ^{(j)} \to 0,\qquad \frac {\abs {y_\beta ^{(j)}}}{\lambda _\beta ^{(j)}} \to \infty \qquad \frac {\operatorname {dist}(y_\alpha ^{(j)}, \partial \Om )}{\abs {\lambda ^{(j)}_\alpha }}\to \infty \end {equation*}


$v^\HH _1, \dots , v^\HH _{l^\HH }$


$\HH $


$j=1, \dots , l^\HH $


$(\lambda _\beta ^{\HH ,(j)})_\beta $


$(0, \infty )$


$(y_\beta ^{\HH ,(j)})_\beta $


$\bar {\Om }$


$\beta \to \infty $


\begin {equation*}\lambda _\beta ^{\HH ,(j)} \to 0,\qquad \frac {\abs {y_\beta ^{\HH ,(j)}}}{\lambda _\beta ^{\HH ,(j)}}\to \infty , \qquad \frac {\operatorname {dist}(y_\beta ^{\HH ,(j)}, \partial \Om )}{\abs {\lambda ^{\HH ,(j)}_\beta }} \text { is bounded.}\end {equation*}


$\beta \to \infty $


\begin {equation*}u_\beta - v_0 - \sum _{j=1}^k \left (\mu _\beta ^{(j)}\right )^{-\gamma }w_j\left (\frac {z}{\mu _\beta ^{(j)}}\right ) - \sum _{j=1}^l\left [\tau ^-_{\lambda _\beta ^{(j)}, y_\beta ^{(j)}}v_j \right ] - \sum _{j=1}^{l^\HH }\left [\tau ^-_{\lambda _\beta ^{\HH ,(j)}, y_\beta ^{\HH ,(j)}}V^\HH _j \right ] \to 0\end {equation*}


$\D _a^{1,p}(\RR ^n,0)$


$V_j^\HH $


$v_j^\HH $


\begin {equation*}\norm {u_\beta }^p_{\D ^{1,p}(\Om ,0)} \to \norm {v_0}_{\D _a^{1,p}(\Om ,0)} + \sum _{j=1}^k\norm {w_j}_{\D _a^{1,p}(\RR ^n,0)} + \sum _{j=1}^l\norm {v_j}_{\D ^{1,p}(\RR ^n)} + \sum _{j=1}^{l^\HH }\norm {v_j^\HH }_{\D ^{1,p}(\HH )}\end {equation*}


\begin {equation*}\phi (u_\beta ) \to \phi (v_0) + \sum _{j=1}^k \phi _{0,\infty }(w_j) + \sum _{j=1}^l \phi _\infty (v_j) + \sum _{j=1}^{l^\HH } \phi _\infty (v_j^\HH )\end {equation*}


$(PS)$


$(u_\alpha )$


$v_0$


$w_j$


$v_j$


$v_j^\HH $


$a< b$


\begin {equation*}\phi _\infty :\D ^{1,p}(\RR ^n)\supseteq \D ^{1,p}(\HH ) \to \RR ,\qquad \phi _\infty (u) := \frac {1}{p}\int _{\RR ^n} \abs {\nabla u}^p\d {x} - \frac {1}{p^\ast }\int _{\RR ^n}\abs {u}^{p^\ast }\d {x}.\end {equation*}


$\Om $


$\HH := \set {x\in \RR ^n : x_n > 0}$


$a=b=0$


$\tau _{y, \lambda }^-$


$\D ^{1,p}(\RR ^n)$


$\D _a^{1,p}(\RR ^n,0)$


$\lambda /\abs {y}$


$\abs {x}^{-ap}\d {x}$


$\abs {x}^{-bq}\d {x}$


$\lambda /\abs {y}$


$a=b=0$


$a < b$


$a=b$


$a=b$


$\tau _{y, \lambda }$


$\D _a^{1,p}(\RR ^n,0)$


$\D ^{1,p}(\RR ^n)$


$\tau _{y, \lambda }^-$


$\tau _{y, \lambda }$


$\tau _{y, \lambda }^-$


$\tau _{y, \lambda }$


$\Om $


$(PS)$


$a<b$


$a=b \ne 0$


$(PS)$


$(PS)$


$B$


$(PS)$


$(u_\alpha )$


$\D _a^{1,p}(B,0)$


$x \in B$


\begin {equation*}\abs {u_\alpha (gx)} = \abs {u_\alpha (x)}\end {equation*}


$\alpha \in \NN $


$g \in G$


$G \le O(n)$


$\abs {\operatorname {Orb}_G(x)}$


$x \ne 0$


$\Om $


$0 \in \partial \Om $


$a<b$


$\partial \Om $


$C^1$


$0$


$\partial \Om $


$0$


$p=2$


$a=0$


$p=2$


$a=b=0$


$a=b=0$


$1 < p < n$


$(PS)$


$p=2$


$a=0$


$p$


$p$


$\RR ^n$


$C>0$


$x_0\in \RR ^n$


\begin {equation}\label {eq:CKN} \left ( \int _{\RR ^n} \abs {u(x)}^q\abs {x-x_0}^{-bq}\d {x} \right )^{1/q} \leq C\left ( \int _{\RR ^n} \abs {\nabla u(x)}^p\abs {x-x_0}^{-ap}\d {x} \right )^{1/p}\end {equation}


$u\in C_c^\infty (\RR ^n)$


$a=b=0$


\begin {equation}\label {eq:CKNratio} \dfrac {\left ( \int _{\RR ^n} \abs {\nabla u(x)}^p\abs {x}^{-ap}\d {x} \right )^{1/p}}{\left ( \int _{\RR ^n} \abs {u(x)}^q\abs {x}^{-bq}\d {x} \right )^{1/q}},\qquad u\in \D _a^{1,p}(\RR ^n, 0).\end {equation}


$a=b=0$


$p=2$


$n\ge 3$


$a=0$


$p=2$


$a\ge 0$


$a>0$


$a<0$


$p=2, n\ge 3$


$a=b < 0$


$\D _a^{1,p}(\RR ^n, x_0)$


$1<p<{n}/({1+a-b})$


$a\ge 0$


$b < n/q$


\begin {equation}\label {eq:limitingSolutionsUnweighted} x \mapsto \left [\frac {\left (\mu n \left (\frac {n-p}{p-1}\right )^{p-1}\right )^{1/p}}{\mu + \abs {x-x_0}^{\frac {p}{p-1}}}\right ]^{\frac {p}{q-p}},\qquad \mu >0, x_0\in \RR ^n.\end {equation}


$p=2$


$\frac {2n}{n+2}\le p < 2$


$1<p<2$


$2<p<n$


$p$


$n$


$u$


$\D ^{1,p}(\RR ^n)$


$\pm 1$


\begin {equation}\label {eq:limitingSolutionsWeighted} x \mapsto \left [\frac {\left (\dfrac {\mu n (n-p(1+a))^p}{(n-p(1+a-b))(p-1)^{p-1}}\right )^{1/p}}{\mu + c\abs {x}^{\frac {(n-p(1+a))}{(n-p(1+a-b))}\frac {p(1+a-b)}{p-1}}}\right ]^{\frac {p}{q-p}},\qquad \mu >0\end {equation}


$a=b=0$


$\abs {x}^{-ap}\d {x}$


$\abs {x}^{-bq}\d {x}$


$a=b=0$


$a=0$


$b\ne 0$


$p=2$


$a<b$


$a\ge 0$


$a<0$


$b \le \gamma \left (\frac {n}{p\sqrt {\gamma ^2+n-1}} - 1\right )$


$n\ge 3$


$1<p<n$


$a=b \ge 0$


$a,b$


$p<n/2$


$a=0$


$a,b,p$


$\D _a^{1,p}$


$\Om $


$(PS)$


$a=b$


$(PS)$


$U$


$x_0 \in \RR ^n$


$\D _a^{1,p}(U, x_0)$


$C_c^\infty (U)$


\begin {equation*}\norm {u}_{L^q_b(U,x_0)}^q :=\int _U \abs {u}^q\abs {x-x_0}^{-bq}\d {x}, \quad \norm {v}_{L^p_a(U,x_0)}^p := \int _U \abs {v}^p\abs {x-x_0}^{-ap}\d {x}.\end {equation*}


$L^q_b(U, x_0)$


$L^p_a(U,x_0)$


$u, v : U \to \RR $


\begin {equation*}\int _U \abs {u}^q\abs {x-x_0}^{-bq}\d {x} < \infty , \quad \text {and}\quad \int _U \abs {v}^p\abs {x-x_0}^{-ap}\d {x} < \infty .\end {equation*}


\begin {equation}\label {eq:CKNv2} C_{a,b}\norm {w}_{L^q_b(\RR ^n, x_0)}^{p} \leq \norm {\nabla w}_{L^p_a(\RR ^n, x_0)}^p, \quad \forall w \in \D _a^{1,p}(\RR ^n, x_0)\end {equation}


$C_{a,b} = C_{a,b}(n,p)$


$a=b=0$


$\D ^{1,p}(U)$


$U = \RR ^n$


\begin {equation*}\D ^{1,p}(\RR ^n) = \left \{ u \in L^{p^\ast }(\RR ^n) : \nabla u \in L^p(\RR ^n) \right \}.\end {equation*}


$\D _a^{1,p}(U,x_0)$


$u \in \D _a^{1,p}(U, x_0)$


$L^q_b(U,x_0)$


$\nabla u$


$U \setminus \{ x_0\}$


$\nabla u \in L^p_a(U \setminus \{x_0\}, x_0)$


$a \ge 0$


$\nabla u$


$U$


$c\in \RR $


\begin {equation*}\nabla u \equiv 0 \text { almost everywhere on } \set {x\in \RR ^n : u(x) = c}.\end {equation*}


$\D _a^{1,p}(U, x_0)$


$\D _a^{1,p}(U, x_0)$


$U$


$\D _a^{1,p}(U, x_0)$


$\D _a^{1,p}(U, x_0) \hookrightarrow L_{\text {loc}}^p\big (\RR ^n, \abs {x-x_0}^{-ap}\big )$


$\D ^{-1,p^\prime }_a(U, x_0)$


$p^\prime := p/(p-1)$


$\D _a^{1,p}(U, x_0)$


$\varphi \in \D _a^{-1,p^\prime }(U,x_0)$


\begin {equation}\label {eq:Riesz} \varphi (u) = \int _U \pinner {\nabla u, \mathbf {g}} \abs {x-x_0}^{-ap}\d {x}, \qquad \forall u \in \D _a^{1,p}(U, x_0)\end {equation}


$\RR ^n$


$\mathbf {g} \in L^{p^\prime }_a(\RR ^n, x_0)$


$\pinner {\cdot , \ast }$


$\RR ^n$


$\D ^{1,p}(U)$


$\D ^{-1,p^\prime }(U)$


$\D ^{1,p}_a(U,x_0)$


$U$


$T : \RR \to \RR $


\begin {equation}\label {eq:TDef} T(x) := \begin {cases} x & \text {if } \abs {x} \leq 1,\\ \frac {x}{\abs {x}} & \text {if } \abs {x} > 1. \end {cases}\end {equation}


$T$


$u \in \D ^{1,p}_a(U,x_0)$


$T(u) \in \D ^{1,p}_a(U,x_0)$


$(u_\alpha )$


$\D ^{1,p}_a(U,x_0)$


$u \in \D ^{1,p}_a(U,x_0)$


$\alpha \to \infty $


$T$


$(U_k)$


$U$


$\bigcup _{k \geq 1} U_k = U$


\begin {equation}\label {eq:lemGradient1} \lim _{\alpha \to \infty } \int _{U_k} \pinner {\left [ \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha - \abs {\nabla u}^{p-2}\nabla u\right ], \nabla \left [T(u_\alpha - u)\right ]}\,\d {\mu } = 0\end {equation}


$k \geq 1$


$\d {\mu } = \abs {x-x_0}^{-ap}\d {x}$


$(u_\beta )$


$\nabla u_\beta \to \nabla u$


$U$


$k\in \NN $


$\nabla u_\alpha \to \nabla u$


$U_k$


$k\in \NN $


$\alpha \in \NN $


\begin {equation*}E^{(k)}_\alpha := \left \{ x \in U_k : \abs {u_\alpha (x) - u(x)} \leq 1 \right \}.\end {equation*}


\begin {equation}\label {eq:lemgradient2} \lim _{\alpha \to \infty } \int _{E^{(k)}_\alpha } \pinner {\left [\abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha - \abs {\nabla u}^{p-2}\nabla u\right ], [\nabla u_\alpha - \nabla u]}\abs {x-x_0}^{-ap}\d {x} = 0.\end {equation}


$\mathbf {1}_{E^{(k)}_\alpha }(x) \to 1$


$x \in U_k$


\begin {align*}\pinner {\left [\abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha - \abs {\nabla u}^{p-2}\nabla u\right ], [\nabla u_\alpha - \nabla u]} \to 0\end {align*}


$U_k$


$\nabla u_\alpha \to \nabla u$


$U_k$


$(u_\alpha )$


$\D ^{1,p}_a(U,x_0)$


$u \in \D ^{1,p}_a(U,x_0)$


$\alpha \to \infty $


$(u_\beta )$


$\nabla u_\beta \to \nabla u$


$U$


$\lim \limits _{\beta \to \infty } \left ( \norm {u_\beta }^p_{\D ^{1,p}_a(U,x_0)} - \norm {u_\beta - u}^p_{\D ^{1,p}_a(U,x_0)} \right ) = \norm {u}^p_{\D ^{1,p}_a(U,x_0)}$


\begin {equation*}\abs {\nabla u_\beta }^{p-2}\nabla u_\beta - \abs {\nabla u_\beta - \nabla u}^{p-2}(\nabla u_\beta - \nabla u) \to \abs {\nabla u}^{p-2}\nabla u\end {equation*}


$L^{\frac {p}{p-1}}(U, \abs {x-x_0}^{-ap})$


\begin {equation*}\abs {u_\beta }^{q-2} u_\beta - \abs {u_\beta - u}^{q-2}(u_\beta - u) \to \abs {u}^{q-2}u\end {equation*}


$L^{\frac {q}{q-1}}(U, \abs {x-x_0}^{-bq})$


$(u_\alpha )$


$(u_\alpha )$


$C>0$


\begin {align*}\norm {u_\alpha }_{\D ^{1,p}_a(\Om , 0)}^p &= p\phi (u_\alpha ) + \frac {p}{q} \int _\Om \frac {\abs {u_\alpha }^q}{\abs {x}^{bq}}\d {x} \leq C +\frac {p}{q} \int _\Om \frac {\abs {u_\alpha }^q}{\abs {x}^{bq}}\d {x}\end {align*}


$\phi (u_\alpha )$


$\alpha $


\begin {equation*}\left (1-\frac {p}{q}\right )\int _\Om \frac {\abs {u_\alpha }^q}{\abs {x}^{bq}}\d {x} = p\phi (u_\alpha ) - \inner {\phi ^\prime (u_\alpha ), u_\alpha } \le C + o(1)\norm {u_\alpha }_{\D ^{1,p}_a(\Om , 0)}\end {equation*}


$\tilde {C}>0$


\begin {equation*}\norm {u_\alpha }_{\D ^{1,p}_a(\Om , 0)}^p \leq C +\frac {p}{q} \int _\Om \frac {\abs {u_\alpha }^q}{\abs {x}^{bq}}\d {x}\qquad \leq \tilde {C} + o(1)\norm {u_\alpha }_{\D ^{1,p}_a(\Om , 0)}\end {equation*}


$(u_\alpha )$


$\D ^{1,p}_a(\Om , 0)$


$\phi $


$(u_\alpha )$


$(u_\alpha )$


\begin {equation*}\liminf _{\alpha \to \infty } \phi (u_\alpha ) \ge 0.\end {equation*}


$(u_\alpha )$


\begin {equation*}\int _{\Om } \abs {\nabla u_\alpha }^p\abs {x}^{-ap}\d {x} - \int _{\Om } \abs {u_\alpha }^q\abs {x}^{-bq}\d {x} = \inner {\phi ^\prime (u_\alpha ), u_\alpha }= o(1)\end {equation*}


$\alpha \to \infty $


$\alpha \to \infty $


\begin {equation*}\phi (u_\alpha ) = \frac {\norm {\nabla u_\alpha }_{L^p_a(\Om , 0)}^p}{p} - \frac { \norm {u_\alpha }_{L^q_b(\Om , 0)}^q}{q} = \left ( \frac {1}{p} - \frac {1}{q}\right ) \norm {u_\alpha }_{L^q_b(\Om , 0)}^q + o(1)\end {equation*}


$C_{a,b} > 0$


$C_{a,b}>0$


$U\subseteq \RR ^n$


$u \in \D ^{1,p}_a(U,0)$


$\phi _{0,\infty }$


$U$


$\phi ^\prime _{0, \infty }(u, h) = 0$


$h\in \D _a^{1,p}(U, 0)$


\begin {equation*}0<\left (C_{a,b}\right )^{\frac {n}{p(1+a-b)}}\left (\frac {1+a-b}{n}\right ) \le \phi _{0,\infty }(u).\end {equation*}


$\left (C_{a,b}\right )^{\frac {n}{p(1+a-b)}}\left (\frac {1+a-b}{n}\right )$


$a=b$


$\left (C_{0,0}\right )^{\frac {n}{p}}\left (\frac {1}{n}\right )$


$u \in \D ^{1,p}_a(U, 0)$


$\phi _{0,\infty }$


$U$


$u$


$0$


$U$


\begin {equation}\label {eq:norms_equality} 0 = \inner {\phi ^\prime _{x_0,\infty }(u),u} = \int _{\RR ^n} \abs {\nabla u}^p\abs {x+x_0}^{-ap}\d {x} - \int _{\RR ^n} \abs {u}^q\abs {x+x_0}^{-bq}\d {x}.\end {equation}


\begin {equation*}\begin {aligned} \phi _{0,\infty }(u) = \frac {1}{p}\norm {\nabla u}_{L^p_a(\RR ^n, -x_0)}^p - \frac {1}{q}\norm {u}^{q}_{L^q_b(\RR ^n, -x_0)} &= \left (\frac {1}{p} - \frac {1}{q}\right )\norm {u}^{q}_{L^q_b(\RR ^n, -x_0)}\\ &= \left (\frac {1+a-b}{n}\right )\norm {u}^{q}_{L^q_b(\RR ^n, -x_0)} \end {aligned}\end {equation*}


\begin {equation*}C_{a,b} \norm {u}_{L^q_b(\RR ^n, -x_0)}^p \leq \norm {\nabla u}_{L^p_a(\RR ^n, -x_0)}^p = \norm {u}^{q}_{L^q_b(\RR ^n, -x_0)},\end {equation*}


\begin {equation*}0 < \left (C_{a,b}\right )^{q/(q-p)} \le \norm {u}^{q}_{L^q_b(\RR ^n, -x_0)}.\end {equation*}


\begin {equation*}\begin {aligned} \phi _{0,\infty }(u) = \left (\frac {1+a-b}{n}\right )\norm {u}^{q}_{L^q_b(\RR ^n, -x_0)} &\ge \left (C_{a,b}\right )^{q/(q-p)}\left (\frac {1+a-b}{n}\right )\\ &= \left (C_{a,b}\right )^{\frac {n}{p(1+a-b)}}\left (\frac {1+a-b}{n}\right ). \end {aligned}\end {equation*}


$u \in \D ^{1,p}_a(\RR ^n,0)$


$x_0 \in \RR ^n$


$\lambda > 0$


$u$


\begin {equation}\label {eq:rescale} v(x) := \lambda ^{\gamma } u(\lambda (x+x_0)),\end {equation}


$\gamma > 0$


\begin {equation*}\norm {v}_{L^q_b(\RR ^n, -x_0)} = \norm {u}_{L^q_b(\RR ^n, 0)} \quad \text {and} \quad \norm {\nabla v}_{L^p_a(\RR ^n, -x_0)} = \norm {\nabla u}_{L^p_a(\RR ^n, 0)}\end {equation*}


$v \in \D ^{1,p}_a(\RR ^n,-x_0)$


$u \in \D _a^{1,p}(\RR ^n, 0)$


$y \in \RR ^n\setminus \set {0}$


$\lambda > 0$


$\eta \in C_c^\infty (\RR ^n)$


\begin {equation}\label {eq:cutoffDef} \begin {cases} 0 \le \eta \le 1\\ \eta = 1 &\text {in }B(0, 1/2)\\ \eta = 0 &\text {outside } B(0,1). \end {cases}\end {equation}


\begin {equation*}\tau _{y, \lambda } : \D _a^{1,p}(\RR ^n,0) \to \D ^{1,p}(\RR ^n)\end {equation*}


\begin {equation}\label {eq:rescale_mod} \tau _{y, \lambda }u(x) = \begin {cases} \lambda ^\gamma u(\lambda x + y) &\text {if } a = b = 0\\ \displaystyle \left (\frac {\lambda }{\abs {y}}\right )^b \lambda ^\gamma u\left (\lambda x + y\right )\eta \left (\frac {2\lambda x}{\abs {y}}\right ) &\text {otherwise} \end {cases}\end {equation}


$C>0$


$y \in \RR ^n\setminus \set {0}$


$\lambda > 0$


\begin {equation*}\begin {aligned} \norm {\tau _{y,\lambda }u}_{L^q(\RR ^n)} &\le C\norm {u}_{L^q_b(\RR ^n,0)}\\ \norm {\tau _{y,\lambda }u}_{\D ^{1,p}(\RR ^n)} &\le C\left (\frac {\lambda }{\abs {y}}\right )^{b-a}\norm {u}_{\D _a^{1,p}(\RR ^n,0)} \end {aligned}\end {equation*}


$u\in \D _a^{1,p}(\RR ^n,0)$


$a=b=0$


$x\in \RR ^n$


\begin {equation*}\abs {\frac {2\lambda x}{\abs {y}}} \le 1 \iff \abs {\lambda x} \le \frac 12\abs {y}.\end {equation*}


\begin {equation*}\frac {1}{2} \le \frac {\abs {\lambda x + y}}{\abs {y}} \le \frac 32.\end {equation*}


$C = C(ap, bq) > 0$


$\lambda , y$


\begin {equation}\label {eq:ratio bound} \left (\frac {\abs {\lambda x + y}}{\abs {y}}\right )^{ap} \le C,\quad \left (\frac {\abs {\lambda x + y}}{\abs {y}}\right )^{bq} \le C\end {equation}


$x\in \RR ^n$


${2\lambda \abs {x}}\le {\abs {y}}$


${2\lambda x}/{\abs {y}}$


$\eta $


$u\in \D _a^{1,p}(\RR ^n,0)$


$L^q$


$\D ^{1,p}$


$v := \tau _{y,\lambda }u$


$0\le \eta \le 1$


\begin {align*}\norm {v}_{L^q(\RR ^n)}^q = \int _{\RR ^n}\abs {v}^q &\le \left (\frac {\lambda }{\abs {y}}\right )^{bq} \lambda ^{\gamma q} \int _{2\lambda \abs {x}\le \abs {y}}\abs {u\left (\lambda x + y\right )}^q\d {x}\\ &=\lambda ^n\int _{2\lambda \abs {x}\le \abs {y}}\abs {u\left (\lambda x + y\right )}^q\abs {y}^{-bq}\d {x}\\ &\le C\lambda ^n\int _{2\lambda \abs {x}\le \abs {y}}\abs {u\left (\lambda x + y\right )}^q\abs {\lambda x + y}^{-bq}\d {x}\\ &= C\int _{2\abs {z-y} \le \abs {y}}\abs {u\left (z\right )}^q\abs {z}^{-bq}\d {z}\\ &\le C\norm {u}_{L^q_b(\RR ^n,0)}^q\end {align*}


$\D ^{1,p}$


$v$


\begin {align*}\norm {v}_{\D ^{1,p}(\RR ^n)}^p &=\int _{\RR ^n} \abs {\nabla v}^p\d {x}\\ &\le 2^{p-1}\left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\lambda ^{n}\int _{\RR ^n}\abs {\eta \left (\frac {2\lambda x}{\abs {y}}\right )\nabla u (\lambda x + y)}^p\abs {y}^{-ap}\d {x}\\ &\quad + 2^{p-1+p} \left (\frac {\lambda }{\abs {y}}\right )^p\lambda ^{np/q}\int _{\RR ^n}\abs {u (\lambda x + y)\nabla \eta \left (\frac {2\lambda x}{\abs {y}}\right )}^p\abs {y}^{-bp}\d {x}\\ &=: I_1 + I_2.\end {align*}


$p>1$


$(\kappa + \iota )^p \le 2^{p-1}\left (\kappa ^p + \iota ^p\right )$


$\kappa ,\iota \ge 0$


$I_1$


$L^q$


$v$


\begin {equation*}I_1 \le C 2^{p-1}\left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\norm {u}_{\D _a^{1,p}(\RR ^n,0)}^p.\end {equation*}


$C_1>0$


$2^{1-2p}C_1$


$\abs {\nabla \eta }^p$


\begin {align*}I_2 &\le C_1 \left (\frac {\lambda }{\abs {y}}\right )^p\lambda ^{np/q}\int _{2\lambda \abs {x}\le \abs {y}}\abs {u (\lambda x + y)}^p\abs {y}^{-bp}\d {x}\\ &\le C_1 \left (\frac {\lambda }{\abs {y}}\right )^p\left (\lambda ^n\int _{2\lambda \abs {x}\le \abs {y}}\abs {u (\lambda x + y)}^q\abs {y}^{-bq}\d {x}\right )^{p/q}\left (\int _{2\lambda \abs {x}\le \abs {y}} 1 \d {x}\right )^{p(1+a-b)/n}\end {align*}


$q/p$


$n/[p(1+a-b)]$


$C>0$


\begin {align*}I_2 &\le C \left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\left (\lambda ^n\int _{2\lambda \abs {x}\le \abs {y}}\abs {u (\lambda x + y)}^q\abs {\lambda x + y}^{-bq}\d {x}\right )^{p/q}\\ &= C \left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\left (\int _{2\abs {z-y}\le \abs {y}}\abs {u (z)}^q\abs {z}^{-bq}\d {x}\right )^{p/q}\\ &\le C \left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\norm {u}_{L_b^q(\RR ^n,0)}^p.\end {align*}


$C>0$


\begin {equation*}I_2 \le C\left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\norm {u}_{\D _a^{1,p}(\RR ^n,0)}^p.\end {equation*}


$I_1$


$C>0$


\begin {equation*}\norm {v}_{\D ^{1,p}(\RR ^n)}^p \le C\left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\norm {u}_{\D _a^{1,p}(\RR ^n,0)}^p\end {equation*}


$C$


$u,y,\lambda $


$U\subseteq \RR ^n$


$C>0$


$y, \lambda , U$


\begin {equation}\begin {aligned} \norm {\tau _{y,\lambda }u}_{L^q(U)} &\le C\norm {u}_{L^q_b(\lambda U + y,0)}\\ \norm {\nabla \left [\tau _{y,\lambda }u\right ]}_{L^p(U)} &\le C\left (\frac {\lambda }{\abs {y}}\right )^{b-a}\left (\norm {\nabla u}_{L^p_a(\lambda U + y,0)} + \norm {u}_{L^q_b(\lambda U + y,0)}\right ) \end {aligned} \label {Xeqn24-3.5}\end {equation}


$u\in \D _a^{1,p}(\RR ^n,0)$


$\tau _{y,\lambda }$


\begin {equation*}\tau _{y, \lambda }^- : \D ^{1,p}(\RR ^n) \to \D _a^{1,p}(\RR ^n,0)\end {equation*}


\begin {equation}\label {eq:rescale_mod_inv} \tau _{y, \lambda }^-v(z) = \begin {cases} \displaystyle \lambda ^{-\gamma } v\left (\frac {z-y}{\lambda }\right ) &\text {if } a = b = 0\\ \displaystyle \left (\frac {\lambda }{\abs {y}}\right )^{-b} \lambda ^{-\gamma } v\left (\frac {z-y}{\lambda }\right )\eta \left (\frac {2(z-y)}{\abs {y}}\right )&\text {otherwise}. \end {cases}\end {equation}


$\tau _{y,\lambda }^-$


$\tau _{y,\lambda }$


$a=b=0$


$C>0$


$y \in \RR ^n\setminus \set {0}$


$\lambda > 0$


\begin {equation*}\begin {aligned} \norm {\tau ^-_{y,\lambda }v}_{L^q_b(\RR ^n,0)} &\le C\norm {v}_{L^q(\RR ^n)}\\ \norm {\tau ^-_{y,\lambda }v}_{\D _a^{1,p}(\RR ^n,0)} &\le C\left (\frac {\abs {y}}{\lambda }\right )^{p(b-a)}\norm {v}_{\D ^{1,p}(\RR ^n)} \end {aligned}\end {equation*}


$v\in \D ^{1,p}(\RR ^n)$


$a=b=0$


$C>0$


$y, \lambda $


\begin {equation}\label {eq:ratio bound inv} \left (\frac {\abs {\lambda x + y}}{\abs {y}}\right )^{-ap} \le C,\quad \left (\frac {\abs {\lambda x + y}}{\abs {y}}\right )^{-bq} \le C\end {equation}


$x\in \RR ^n$


$2\lambda \abs {x} \le \abs {y}$


$x$


$2\lambda x/\abs {y}$


$\eta $


$v\in \D ^{1,p}(\RR ^n)$


$u := \tau _{y, \lambda }v$


$0\le \eta \le 1$


\begin {align*}\norm {u}_{L^q_b(\RR ^n,0)}^q &=\int _{\RR ^n}\abs {u(z)}^q\abs {z}^{-bq}\d {z}\\ &\le \left (\frac {\lambda }{\abs {y}}\right )^{-bq} \lambda ^{-\gamma q}\int _{2\abs {z-y}\le \abs {y}} \abs {v\left (\frac {z-y}{\lambda }\right )}^q\abs {z}^{-bq}\d {z}\\ &= \int _{2\abs {z-y}\le \abs {y}} \abs {v(x)}^q\left (\frac {\abs {\lambda x + y}}{\abs {y}}\right )^{-bq}\d {x}\\ &\le C\norm {v}_{L^q(\RR ^n)}^q.\end {align*}


$\D _a^{1,p}$


$u$


\begin {align*}\norm {u}_{\D _a^{1,p}(\RR ^n,0)}^p &=\int _{\RR ^n}\abs {\nabla u(z)}^p\abs {z}^{-ap}\d {z}\\ &\le 2^{p-1}\left (\frac {\lambda }{\abs {y}}\right )^{-b p} \lambda ^{-n + ap}\int _{\RR ^n} \abs {\eta \left (\frac {2(z-y)}{\abs {y}}\right )\nabla v\left (\frac {z-y}{\lambda }\right )}^p\abs {z}^{-ap}\d {z}\\ &\quad + 2^{p-1+p}\left (\frac {\lambda }{\abs {y}}\right )^{-b p} \lambda ^{-\gamma p}\abs {y}^{-p}\int _{\RR ^n} \abs { v\left (\frac {z-y}{\lambda }\right )\nabla \eta \left (\frac {2(z-y)}{\abs {y}}\right )}^p\abs {z}^{-ap}\d {z}\\ &=:I_1 + I_2\end {align*}


$(\kappa + \iota )^p \le 2^{p-1}\left (\kappa ^p + \iota ^p\right )$


$\kappa ,\iota \ge 0$


\begin {align*}I_1 &\le 2^{p-1}\left (\frac {\lambda }{\abs {y}}\right )^{-b p} \lambda ^{ap}\int _{2\lambda \abs {x} \le \abs {y}} \abs {\nabla v(x)}^p\abs {\lambda x + y}^{-ap}\d {z}\\ &\le C 2^{p-1}\left (\frac {\abs {y}}{\lambda }\right )^{p(b-a)} \norm {v}_{\D ^{1,p}(\RR ^n)}^p.\end {align*}


$C_1>0$


$2^{1-2p}C_1$


$\abs {\nabla \eta }^p$


\begin {align*}I_2 &\le C_1 \left (\frac {\lambda }{\abs {y}}\right )^{-b p} \lambda ^{ap + p}\abs {y}^{-p}\int _{2\lambda \abs {x} \le \abs {y}} \abs { v\left (x\right )}^p\abs {\lambda x + y}^{-ap}\d {x}\\ &\le C C_1 \left (\frac {\lambda }{\abs {y}}\right )^{p(1+a-b)} \int _{2\lambda \abs {x} \le \abs {y}} \abs { v\left (x\right )}^p\d {x}.\end {align*}


$p^\ast /p$


$n/p$


\begin {align*}I_2 &\le C C_1 2^p\left (\frac {\lambda }{\abs {y}}\right )^{p(1+a-b)}\norm {v}_{L^{p^\ast }(\RR ^n)}^p\left (\int _{2\lambda \abs {x}\le \abs {y}}1\right )^{p/n}\\ &\le C\left (\frac {\abs {y}}{\lambda }\right )^{p(b-a)} \norm {v}_{L^{p^\ast }(\RR ^n)}^p\end {align*}


$C$


$a=b=0$


$I_1$


$I_2$


$U \subseteq \RR ^n$


$C>0$


$y, \lambda , U$


\begin {equation}\begin {aligned} \norm {\tau ^-_{y,\lambda }v}_{L^q_b(U,0)} &\le C\norm {v}_{L^q([U-y]/\lambda )}\\ \norm {\nabla \left [\tau ^-_{y,\lambda }v\right ]}_{L^p_a(U,0)} &\le C\left (\frac {\abs {y}}{\lambda }\right )^{p(b-a)}\left (\norm {v}_{L^q([U-y]/\lambda )} + \norm {\nabla v}_{L^p([U-y]/\lambda )}\right ) \end {aligned} \label {Xeqn27-3.8}\end {equation}


$v\in \D ^{1,p}(\RR ^n)$


$L^q$


$\tau _{y, \lambda }$


$L^q$


$\abs {y}/\lambda $


$L^q$


$\eta $


$C>0$


$u\in \D ^{1,p}_a(\RR ^n,0)$


$y\in \RR ^n\setminus \set {0}$


$\lambda > 0$


$\abs {y} \ge 4\lambda $


$R$


\begin {equation*}\norm {\tau _{y,\lambda } u}_{L^q(B(0,1))}^q = \norm {u}_{L^q_b(B(y,\lambda ),0)}^q + R\end {equation*}


\begin {equation*}\abs {R} \le C\frac {\lambda }{\abs {y}}\norm {u}_{L^q_b(B(y,\lambda ),0)}^q\end {equation*}


$\eta $


$C>0$


$y\in \RR ^n\setminus \set {0}$


$\lambda > 0$


\begin {equation*}\frac {1}{C} \le \frac {\abs {\lambda x + y}}{\abs {y}} \le C \quad \text {for all } x\in \RR ^n \text { such that } \abs {x} \le \frac {\abs {y}}{2\lambda }.\end {equation*}


$y\in \RR ^n\setminus \set {0}$


$\lambda > 0$


$K$


$\rho := \sup _{x\in K}\abs {x}$


$4\lambda \rho \le \abs {y}$


\begin {equation*}\frac {\abs {\abs {y}^{-ap} - \abs {\lambda x + y}^{-ap}}}{\abs {y}^{-ap}} \le C\rho \frac {\lambda }{\abs {y}}, \qquad \frac {\abs {\abs {y}^{-bq} - \abs {\lambda x + y}^{-bq}}}{\abs {y}^{-bq}} \le C\rho \frac {\lambda }{\abs {y}}\end {equation*}


$x\in K$


$y, \lambda , K, \rho $


$x\in K$


$z := \lambda x + y$


\begin {equation*}\abs {z} \le \abs {y} + \lambda \abs {x} \le \left (1+\frac {\lambda \rho }{\abs {y}}\right )\abs {y}.\end {equation*}


\begin {equation*}\left (1-\epsilon \right )\abs {y} \le \abs {z} \le \left (1+\epsilon \right )\abs {y}\end {equation*}


$\epsilon := \lambda \rho /\abs {y} \le 1/4$


\begin {equation*}\abs {\abs {y}^{-ap} - \abs {z}^{-ap}} \le \abs {1-\left (1 + \epsilon _\pm \right )^{-ap}}\abs {y}^{-ap}\end {equation*}


$\epsilon _{\pm }$


$\epsilon $


$-\epsilon $


\begin {equation*}\abs {\abs {y}^{-ap} - \abs {z}^{-ap}} \le \abs {ap}\left (1+\delta \right )^{-ap-1}\epsilon \abs {y}^{-ap}\end {equation*}


$\delta $


$[-\epsilon ,\epsilon ]$


$\abs {\delta }\le \epsilon \le 1/4$


$C>0$


$y, \lambda $


\begin {equation*}\frac {\abs {\abs {y}^{-ap} - \abs {z}^{-ap}}}{\abs {y}^{-ap}} \le C\epsilon ,\qquad \forall z\in \lambda K + y.\end {equation*}


$C>0$


\begin {equation*}\frac {\abs {\abs {y}^{-bq} - \abs {z}^{-bq}}}{\abs {y}^{-bq}} \le C\epsilon ,\qquad \forall z\in \lambda K + y.\end {equation*}


$u\in \D ^{1,p}_a(\RR ^n, 0)$


$y\in \RR ^n\setminus \set {0}$


$\lambda > 0$


$\abs {y} \ge 4\lambda $


$\eta $


\begin {equation*}\int _{B(0,1)}\abs {\tau _{y,\lambda }u}^q\d {x} =\lambda ^n\int _{B(0,1)}\abs {u\left (\lambda x + y\right )}^q\abs {y}^{-bq}\d {x} =\int _{B(y,\lambda )}\abs {u\left (z\right )}^q\abs {y}^{-bq}\d {z},\end {equation*}


\begin {equation*}\norm {\tau _{y,\lambda } u}_{L^q(B(0,1))}^q - \norm {u}_{L^q_b(B(y,\lambda ),0)}^q =\int _{B(y,\lambda )}\abs {u\left (z\right )}^q\left (\abs {y}^{-bq}-\abs {z}^{-bq}\right )\d {z}.\end {equation*}


$C>0$


$y,\lambda , u$


\begin {align*}\abs {\norm {\tau _{y,\lambda } u}_{L^q(B(0,1))}^q - \norm {u}_{L^q_b(B(y,\lambda ),0)}^q} &\le C\frac {\lambda }{\abs {y}}\int _{B(y, \lambda )}\abs {u(z)}^q\abs {z}^{-bq}\d {z}\end {align*}


$a=b$


$v\in \D ^{1,p}(\RR ^n)$


$a=b$


\begin {equation*}\norm {\tau ^-_{y, \lambda }v}_{L_b^q(\RR ^n\setminus B(y, \abs {y}/4))} \to 0,\quad \text {and}\quad \norm {\nabla \left [\tau ^-_{y, \lambda }v\right ]}_{L_a^p(\RR ^n\setminus B(y, \abs {y}/4))} \to 0\end {equation*}


$\abs {y}/\lambda \to \infty $


$C>0$


$\lambda , y, v$


\begin {equation*}\norm {\tau ^-_{y,\lambda }v}_{L^q_b(\RR ^n\setminus B(y, \abs {y}/4))} \le C\norm {v}_{L^q\left (\RR ^n\setminus B\left (0, \frac {\abs {y}}{4\lambda }\right )\right )}.\end {equation*}


$a=b$


\begin {equation*}p^\ast = \frac {np}{n-p} = q.\end {equation*}


$v\in L^q(\RR ^n)$


$\abs {y}/\lambda \to \infty $


\begin {equation*}\norm {\tau ^-_{y,\lambda }v}_{L^q_b(\RR ^n\setminus B(y, \abs {y}/4))} \le C\norm {v}_{L^q\left (\RR ^n\setminus B\left (0, \frac {\abs {y}}{4\lambda }\right )\right )} \to 0.\end {equation*}


$a=b$


\begin {equation*}\norm {\nabla \left [\tau ^-_{y, \lambda }v\right ]}_{L_a^p(\RR ^n\setminus B(y, \abs {y}/4))} \le C\left (\norm {v}_{L^q\left (\RR ^n\setminus B\left (0, \frac {\abs {y}}{4\lambda }\right )\right )} + \norm {\nabla v}_{L^p\left (\RR ^n\setminus B\left (0, \frac {\abs {y}}{4\lambda }\right )\right )}\right )\end {equation*}


$C>0$


$y,\lambda , v$


$0$


$\abs {y}/\lambda \to \infty $


$\Omega \subset \RR ^n$


$(y_\alpha )$


$\overline {\Om }$


$\lambda _\alpha $


$(0, \infty )$


$\lambda _\alpha \to 0$


$x_0\in \RR ^n$


\begin {equation*}\frac {y_\alpha }{\lambda _\alpha } \to x_0.\end {equation*}


\begin {equation*}\frac {\abs {y_\alpha }}{\lambda _\alpha } \to \infty ,\end {equation*}


$(y_\alpha )$


\begin {equation*}\frac {\operatorname {dist}(y_\alpha , \partial \Om )}{\lambda _\alpha }.\end {equation*}


$(y_\alpha )$


\begin {equation*}\frac {\operatorname {dist}(y_\alpha , \partial \Om )}{\lambda _\alpha } \to \infty .\end {equation*}


$(U_\alpha )$


$\RR ^n$


$(U_\alpha )$


$U\subseteq \RR ^n$


$U_\alpha \to U$


$U$


$U_\alpha $


$\alpha $


$\left (\overline {U}\right )^\complement $


$\left (\overline {U_\alpha }\right )^\complement \subseteq U_\alpha ^\complement $


$\alpha $


$\Omega $


\begin {equation*}\Om _\alpha = \frac {\Omega }{\lambda _\alpha } - x_0.\end {equation*}


$(\Om -y_\alpha )/\lambda _\alpha $


$(\lambda _\alpha )$


$\Om _\alpha \to \Om _\infty $


\begin {equation*}\Om _\infty = \begin {cases} \RR ^n &\text {if condition \ref {it:lambda=0} holds, i.e. }\lambda _\alpha \to 0\\ \dfrac {\Om }{\lambda }-x_0 &\text {if } \lambda _\alpha \to \lambda > 0. \end {cases}\end {equation*}


$\lambda _\alpha \to 0$


$\Omega $


$B(0, \delta )\subseteq \Omega $


$\delta > 0$


\begin {equation*}B\left (-x_0,\frac {\delta }{\lambda _\alpha }\right ) \subseteq \Om _\alpha \end {equation*}


$\alpha $


$K$


$\lambda _\alpha \to 0$


\begin {equation*}K \subseteq B\left (-x_0,\frac {\delta }{\lambda _\alpha }\right ) \subseteq \Om _\alpha \end {equation*}


$\alpha $


$\Om _\alpha \to \RR ^n$


$\lambda _\alpha \to \lambda > 0$


$K \subseteq \Om _\infty $


$\lambda (K + x_0)$


$\Om $


$\Om $


$\epsilon > 0$


$B(x,\epsilon ) \subseteq \Om $


$x \in \lambda (K+x_0)$


$z\in K$


\begin {equation*}B\left (\frac {\lambda }{\lambda _\alpha }(z+x_0) - x_0, \frac {\epsilon }{\lambda _\alpha }\right ) \subseteq \Om _\alpha .\end {equation*}


$K+x_0$


$M>0$


$z\in K$


$\alpha $


\begin {equation*}\abs {\lambda _\alpha - \lambda } < \frac {\epsilon }{M}\end {equation*}


\begin {equation*}\abs {z - \left (\frac {\lambda }{\lambda _\alpha }(z+x_0) - x_0\right )} = \frac {1}{\lambda _\alpha }\abs {\lambda -\lambda _\alpha }\abs {z+x_0} < \frac {\epsilon }{\lambda _\alpha }.\end {equation*}


$\lambda _\alpha \to \lambda >0$


$\alpha $


\begin {equation*}K \subseteq B\left (\frac {\lambda }{\lambda _\alpha }(z+x_0) - x_0, \frac {\epsilon }{\lambda _\alpha }\right ) \subseteq \Om _\alpha .\end {equation*}


$K \subseteq \left ( \overline {\Om _\infty } \right )^\complement $


$K\subseteq \overline {\Omega _\alpha }^\complement $


$\alpha $


$\Om _\alpha \to \Om _\infty $


$\Omega $


\begin {equation*}\Om _\alpha = \frac {\Omega - y_\alpha }{\lambda _\alpha }.\end {equation*}


$\Omega $


$C^1$


$\lambda _\alpha \to 0$


$\Om _\alpha := (\Om -y_\alpha )/\lambda _\alpha $


$\Om _\infty \subseteq \RR ^n$


$y_\alpha $


$0$


$(\lambda _\alpha )$


$\Om _\infty $


$\Om _\infty = \RR ^n$


$\Om _\alpha \to \Om _\infty $


$\Om _\infty $


$\RR ^n$


$(v_\alpha )$


$\D ^{1,p}(\RR ^n)$


$v\in \D ^{1,p}(\RR ^n)$


$v_\alpha \in \D ^{1,p}(\Om _\alpha )$


$\alpha $


$v\in \D ^{1,p}(\Om _\infty )$


$\Om _\infty = \RR ^n$


$\nu $


\begin {equation*}\Om _\infty = \set {x\in \RR ^n : x\cdot \nu > 0}.\end {equation*}


$\phi _\epsilon (x) := v(x-\epsilon \nu )$


$v$


$\D ^{1,p}(\RR ^n)$


$\epsilon \searrow 0$


$\phi _\epsilon \in \D ^{1,p}(\Om _\infty )$


$\epsilon > 0$


$v\in \D ^{1,p}(\Om _\infty )$


$v$


$\overline {\Om _\infty }$


$v$


$K$


$K\cap \overline {\Om _\infty } = \varnothing $


$K$


$\overline {\Om _\infty }$


$\Om _\alpha \to \Om _\infty $


$K \cap \overline {\Om _\alpha } = \varnothing $


$\alpha $


$v_\alpha $


$K$


$\alpha $


$v_\alpha \to v$


$v$


$K$


$v$


$\overline {\Om _\infty }$


$\phi _\epsilon $


\begin {equation*}\set {x\in \RR ^n : x\cdot \nu \ge \epsilon }.\end {equation*}


$\phi _\epsilon \in \D ^{1,p}(\Om _\infty )$


$\delta > 0$


$C_c^\infty (\Om _\infty )$


$\D ^{1,p}$


$\phi _\epsilon $


$\delta $


$\delta > 0$


$\zeta \in C_c^\infty (\RR ^n; [0,1])$


$\zeta \equiv 1$


$B(0, 1)$


$h_1>0$


\begin {equation*}\zeta _{h_1}(x):= \zeta (h_1x)\end {equation*}


$\phi _\epsilon \zeta _{h_1} \in \D ^{1,p}(\RR ^n)$


$(\iota + \kappa )^p \le 2^{p-1}(\iota ^p + \kappa ^p)$


$\iota , \kappa \ge 0$


\begin {equation}\label {eq:cutoff} \norm {\phi _\epsilon - \zeta _{h_1}\phi _\epsilon }^p_{\D ^{1,p}(\RR ^n)}\qquad \le 2^{p-1} \int _{\abs {x}\ge 1/h_1} \abs {\nabla \phi _\epsilon }^p\d {x} + 2^{p-1} \int _{\abs {x}\ge 1/h_1} \abs {\phi _\epsilon \nabla \zeta _{h_1}}^p\d {x}.\end {equation}


$0$


$h_1\searrow 0$


$p^\ast /p$


$n/p$


\begin {align*}\int _{\abs {x}\ge h_1} \abs {\phi _\epsilon \nabla \zeta _{h_1}}^p\d {x} &\le \left (\int _{\abs {x} \ge 1/h_1} \abs { \phi _\epsilon }^q\d {x}\right )^{p/q}\left (\int _{\abs {x}\ge 1/h_1} \abs {\nabla \zeta _{h_1}}^{\frac {n}{1+a-b}}\d {x}\right )^{p(1+a-b)/n}\\ &=\left (\int _{\abs {x} \ge 1/h_1} \abs { \phi _\epsilon }^q\d {x}\right )^{p/q}\left (h_1^{\frac {n}{1+a-b}-n}\int _{\abs {y}\ge 1} \abs {\nabla \zeta }^{\frac {n}{1+a-b}}\d {y}\right )^{p(1+a-b)/n}\end {align*}


$0$


$h_1\searrow 0$


$0$


$h_1\searrow 0$


$h_1>0$


\begin {equation*}\norm {\phi _\epsilon - \zeta _{h_1}\phi _\epsilon }_{\D ^{1,p}(\RR ^n)} < \frac {\delta }{2}.\end {equation*}


$0<h \ll \epsilon $


$\left (\zeta _{h_1}\phi _\epsilon \right )_h$


$C_c^\infty (\Om _\infty )$


$h>0$


\begin {equation*}\norm {\zeta _{h_1}\phi _\epsilon - (\zeta _{h_1}\phi _\epsilon )_h}_{\D ^{1,p}(\RR ^n)} < \frac {\delta }{2}.\end {equation*}


$\norm {\phi _\epsilon -(\zeta _{h_1}\phi _\epsilon )_h}_{\D ^{1,p}(\RR ^n)} <\delta $


$\phi _\epsilon \in \D ^{1,p}(\Om _\infty )$


$\Omega \subset \RR ^n$


$(y_\alpha )$


$\overline {\Om }$


$\lambda _\alpha $


$(0, \infty )$


$(y_\alpha ), (\lambda _\alpha )$


$\tau _{y, \lambda }, \tau _{y, \lambda }^-$


$\phi $


$\phi _\infty $


$a=b=0$


\begin {equation*}\inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} = \inner {\phi ^\prime (u), \tau _{y,\lambda }^-h}.\end {equation*}


$h\in \D ^{1,p}(\RR ^n)$


$a=b$


$\abs {y}/\lambda $


$a=b$


$C>0$


\begin {equation*}R:=\inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} - \inner {\phi ^\prime (u), \tau _{y,\lambda }^-h}\end {equation*}


\begin {equation*}\abs {R} \le C\rho \frac {\lambda }{\abs {y}}\left (\norm {u}_{\D _a^{1,p}(\Om , 0)}^{p-1}\norm {h}_{\D ^{1,p}(\RR ^n)} + \norm {u}_{L_b^q(\Om , 0)}^{q-1}\norm {h}_{L^q(\RR ^n)}\right )\end {equation*}


$u\in \D _a^{1,p}(\Om , 0)$


$y \in \RR ^n\setminus \set {0}$


$\lambda > 0$


$h \in \D ^{1,p}(\RR ^n)$


$K$


\begin {equation}\label {eq:K cond} \rho := \sup _{x\in K}\abs {x} \le \frac {\abs {y}}{4\lambda },\qquad K \subseteq \frac {\Om -y}{\lambda }.\end {equation}


$\Om _\infty \subseteq \RR ^n$


$\frac {\Om -y_\alpha }{\lambda _\alpha } =: \Om _\alpha \to \Om _\infty $


$(u_\alpha )$


$\D _a^{1,p}(\Om , 0)$


$\abs {y_\alpha }/\lambda _\alpha \to \infty $


$K\subseteq \Om _\infty $


\begin {equation*}\inner {\phi _\infty ^\prime (\tau _{y_\alpha , \lambda _\alpha }u_\alpha ), h} - \inner {\phi ^\prime (u_\alpha ), \tau _{y_\alpha ,\lambda _\alpha }^-h} \to 0\end {equation*}


$h \in \set {\D ^{1,p}(\RR ^n): \supp (h) \subseteq K}$


$\alpha \to \infty $


$u\in \D _a^{1,p}(\Om , 0)$


$y \in \RR ^n\setminus \set {0}$


$\lambda > 0$


$h \in \D ^{1,p}(\RR ^n)$


$K$


\begin {equation*}R = \inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} - \inner {\phi ^\prime (u), \tau _{y,\lambda }^-h}\end {equation*}


$\lambda K + y\subseteq \Om $


$\tau _{y,\lambda }^-h \in \D _a^{1,p}(\Om , 0)$


$\rho \le \abs {y}/(4\lambda )$


$x\in K = \operatorname {supp}(h)$


\begin {equation}\label {eq:eta=1} \abs {\frac {2\lambda x}{\abs {y}}} \le \frac {1}{2}\implies \eta \left (\frac {2\lambda x}{\abs {y}}\right ) = 1\end {equation}


\begin {align*}\inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} &=\left (\frac {\lambda }{\abs {y}}\right )^{b(p-1)}\lambda ^{(\gamma +1)(p-1)}\int _{\RR ^n}\abs {\nabla u(\lambda x + y)}^{p-2} \pinner {\nabla u(\lambda x + y), \nabla h(x)}\d {x}\\ &\quad -\left (\frac {\lambda }{\abs {y}}\right )^{b(q-1)}\lambda ^{\gamma (q-1)}\int _{\RR ^n}\abs { u(\lambda x + y)}^{q-2} u(\lambda x + y) h(x)\d {x}\\ &=\left (\frac {\lambda }{\abs {y}}\right )^{b(p-1)}\lambda ^{(\gamma +1)(p-1)-n}\int _{\RR ^n}\abs {\nabla u(z)}^{p-2}\pinner {\nabla u(z), \nabla h\left (\frac {z-y}{\lambda }\right )}\d {z}\\ &\quad -\left (\frac {\lambda }{\abs {y}}\right )^{b(q-1)}\lambda ^{\gamma (q-1)-n}\int _{\RR ^n}\abs { u(z)}^{q-2} u(z) h\left (\frac {z-y}{\lambda }\right )\d {z}.\end {align*}


$x=(z-y)/\lambda $


\begin {align*}\inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} &=\left (\frac {\lambda }{\abs {y}}\right )^{bp}\lambda ^{(\gamma +1)p-n}\int _{\RR ^n}\abs {\nabla u(z)}^{p-2}\pinner {\nabla u(z), \nabla \left [\tau ^-_{y, \lambda }h\right ](z)}\d {z}\\ &\quad -\left (\frac {\lambda }{\abs {y}}\right )^{bq}\lambda ^{\gamma q-n}\int _{\RR ^n}\abs { u(z)}^{q-2} u(z) \left [\tau ^-_{y, \lambda }h\right ](z)\d {z}\end {align*}


$u$


$0$


$\Om $


\begin {align*}\inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} &=\left (\frac {\lambda }{\abs {y}}\right )^{p(b-a)}\int _{\RR ^n}\abs {\nabla u(z)}^{p-2}\pinner {\nabla u(z), \nabla \left [\tau ^-_{y, \lambda }h\right ](z)}\abs {y}^{-ap}\d {z}\\ &\quad -\int _{\RR ^n}\abs { u(z)}^{q-2} u(z) \left [\tau ^-_{y, \lambda }h\right ](z) \abs {y}^{-bq}\d {z}\end {align*}


$a=b$


\begin {align*}R :=&\inner {\phi _\infty ^\prime (\tau _{y, \lambda }u), h} - \inner {\phi ^\prime (u), \tau _{y,\lambda }^-h}\\ &=\int _{\RR ^n}\abs {\nabla u(z)}^{p-2}\pinner {\nabla u(z), \nabla \left [\tau ^-_{y, \lambda }h\right ](z)}\left (\abs {y}^{-ap} - \abs {z}^{-ap}\right )\d {z}\\ &\quad -\int _{\RR ^n}\abs { u(z)}^{q-2} u(z) \left [\tau ^-_{y, \lambda }h\right ](z) \left (\abs {y}^{-bq}-\abs {z}^{-bq}\right )\d {z}.\end {align*}


$C>0$


$y,\lambda , u, K$


\begin {align*}\abs {R} &\le C\epsilon \int _{\RR ^n}\abs {\nabla u(z)}^{p-1}\abs {\nabla \left [\tau ^-_{y, \lambda }h\right ](z)}\abs {z}^{-ap}\d {z}\\ &\quad + C\epsilon \int _{\RR ^n}\abs { u(z)}^{q-1} \abs {\left [\tau ^-_{y, \lambda }h\right ](z)} \abs {z}^{-bq}\d {z}\\ &\le C\epsilon \left (\norm {u}_{\D _a^{1,p}(\Om ,0)}^{p-1}\norm {\tau _{y,\lambda }^-h}_{\D _a^{1,p}(\Om ,0)} + \norm {u}_{L_b^q(\Om ,0)}^{q-1}\norm {\tau _{y,\lambda }^-h}_{L_b^q(\Om ,0)}\right )\end {align*}


$\epsilon := \lambda \rho /\abs {y}$


$u$


$\tau _{y,\lambda }^-h$


$\D _a^{1,p}(\Om , 0)$


$0$


$\RR ^n$


$C>0$


\begin {equation*}\abs {R} \le C\epsilon \left (\norm {u}_{\D _a^{1,p}(\Om ,0)}^{p-1}\norm {h}_{\D ^{1,p}(\RR ^n)} + \norm {u}_{L_b^q(\Om ,0)}^{q-1}\norm {h}_{L^q(\RR ^n)}\right )\end {equation*}


$a=b$


$\phi _\infty ^\prime \circ \tau _{y, \lambda }$


$h$


$(PS)$


$\phi _\infty ^\prime $


$\Om _\alpha = (\Om -y_\alpha )/\lambda _\alpha $


$\Om _\infty $


$\Om _\infty $


$\RR ^n$


$a=b$


$v\in \D ^{1,p}(\Om _\infty )$


$\phi _\infty $


$\Om _\infty $


$\inner {\phi ^\prime _\infty (v), h} = 0$


$h\in \D ^{1,p}(\Om _\infty ),$


\begin {equation*}\inner {\phi ^\prime _\infty (v), \tau _{y_\alpha , \lambda _\alpha }g} = o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right ) \quad \text {as}\quad \alpha \to \infty .\end {equation*}


$g\in \D _a^{1,p}(\Om ,0)$


$\epsilon >0$


$\alpha $


$g_\alpha \in \D _a^{1,p}(\Om ,0)$


\begin {equation*}\abs {\inner {\phi _\infty ^\prime (v), \tau _{y_\alpha , \lambda _\alpha }g_\alpha }} > \epsilon \norm {g_\alpha }_{\D _a^{1,p}(\Om ,0)}\end {equation*}


$g_\alpha $


$g_\alpha /\norm {g_\alpha }_{\D _a^{1,p}(\Om ,0)}$


\begin {equation}\label {eq:3} \abs {\inner {\phi _\infty ^\prime (v), \tau _{y_\alpha , \lambda _\alpha }g_\alpha }} > \epsilon \end {equation}


$\alpha $


$g_\alpha \in \D _a^{1,p}(\Om ,0)$


$a=b$


$\tau _{y_\alpha , \lambda _\alpha }g_\alpha $


$\D ^{1,p}(\RR ^n)$


$(\tau _{y_\alpha , \lambda _\alpha }g_\alpha )$


$\D ^{1,p}(\RR ^n)$


$h\in \D ^{1,p}(\RR ^n)$


$h\in \D ^{1,p}(\Om _\infty )$


$v$


$\phi _\infty $


$\Om _\infty $


\begin {equation*}\inner {\phi _\infty ^\prime (v), \tau _{y_\alpha , \lambda _\alpha }g_\alpha } \to \inner {\phi _\infty ^\prime (v), h} = 0\end {equation*}


$\tau _{y, \lambda }$


$\phi _\infty $


$v\in \D ^{1,p}(\RR ^n)$


$a=b$


$\abs {y_\alpha }/\lambda _\alpha \to \infty $


\begin {equation*}\begin {aligned} R_g(y_\alpha , \lambda _\alpha ) :=\inner {\phi _\infty ^\prime (v), \tau _{y_\alpha , \lambda _\alpha }g} -\Bigg (& \int _{\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]}\left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x}\\ &\qquad - \int _{\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {v}^{q-2} v\left [\tau _{y_\alpha , \lambda _\alpha }g\right ]\left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-bq}\d {x}\Bigg ) \end {aligned}\end {equation*}


$0$


$g\in \D _a^{1,p}(\Om ,0)$


$\alpha \to \infty $


$g\in \D _a^{1,p}(\Om ,0)$


\begin {align*}R_g(y_\alpha , \lambda _\alpha ) &=\int _{\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]}\left (\frac {\abs {y_\alpha }^{-ap} - \abs {\lambda _\alpha x + y_\alpha }^{-ap}}{\abs {y_\alpha }^{-ap}}\right )\d {x}\\ &\quad +\int _{\abs {x} > \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]}\d {x}\\ &\qquad - \int _{\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {v}^{q-2} v\left [\tau _{y_\alpha , \lambda _\alpha }g\right ]\left (\frac {\abs {y_\alpha }^{-bq} - \abs {\lambda _\alpha x + y_\alpha }^{-bq}}{\abs {y_\alpha }^{-bq}}\right )\d {x}\\ &\qquad \quad - \int _{\abs {x} > \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {v}^{q-2} v\left [\tau _{y_\alpha , \lambda _\alpha }g\right ]\d {x}\\ &=: I_{a}^{(1)} + I_a^{(2)} - I_b^{(1)} - I_b^{(2)}.\end {align*}


$\alpha $


$\abs {y_\alpha }/\lambda _\alpha > 16$


\begin {align*}I_a^{(1)} &=\int _{\abs {x} \le \sqrt {\frac {\abs {y_\alpha }}{\lambda _\alpha }}}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]}\left (\frac {\abs {y_\alpha }^{-ap} - \abs {\lambda _\alpha x + y_\alpha }^{-ap}}{\abs {y_\alpha }^{-ap}}\right )\d {x}\\ &\quad + \int _{\sqrt {\frac {\abs {y_\alpha }}{\lambda _\alpha }}<\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]}\left (\frac {\abs {y_\alpha }^{-ap} - \abs {\lambda _\alpha x + y_\alpha }^{-ap}}{\abs {y_\alpha }^{-ap}}\right )\d {x}\\ &=: I_a^{(1.1)} + I_a^{(1.2)}\end {align*}


$K = B\left (0, \sqrt {\abs {y_\alpha }/\lambda _\alpha }\right )$


$C>0$


$\alpha $


\begin {align*}\abs {I_a^{(1.1)}} &\le C\sqrt {\frac {\abs {y_\alpha }}{\lambda _\alpha }}\frac {\lambda _\alpha }{\abs {y_\alpha }}\int _{\abs {x} \le \sqrt {\frac {\abs {y_\alpha }}{\lambda _\alpha }}}\abs {\nabla v}^{p-1}\abs {\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]}\d {x}\\ &\le C\sqrt {\frac {\lambda _\alpha }{\abs {y_\alpha }}}\norm {\tau _{y_\alpha , \lambda _\alpha }g}_{\D ^{1,p}(\RR ^n)}\left (\int _{\abs {x} \le \sqrt {\frac {\abs {y_\alpha }}{\lambda _\alpha }}}\abs {\nabla v}^{p}\d {x}\right )^{(p-1)/p}.\end {align*}


$a=b$


$v\in \D ^{1,p}(\RR ^n)$


$C$


\begin {equation*}\abs {I_a^{(1.1)}} \le C\sqrt {\frac {\lambda _\alpha }{\abs {y_\alpha }}}\norm {g}_{\D ^{1,p}_a(\Om )} = o\left (\norm {g}_{\D ^{1,p}_a(\Om ,0)}\right )\end {equation*}


$\alpha \to \infty $


$I_a^{(1.2)}$


\begin {align*}\abs {I_a^{(1.2)}} &\le C\norm {g}_{\D ^{1,p}_a(\Om )}\left (\int _{\sqrt {\frac {\abs {y_\alpha }}{\lambda _\alpha }}<\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p}\d {x}\right )^{(p-1)/p}\\ &= o\left (\norm {g}_{\D ^{1,p}_a(\Om )}\right )\end {align*}


\begin {equation}\label {eq:I_a^1} I_a^{(1)} = o\left (\norm {g}_{\D ^{1,p}_a(\Om )}\right )\end {equation}


\begin {equation}\label {eq:I_b^1} \abs {I_b^{(1)}} = o\left (\norm {g}_{\D ^{1,p}_a(\Om )}\right )\end {equation}


\begin {equation*}I_a^{(2)} + I_b^{(2)} = o\left (\norm {g}_{\D _a^{1,p}(\Om )}\right )\qquad \text {as } \alpha \to \infty .\end {equation*}


$\Om \subset \RR ^n$


$y_\alpha $


$\overline {\Om }$


$\lambda _\alpha $


$(0, \infty )$


$(u_\alpha )$


$\D _a^{1,p}(\Om ,0)$


$(PS)$


$\phi (u_\alpha )$


$\phi ^\prime (u_\alpha )\to 0$


$\D _a^{-1, p^\prime }(\Om , 0)$


$(u_\alpha )$


$\D ^{1,p}_a(\Om , 0)$


$u_\alpha \rightharpoonup u$


$\D ^{1,p}_a(\Om , 0)$


$u_\alpha \to u$


$\Om $


$\phi (u_\alpha ) \to c$


$\alpha \to \infty $


$\nabla u_\alpha \to \nabla u$


$\Om $


$\phi ^\prime (u) = 0$


$\norm {u_\alpha }^p_{\D ^{1,p}_a(\Om , 0)} - \norm {u_\alpha - u}^p_{\D ^{1,p}_a(\Om , 0)} = \norm {u}^p_{\D ^{1,p}_a(\Om , 0)} + o(1)$


$\phi (u_\alpha - u) \to c - \phi (u)$


$\alpha \to \infty $


$\phi ^\prime (u_\alpha -u)\to 0$


$\D ^{-1,p^\prime }_a(\Om , 0)$


$T$


$(u_\alpha )$


$\D _a^{1,p}(\Om , 0)$


$(T(u_\alpha -u))$


$\D _a^{1,p}(\Om , 0)$


$(T(u_\alpha -u))$


$\D _a^{1,p}(\Om , 0)$


$\D _a^{1,p}(\Om , 0)$


$u_\alpha \to u$


$T(u_\alpha -u) \rightharpoonup 0$


$\D _a^{1,p}(\Om , 0)$


\begin {align*}\Gamma _\alpha &:=\int _{\Om } \pinner {\left [\abs {\nabla u_\alpha }^{p-2} \nabla u_\alpha - \abs {\nabla u}^{p-2} \nabla u\right ], \nabla T(u_\alpha - u)}\abs {x}^{-ap}\d {x}\\ &= \inner {\phi ^\prime (u_\alpha ), T(u_\alpha -u)} + \int _{\Om } \pinner {\abs {u_\alpha }^{q-2} u_\alpha , T(u_\alpha - u)}\abs {x}^{-bq}\d {x}\\ &\qquad - \int _{\Om } \pinner {\abs {\nabla u}^{p-2} \nabla u, \nabla T(u_\alpha - u)}\abs {x}^{-ap}\d {x}.\end {align*}


$\phi ^\prime (u_\alpha )\to 0$


$\D _a^{1,p}(\Om , 0)$


$(T(u_\alpha -u))$


$\D _a^{1,p}(\Om , 0)$


$0$


$\norm {T(u_\alpha -u)}_{L_b^q(\Om , 0)} \to 0$


$(u_\alpha )$


$L_b^q(\Om , 0)$


$0$


$0$


$(T(u_\alpha -u)) \rightharpoonup 0$


$\D _a^{1,p}(\Om , 0)$


$\Gamma _\alpha \to 0$


$\alpha \to \infty $


$\nabla u_\alpha \to \nabla u$


$\Om $


$\norm {u_\alpha }_{\D _a^{1,p}(\Om , 0)}^p - \norm {u_\alpha -u}_{\D _a^{1,p}(\Om , 0)}^p = \norm {u}_{\D _a^{1,p}(\Om ,0)}^p + o(1)$


\begin {equation*}\abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha - \abs {\nabla u_\alpha - \nabla u}^{p-2}\left (\nabla u_\alpha - \nabla u\right ) \to \abs {\nabla u}^{p-2}\nabla u\end {equation*}


$L^{p^\prime }(\Om , \abs {x}^{-ap})$


$p^\prime = p/(p-1)$


\begin {equation*}\abs {u_\alpha }^{q-2} u_\alpha - \abs { u_\alpha - u}^{q-2}\left ( u_\alpha - u\right ) \to \abs { u}^{q-2} u\end {equation*}


$L^{q/(q-1)}(\Om , \abs {x}^{-bq})$


$\alpha \to \infty $


\begin {align*}\phi (u_\alpha -u) &= \frac {1}{p} \norm {u_\alpha - u}^p_{\D ^{1,p}_a(\Om , 0)} - \frac {1}{q} \norm {u_\alpha - u}^q_{L^q(\Om , \abs {x}^{-bq})}\\ &= \phi (u_\alpha ) - \phi (u) + o(1)\\ & \to c - \phi (u).\end {align*}


$h \in \D ^{1,p}_a(\Om , 0)$


\begin {equation*}\inner {\phi ^\prime (u_\alpha -u) - \phi ^\prime (u_\alpha ) + \phi ^\prime (u), h} = o\left (\norm {h}_{ \D ^{1,p}_a(\Om , 0)}\right )\end {equation*}


$\alpha \to \infty $


\begin {equation*}\inner {\phi ^\prime (u), h} =\lim _{\alpha \to \infty } \inner {\phi ^\prime (u_\alpha ), h} = 0\end {equation*}


$\phi ^\prime (u_\alpha ) \to 0$


$\D ^{-1,p^\prime }_a(\Om , 0)$


\begin {equation*}\inner {\phi ^\prime (u_\alpha -u), h} = \inner {\phi ^\prime (u_\alpha ), h} + o\left (\norm {h}_{ \D ^{1,p}_a(\Om , 0)}\right )\end {equation*}


$\alpha \to \infty $


$\phi ^\prime (u_\alpha ) \to 0$


$\D ^{1,p}_a(\Om , 0)$


\begin {equation}\label {eq:probLimX0} \begin {cases} -\operatorname {div}\left (\abs {x+x_0}^{-ap}\abs {\nabla u}^{p-2}\nabla u\right ) = \abs {x+x_0}^{-bq}\abs {u}^{q-2}u &\text {in }\RR ^n\\ u\in \D _a^{1,p}\left (\RR ^n, -x_0\right ). \end {cases}\end {equation}


$\phi _{x_0, \infty } : \D _a^{1,p}(\RR ^n, -x_0) \to \RR $


\begin {equation*}\phi _{x_0, \infty }(u) := \frac {1}{p}\int _{\RR ^n} \abs {\nabla u}^p\abs {z+x_0}^{-ap}\d {z} - \frac {1}{q}\int _{\RR ^n}\abs {u}^q\abs {z+x_0}^{-bq}\d {z},\end {equation*}


$v\in \D _a^{1,p}(\RR ^n, -x_0)$


$\phi _{x_0, \infty }^\prime (v) = 0$


$(u_\alpha )$


$\D _a^{1,p}(\Om , 0)$


$x_0\in \RR ^n$


$v\in \D _a^{1,p}(\RR ^n, -x_0)$


$\alpha \in \NN $


\begin {equation*}v_\alpha (x) := \lambda _\alpha ^\gamma u_\alpha \left (\lambda _\alpha (x+x_0)\right )\end {equation*}


$\lambda _\alpha \to 0$


$\phi (u_\alpha )\to c$


$\phi ^\prime (u_\alpha ) \to 0$


$\D _a^{1,p}(\Om ,0)$


$v_\alpha \rightharpoonup v$


$\D _a^{1,p}(\RR ^n, -x_0)$


$\alpha \to \infty $


$\nabla v_\alpha \to \nabla v$


$\phi _{x_0, \infty }^\prime (v) = 0$


$\D _a^{1,p}(\RR ^n, 0)$


\begin {equation*}w_\alpha (z) := u_\alpha (z) - \lambda _\alpha ^{-\gamma } v\left (\frac {z}{\lambda _\alpha }-x_0\right )\end {equation*}


$\norm {w_\alpha }_{\D _a^{1,p}(\RR ^n, 0)}^p = \norm {u_\alpha }_{\D _a^{1,p}(\RR ^n, 0)}^p - \norm {v}_{\D _a^{1,p}(\RR ^n, -x_0)}^p + o(1)$


$\phi _{0, \infty }(w_\alpha ) \to c - \phi _{x_0, \infty }(v)$


$\phi ^\prime _{0, \infty }(w_\alpha ) \to 0$


$\D _a^{1,p}(\Om ,0)$


$\alpha \to \infty $


$a<b$


$(u_\alpha )$


$\D _a^{1,p}(\Omega ,0)$


$\Om _\infty $


$\RR ^n$


$v\in \D ^{1,p}(\RR ^n)$


$\alpha \to \infty $


$\phi (u_\alpha )\to c$


$\phi ^\prime (u_\alpha ) \to 0$


$\D _a^{1,p}(\Om ,0)$


$\Om _\alpha = (\Om -y_\alpha )/\lambda _\alpha $


$\Om _\infty $


$v_\alpha \rightharpoonup v$


$\D ^{1,p}(\RR ^n)$


$v_\alpha := \tau _{y_\alpha , \lambda _\alpha }u_\alpha $


$a=b$


$q = p^\ast $


$\abs {y_\alpha }/\lambda _\alpha \to \infty $


$v\in \D ^{1,p}(\Om _\infty )$


$\nabla v_\alpha \to \nabla v$


$\phi ^\prime _\infty (v) = 0$


$\Om _\infty $


\begin {equation*}\inner {\phi _\infty ^\prime (v), h} = 0\qquad \forall h\in \D ^{1,p}(\Om _\infty ).\end {equation*}


$w_\alpha := u_\alpha - \tau _{y_\alpha , \lambda _\alpha }^- v$


$\norm {w_\alpha }_{\D _a^{1,p}(\RR ^n,0)}^p = \norm {u_\alpha }_{\D _a^{1,p}(\Omega ,0)}^p - \norm {v}_{\D ^{1,p}(\RR ^n)}^p + o(1)$


$\phi _{0, \infty }(w_\alpha ) \to c - \phi _\infty (v)$


$\phi ^\prime _{0, \infty }(w_\alpha ) \to 0$


$\D _a^{1,p}(\Om ,0)$


$\alpha \to \infty $


$\phi ^\prime _\infty (v) = 0$


$\Om _\infty $


$v$


$\Om _\infty $


$\Om _\infty = \RR ^n$


$v$


$v$


$\Om _\infty = \HH $


$k \in \NN $


$B_k$


$B(0,k) \subset \RR ^n$


$\phi ^\prime _{x_0,\infty }(v_\alpha ) \to 0$


$\D ^{-1,p^\prime }_a(B_k,-x_0)$


$\alpha \to \infty $


$h \in C_c^\infty (B_k)$


\begin {equation*}h_\alpha (z) := \lambda _\alpha ^{-\gamma }h\left (\frac {z}{\lambda _\alpha } - x_0\right )\end {equation*}


$h_\alpha $


$\lambda _\alpha B(x_0,k)$


$\alpha $


$h_\alpha \in C_c^\infty (\Om )$


\begin {equation*}\inner {\phi _{x_0,\infty }^\prime (v_\alpha ),h} = \inner {\phi ^\prime (u_\alpha ),h_\alpha }\end {equation*}


$\alpha $


\begin {align*}\abs {\inner {\phi _{x_0,\infty }^\prime (v_\alpha ),h}} = \abs {\inner {\phi ^\prime (u_\alpha ),h_\alpha }} &\leq \norm {\phi ^\prime (u_\alpha )}_{\D ^{-1,p^\prime }_a(\Om , 0)} \norm {h_\alpha }_{\D ^{1,p}_a(\Om , 0)}\\ &=\norm {\phi ^\prime (u_\alpha )}_{\D ^{-1,p^\prime }_a(\Om , 0)} \norm {h}_{\D ^{1,p}(B_k, -x_0)}.\end {align*}


$\phi ^\prime _{x_0,\infty }(v_\alpha ) \to 0$


$\D ^{-1,p^\prime }_a(B_k,-x_0)$


$\nabla v_\alpha \to \nabla v$


$\RR ^n$


$\rho \in C_c^\infty (\RR ^n)$


\begin {equation*}\begin {cases} 0 \leq \rho \leq 1 & \text {on } \RR ^n,\\ \rho \equiv 1 & \text {in } B_k,\\ \rho \equiv 0 & \text {outside } B_{k+1}. \end {cases}\end {equation*}


\begin {equation*}f_\alpha := \abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v}^{p-2}\nabla v,\end {equation*}


$f_\alpha \cdot (\nabla v_\alpha - \nabla v) \geq 0$


$T$


$k \in \NN $


\begin {align*}0&\le \int _{B_k} \pinner {f_\alpha , \nabla \left [T(v_\alpha - v)\right ]} \abs {x+x_0}^{-ap}\d {x}\\ &\leq \int _{\RR ^n} \pinner {f_\alpha , \rho \nabla \left [T(v_\alpha - v)\right ]} \abs {x+x_0}^{-ap}\d {x}\\ &= \inner {\phi ^\prime _{x_0,\infty }(v_\alpha ), \rho T(v_\alpha -v)} + \underbrace {\int _{\RR ^n} \abs {v_\alpha }^{q-2}v_\alpha \rho T(v_\alpha -v)\abs {x+x_0}^{-bq}\d {x}}_{=:I_\alpha ^{(1)}} \\&\quad - \underbrace {\int _{\RR ^n} \pinner {f_\alpha , T(v_\alpha -v)\nabla \rho }\abs {x+x_0}^{-ap}\d {x}}_{=: I_\alpha ^{(2)}} - \underbrace {\int _{\RR ^n} \abs {\nabla v}^{p-2}\left (\nabla v, \nabla \left [\rho T(v_\alpha -v)\right ]\right )\abs {x+x_0}^{-ap}\d {x}}_{=:I_\alpha ^{(3)}}.\end {align*}


$(v_\alpha )$


$\D _a^{1,p}(\RR ^n, -x_0)$


$(T(v_\alpha -v))$


$\D _a^{1,p}(\RR ^n, -x_0)$


$\rho \in C_c^\infty (B_{k+1})$


$(\rho T(v_\alpha -v))$


$\D _a^{1,p}(B_{k+1}, -x_0)$


$\phi ^\prime _{x_0,\infty }(v_\alpha ) \to 0$


$\D ^{-1,p^\prime }_a(B_{k+1},-x_0)$


\begin {equation*}\inner {\phi ^\prime _{x_0,\infty }(v_\alpha ), \rho T(v_\alpha -v)} \to 0\end {equation*}


$\alpha \to \infty $


$(v_\alpha )$


$L_b^q(\RR ^n, -x_0)$


$I_\alpha ^{(2)} \to 0$


$\alpha \to \infty $


$(v_\alpha )$


$\D _a^{1,p}(\RR ^n, -x_0)$


$(f_\alpha )$


$L^{p^\prime }(\RR ^n, \abs {x+x_0}^{-ap})$


$\operatorname {supp}(\rho ) \subseteq B_{k+1}$


\begin {equation*}\abs {I_\alpha ^{(2)}} \leq C \left ( \int _{B_{k+1}} \abs {T(v_\alpha -v)}^p\abs {x+x_0}^{-ap}\d {x} \right )^{1/p}\end {equation*}


$C>0$


$0$


$I_\alpha ^{(2)} \to 0$


$\alpha \to \infty $


\begin {align*}I_\alpha ^{(3)} &= \int _{\RR ^n} \abs {\nabla v}^{p-2}\pinner {\nabla v, \nabla \rho } T(v_\alpha -v)\abs {x+x_0}^{-ap}\d {x}\\ &\quad + \int _{\RR ^n} \rho \abs {\nabla v}^{p-2}\pinner {\nabla v, \nabla \left [v_\alpha -v \right ]} \abs {x+x_0}^{-ap}\d {x}\\ &\qquad - \int _{\left \{\abs {v_\alpha -v } > 1\right \}} \rho \abs {\nabla v}^{p-2}\pinner {\nabla v, \nabla \left [v_\alpha -v \right ]}\abs {x+x_0}^{-ap}\d {x}.\end {align*}


$v_\alpha \rightharpoonup v$


$\D _a^{1,p}(\RR ^n, -x_0)$


\begin {equation*}\norm {v_\alpha - v}_{\D _a^{1,p}(\RR ^n, -x_0)}\left (\int _{\left \{\abs {v_\alpha -v } > 1\right \}} \abs {\nabla v}^p\abs {x+x_0}^{-ap}\d {x}\right )^{(p-1)/p} \to 0.\end {equation*}


$I_\alpha ^{(3)} \to 0$


$\alpha \to \infty $


\begin {equation*}\lim _{\alpha \to \infty } \int _{B_k} \pinner {\left [\abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v}^{p-2}\nabla v\right ], \nabla \left [T(v_\alpha - v)\right ]} \abs {x+x_0}^{-ap}\d {x} = 0\end {equation*}


$k \in \NN $


$\nabla v_\alpha \to \nabla v$


$\RR ^n$


$v_\alpha \to v$


\begin {equation*}\inner {\phi ^\prime _{x_0,\infty }(v),h} = \lim _{\alpha \to \infty } \inner {\phi ^\prime _{x_0,\infty }(v_\alpha ),h}\end {equation*}


$h\in C_c^\infty (\RR ^n)$


$h$


$B_k$


$k$


$\phi ^\prime _{x_0,\infty }(v_\alpha ) \to 0$


$\D ^{-1,p^\prime }_a(B_k)$


\begin {equation*}\inner {\phi ^\prime _{x_0,\infty }(v),h} = 0\end {equation*}


$h\in C_c^\infty (\RR ^n)$


$\phi _{x_0,\infty }^\prime (v) = 0$


$\norm {v_\alpha - v}^p_{\D ^{1,p}_a(\RR ^n,-x_0)} = \norm {v_\alpha }^p_{\D ^{1,p}_a(\RR ^n,-x_0)} -\norm {v}^p_{\D ^{1,p}_a(\RR ^n,-x_0)} + o(1)$


\begin {equation*}\abs {\nabla v_\alpha }^{p-2}\nabla v - \abs {\nabla v_\alpha - \nabla v}^{p-2}(\nabla v_\alpha - \nabla v) \to \abs {\nabla v}^{p-2}\nabla v\end {equation*}


$L^{p^\prime }(\RR ^n, \abs {x+x_0}^{-ap})$


\begin {equation*}\abs {v_\alpha }^{q-2}v_\alpha - \abs {v_\alpha - v}^{q-2}(v_\alpha - v) \to \abs {v}^{q-2}u\end {equation*}


$L^{\frac {q}{q-1}}(\RR ^n, \abs {x+x_0}^{-bq})$


$\alpha \to \infty $


\begin {equation*}\phi _{0,\infty }(w_\alpha ) = \phi _{x_0,\infty }(v_\alpha - v)\end {equation*}


\begin {align*}\phi _{0,\infty }(w_\alpha ) = \phi _{x_0,\infty }(v_\alpha ) - \phi _{x_0,\infty }(v) + o(1) &= \phi (u_\alpha ) -\phi _{x_0,\infty }(v) + o(1)\\ &= c -\phi _{x_0,\infty }(v) + o(1)\end {align*}


$g\in \D ^{1,p}_a(\Om , 0)$


\begin {equation*}\inner {\phi ^\prime _{0,\infty }(w_\alpha ), g} = \inner {\phi ^\prime _{x_0,\infty }(v_\alpha - v), g_\alpha }\end {equation*}


$g_\alpha (x) = \lambda _\alpha ^{\gamma }g(\lambda _\alpha (x+x_0))$


\begin {align*}\inner {\phi ^\prime _{0,\infty }(w_\alpha ), g} &= \inner {\phi ^\prime _{x_0,\infty }(v_\alpha -v), g_\alpha }\\ &= \inner {\phi ^\prime _{x_0,\infty }(v_\alpha ), g_\alpha } - \inner {\phi ^\prime _{x_0,\infty }(v), g_\alpha } + o\left (\norm {g}_{\D ^{1,p}_a(\Om , 0)}\right )\\ &= \inner {\phi ^\prime (u_\alpha ),g} + o\left (\norm {g}_{\D ^{1,p}_a(\Om , 0)}\right )\end {align*}


$\alpha \to \infty $


$g\in \D ^{1,p}_a(\Om , 0)$


$\phi ^\prime _{0,\infty }(w_\alpha ) \to 0$


$\D ^{-1,p^\prime }_a(\Om , 0)$


$(u_\alpha )$


$\D _a^{1,p}(\Omega ,0)$


$v\in \D ^{1,p}(\RR ^n)$


$\tau _{y_\alpha , \lambda _\alpha }u_\alpha \rightharpoonup v$


$\D ^{1,p}(\RR ^n)$


$\nabla \left [\tau _{y_\alpha , \lambda _\alpha }u_\alpha \right ] \to \nabla v$


$\RR ^n$


$a=b$


$q = p^\ast $


$\abs {y_\alpha }/\lambda _\alpha \to \infty $


$w_\alpha := u_\alpha - \tau _{y_\alpha , \lambda _\alpha }^- v$


$\norm {w_\alpha }_{\D _a^{1,p}(\RR ^n,0)}^p = \norm {u_\alpha }_{\D _a^{1,p}(\Omega ,0)}^p - \norm {v}_{\D ^{1,p}(\RR ^n)}^p + o(1)$


$\norm {w_\alpha }_{L_b^q(\RR ^n,0)}^q = \norm {u_\alpha }_{L_b^q(\Omega ,0)}^q - \norm {v}_{L^q(\RR ^n)}^q + o(1)$


$\alpha \to \infty $


$\tau _\alpha ^- := \tau _{y_\alpha , \lambda _\alpha }^-$


$(u_\alpha )$


$0$


$\RR ^n$


\begin {equation}\label {eq:w_split} \norm {w_\alpha }_{\D _a^{1,p}(\RR ^n)}^p = \int _{B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z} + \int _{\RR ^n\setminus B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z}\end {equation}


$B_\alpha := B(y_\alpha , \abs {y_\alpha }/4)$


$B_\alpha $


$\eta $


$\tau _\alpha ^- v$


$B_\alpha $


\begin {equation}\label {eq:pre1} \begin {aligned} \int _{B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z} &= \int _{B_\alpha }\left (\abs {\nabla w_\alpha (z)}^p + \abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p - \abs {\nabla u_\alpha (z)}^p \right )\abs {z}^{-ap}\d {z}\\ &\quad + \int _{B_\alpha }\abs {\nabla u_\alpha (z)}^p\abs {z}^{-ap}\d {z} - \int _{B_\alpha }\abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p\abs {z}^{-ap}\d {z}. \end {aligned}\end {equation}


$a=b$


$\eta $


\begin {align*}\int _{B_\alpha }\abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p\abs {z}^{-ap}\d {z} &=\int _{\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v(x)}^p\left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x}\\ &=\int _{\RR ^n}\abs {\nabla v(x)}^p\d {x} + o(1)\end {align*}


$\alpha \to \infty $


$\abs {y_\alpha }/\lambda _\alpha \to \infty $


$\alpha \to \infty $


\begin {equation}\label {eq:1} \begin {aligned} \int _{B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z} &= \int _{B_\alpha }\left (\abs {\nabla w_\alpha (z)}^p + \abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p - \abs {\nabla u_\alpha (z)}^p \right )\abs {z}^{-ap}\d {z}\\ &\quad + \int _{B_\alpha }\abs {\nabla u_\alpha (z)}^p\abs {z}^{-ap}\d {z} - \int _{\RR ^n}\abs {\nabla v(x)}^p\d {x} + o(1). \end {aligned}\end {equation}


$C>0$


\begin {equation}\label {eq:ineq} \abs {\abs {x}^p + \abs {y}^p - \abs {x+y}^p} \le C\left (\abs {x}^{p-1}\abs {y} + \abs {x}\abs {y}^{p-1}\right )\qquad \forall x,y\in \RR ^n.\end {equation}


\begin {align*}&\int _{B_\alpha }\abs {\abs {\nabla w_\alpha (z)}^p + \abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p - \abs {\nabla u_\alpha (z)}^p}\abs {z}^{-ap}\d {z}\\ &\le C\int _{B_\alpha }\left (\abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^{p-1}\abs {\nabla w_\alpha (z)} + \abs {\nabla \left [\tau _\alpha ^-v\right ](z)}\abs {\nabla w_\alpha (z)}^{p-1}\right )\abs {z}^{-ap}\d {z}\\ &\le C\int _{\abs {x} \le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\left (\abs {\nabla v}^{p-1}\abs {\nabla [v_\alpha -v]} + \abs {\nabla v}\abs {\nabla [v_\alpha -v]}^{p-1}\right )\d {x}\end {align*}


$C$


$o(1)$


$\alpha \to \infty $


\begin {equation}\label {eq:1f} \int _{B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z} = \int _{B_\alpha }\abs {\nabla u_\alpha (z)}^p\abs {z}^{-ap}\d {z} - \int _{\RR ^n}\abs {\nabla v (x)}^p\d {x} + o(1).\end {equation}


$\alpha \to \infty $


\begin {equation}\label {eq:2} \begin {aligned} &\int _{\RR ^n\setminus B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z}\\ &= \int _{\RR ^n\setminus B_\alpha }\left (\abs {\nabla w_\alpha (z)}^p - \abs {\nabla u_\alpha (z)}^p - \abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p \right )\abs {z}^{-ap}\d {z}\\ &\quad + \int _{\RR ^n\setminus B_\alpha }\abs {\nabla u_\alpha (z)}^p\abs {z}^{-ap}\d {z} + \int _{\RR ^n\setminus B_\alpha }\abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p\abs {z}^{-ap}\d {z}. \end {aligned}\end {equation}


$0$


$\alpha \to \infty $


\begin {align*}&\int _{\RR ^n\setminus B_\alpha }\abs {\abs {\nabla w_\alpha (z)}^p - \abs {\nabla u_\alpha (z)}^p - \abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^p }\abs {z}^{-ap}\d {z}\\ &\le C\int _{\RR ^n\setminus B_\alpha }\left (\abs {\nabla u_\alpha (z)}^{p-1}\abs {\nabla \left [\tau _\alpha ^-v\right ](z)} + \abs {\nabla u_\alpha (z)}\abs {\nabla \left [\tau _\alpha ^-v\right ](z)}^{p-1}\right )\abs {z}^{-ap}\d {z}\\ &\le C\left (\norm {u_\alpha }_{\D _a^{1,p}(\Om ,0)}^{p-1}\norm {\nabla \left [\tau _\alpha ^-v\right ]}_{L_a^p(\RR ^n\setminus B_\alpha )} + \norm {u_\alpha }_{\D _a^{1,p}(\Om ,0)}\norm {\nabla \left [\tau _\alpha ^-v\right ]}_{L_a^p(\RR ^n\setminus B_\alpha )}^{p-1}\right )\end {align*}


$(u_\alpha )$


$\D _a^{1,p}(\Om ,0)$


$0$


$\alpha \to \infty $


\begin {equation}\label {eq:2f} \int _{\RR ^n\setminus B_\alpha }\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z} = \int _{\RR ^n\setminus B_\alpha }\abs {\nabla u_\alpha (z)}^p\abs {z}^{-ap}\d {z} +o(1)\end {equation}


\begin {equation*}\int _{\RR ^n}\abs {\nabla w_\alpha (z)}^p\abs {z}^{-ap}\d {z} = \int _{\RR ^n}\abs {\nabla u_\alpha (z)}^p\abs {z}^{-ap}\d {z} - \int _{\RR ^n}\abs {\nabla v (x)}^p\d {x} + o(1)\end {equation*}


$(u_\alpha )$


$\D _a^{1,p}(\Omega , 0)$


$v\in \D ^{1,p}(\RR ^n)$


$v_\alpha \rightharpoonup v$


$\D ^{1,p}(\RR ^n)$


$\nabla v_\alpha \to \nabla v$


$\RR ^n$


$p^\prime = p/(p-1)$


$p$


\begin {equation*}\abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v_\alpha - \nabla v}^{p-2}\left (\nabla v_\alpha - \nabla v\right ) \to \abs {\nabla v}^{p-2}\nabla v\end {equation*}


$L^{p^\prime }(\RR ^n)$


$q^\prime = q/(q-1)$


$q$


\begin {equation*}\abs { v_\alpha }^{q-2} v_\alpha - \abs { v_\alpha - v}^{q-2}\left ( v_\alpha - v\right ) \to \abs { v}^{q-2} v\end {equation*}


$L^{q^\prime }(\RR ^n)$


$v_\alpha := \tau _{y_\alpha , \lambda _\alpha }u_\alpha $


$a=b$


$q = p^\ast $


$\abs {y_\alpha }/\lambda _\alpha \to \infty $


$w_\alpha := u_\alpha - \tau ^-_{y_\alpha , \lambda _\alpha }v$


\begin {equation*}\inner {\phi _{0,\infty }^\prime (w_\alpha ), g} = \inner {\phi ^\prime (u_\alpha ), g} - \inner {\phi _\infty ^\prime (v), \tau _{y_\alpha , \lambda _\alpha }g} + o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right )\end {equation*}


$\alpha \to \infty $


$g\in \D _a^{1,p}(\Om , 0)$


$g\in \D _a^{1,p}(\Om , 0)$


$B_\alpha := B(y_\alpha , \abs {y_\alpha }/4)$


\begin {align*}\inner {\phi ^\prime _{0, \infty }(w_\alpha ), g} &=\int _{B_\alpha }\abs {\nabla w_\alpha }^{p-2}\pinner {\nabla w_\alpha , \nabla g} \abs {z}^{-ap} \d {z} + \int _{\RR ^n\setminus B_\alpha }\abs {\nabla w_\alpha }^{p-2}\pinner {\nabla w_\alpha , \nabla g}\abs {z}^{-ap}\d {z}\\ &\qquad - \int _{B_\alpha }\abs {w_\alpha }^{q-2}w_\alpha g\abs {z}^{-bq}\d {z} - \int _{\RR ^n\setminus B_\alpha }\abs {w_\alpha }^{q-2}w_\alpha g\abs {z}^{-bq}\d {z}\\ &=: I^{(1)}_a + I^{(2)}_a - I^{(1)}_b - I^{(2)}_b.\end {align*}


$B_\alpha $


$\eta $


\begin {equation*}I^{(1)}_a =\int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla [v_\alpha -v]}^{p-2}\pinner {\nabla [v_\alpha -v], \nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x}\end {equation*}


$I_a^{(1)}$


$C>0$


\begin {align*}&\abs {I^{(1)}_a - \int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\pinner {\left [\abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v}^{p-2}\nabla v \right ], \nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x}}\\ &\le C\int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\abs {\nabla [v_\alpha -v]}^{p-2}\nabla [v_\alpha -v] - \abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha + \abs {\nabla v}^{p-2}\nabla v}\cdot \abs {\nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \d {x}\\ &= o\left (\norm {g}_{\D _a^{1,p}(\Om , 0)}\right )\end {align*}


$\alpha \to \infty $


\begin {align*}I^{(1)}_a &=\int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v_\alpha }^{p-2}\pinner {\nabla v_\alpha , \nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x} \\ &\qquad - \int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v , \nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x} + o\left (\norm {g}_{\D _a^{1,p}(\Om , 0)}\right )\end {align*}


$\alpha \to \infty $


\begin {align}I^{(1)}_a &=\int _{B_\alpha }\abs {\nabla u_\alpha }^{p-2}\pinner {\nabla u_\alpha , \nabla g} \abs {z}^{-ap}\d {z} \label {eq:lemI-a-1}\\ &\qquad - \int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v, \nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x} + o\left (\norm {g}_{\D _a^{1,p}(\Om , 0)}\right )\notag \end {align}


$\alpha \to \infty $


\begin {align}I_b^{(1)} &= \int _{B_\alpha }\abs {u_\alpha }^{q-2}u_\alpha (z) g(z)\abs {z}^{-bq}\d {z} \label {eq:lemI-b-1}\\ &\qquad -\int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {v}^{q-2}v(x) \left [\tau _{y_\alpha , \lambda _\alpha }g\right ](x)\left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-bq}\d {x} + o\left (\norm {g}_{\D _a^{1,p}(\Om , 0)}\right )\notag \end {align}


$\alpha \to \infty $


\begin {align}&\abs {I_a^{(2)} - \int _{\RR ^n\setminus B_\alpha }\abs {\nabla u_\alpha }^{p-2}\pinner {\nabla u_\alpha , \nabla g}\abs {z}^{-ap}\d {z}}\notag \\ &=\abs {\int _{\RR ^n\setminus B_\alpha }\pinner {\left [\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha \right ], \nabla g}\abs {z}^{-ap}\d {z}}\label {eq:lemtemp}\\ &\le \norm {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha }_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )}\norm {g}_{\D _a^{1,p}(\Om , 0)}\notag \end {align}


$1<p\le 2$


$C>0$


\begin {equation*}\abs {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha } \le C\abs {\nabla w_\alpha - \nabla u_\alpha }^{p-1} = C\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^{p-1}.\end {equation*}


\begin {equation*}\norm {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha }_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )} \le C\norm {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}_{L^p_a(\RR ^n\setminus B_\alpha )} \to 0\end {equation*}


$\alpha \to \infty $


$1< p\le 2$


\begin {equation*}\norm {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha }_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )} \to 0.\end {equation*}


$p > 2$


$C\dbond C(p)>0$


\begin {equation*}\abs {\abs {x+y}^{p-2}(x+y) - \abs {x}^{p-2}x - \abs {y}^{p-2}y}\le C\left (\abs {x}^{p-2}\abs {y} + \abs {x}\abs {y}^{p-2}\right ),\quad \forall x,y\in \RR ^n.\end {equation*}


\begin {align*}&\abs {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha - \abs {-\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^{p-2}\left (-\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]\right )} \\ &\le C\left (\abs {u_\alpha }^{p-2}\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]} + \abs {u_\alpha }\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^{p-2}\right )\end {align*}


\begin {align*}&\norm {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha }_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )}\\ &\le \norm {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha + \abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^{p-2}\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )} \\ &\quad + \norm {\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^{p-1}}_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )}\\ &\le C\left (\norm {\abs {\nabla u_\alpha }^{p-2}\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}}_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )} + \norm {\abs {\nabla u_\alpha }\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^{p-2}}_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )}\right ) \\ &\quad + \norm {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}_{L^{p}_a(\RR ^n\setminus B_\alpha )}\end {align*}


$p-1 > 1$


$(p-1)/(p-2)$


$(u_\alpha )$


$\D _a^{1,p}(\Om ,0)$


\begin {equation*}\norm {\abs {\nabla w_\alpha }^{p-2}\nabla w_\alpha - \abs {\nabla u_\alpha }^{p-2}\nabla u_\alpha }_{L^{p^\prime }_a(\RR ^n\setminus B_\alpha )} \to 0.\end {equation*}


$1<p\le 2$


$p>2$


\begin {equation*}I_a^{(2)} = \int _{\RR ^n\setminus B_\alpha }\abs {\nabla u_\alpha }^{p-2}\nabla \pinner {u_\alpha , \nabla g}\abs {z}^{-ap}\d {z} + o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right )\end {equation*}


$\alpha \to \infty $


\begin {equation*}I_b^{(2)} = \int _{\RR ^n\setminus B_\alpha }\abs {u_\alpha }^{q-2}u_\alpha g\abs {z}^{-bq}\d {z} + o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right )\end {equation*}


$\alpha \to \infty $


$\alpha \to \infty $


\begin {align*}\inner {\phi ^\prime _{0, \infty }(w_\alpha ), g} &= I^{(1)}_a + I^{(2)}_a - I^{(1)}_b - I^{(2)}_b \\ &= \int _{\RR ^n}\abs {\nabla u_\alpha }^{p-2}\pinner {\nabla u_\alpha , \nabla g} \abs {z}^{-ap}\d {z} - \int _{\RR ^n}\abs {u_\alpha }^{q-2}u_\alpha (z) g(z)\abs {z}^{-bq}\d {z}\\ &\quad - \int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {\nabla v}^{p-2}\pinner {\nabla v , \nabla \left [\tau _{y_\alpha , \lambda _\alpha }g\right ]} \left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-ap}\d {x}\\ &\qquad +\int _{\abs {x}\le \frac {\abs {y_\alpha }}{4\lambda _\alpha }}\abs {v}^{q-2}v(x) \left [\tau _{y_\alpha , \lambda _\alpha }g\right ](x)\left (\frac {\abs {\lambda _\alpha x + y_\alpha }}{\abs {y_\alpha }}\right )^{-bq}\d {x}\\ &\qquad \quad + o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right ).\end {align*}


\begin {equation*}\inner {\phi ^\prime _{0, \infty }(w_\alpha ), g} =\inner {\phi ^\prime (u_\alpha ), g} - \inner {\phi ^\prime _\infty (v), \tau _{y_\alpha , \lambda _\alpha }g} + o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right ).\end {equation*}


$v\in \D ^{1,p}(\Om _\infty )$


$\Om _\infty $


$\RR ^n$


$(B_k)_{k\in \NN }$


$B_k$


$\Om _\infty $


$k$


$k$


$B_k$


$B_{k+1}$


$x\in \Om _\infty $


$B_k$


$k$


$k$


\begin {equation*}\inner {\phi ^\prime _\infty (v_\alpha ), h} = \inner {\phi ^\prime (u_\alpha ), \tau ^-_{y_\alpha ,\lambda _\alpha } h} + o\left (\norm {h}_{\D ^{1,p}(\RR ^n)}\right )\end {equation*}


$\alpha \to \infty $


$h\in \D ^{1,p}(B_k)$


$\alpha $


$\alpha $


$B_k\subseteq \Om _\alpha $


$\tau ^-_{y_\alpha ,\lambda _\alpha }h \in \D ^{1,p}_a(\Om ,0)$


$h\in \D ^{1,p}(B_k)$


\begin {align*}\abs {\inner {\phi ^\prime _\infty (v_\alpha ), h}} &\le \abs {\inner {\phi ^\prime (u_\alpha ), \tau ^-_{y_\alpha ,\lambda _\alpha } h}} + o\left (\norm {h}_{\D ^{1,p}(\RR ^n)}\right )\\ &\le \norm {\phi ^\prime (u_\alpha )}_{\D ^{-1,p^\prime }_a(\Om ,0)}\norm {\tau ^-_{y_\alpha ,\lambda _\alpha } h}_{\D _a^{1,p}(\Om ,0)}+ o\left (\norm {h}_{\D ^{1,p}(\RR ^n)}\right )\\ &= o\left (\norm {h}_{\D ^{1,p}(\RR ^n)}\right )\end {align*}


$\alpha \to \infty $


$h\in \D ^{1,p}(B_k)$


$\phi ^\prime (u_\alpha )\to 0$


$\D _a^{1,p}(\Om , 0)$


\begin {equation}\label {eq:h energy} \phi _\infty ^\prime (v_\alpha ) \to 0 \text { strongly in } \D ^{-1,p^\prime }(B_k)\end {equation}


$k\in \NN $


$(v_\alpha )$


$B_k \nearrow \Om _\infty $


$(v_\alpha )$


$\D ^{1,p}(\RR ^n)$


$T :\RR \to \RR $


\begin {equation*}T(x) = \begin {cases} x &\text {if }\abs {x} \le 1\\ \frac {x}{\abs {x}} &\text {if } \abs {x} > 1. \end {cases}\end {equation*}


$k\in \NN $


$\rho \in C_c^\infty (\Om _\infty ) \subseteq C_c^\infty (\RR ^n)$


\begin {equation*}\begin {cases} 0\le \rho \le 1 &\text {in } \RR ^n\\ \rho \equiv 1 &\text {in } B_k\\ \rho \equiv 0 &\text {outside } B_{k+1}. \end {cases}\end {equation*}


\begin {equation*}f_\alpha := \abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v}^{p-2}\nabla v\end {equation*}


$\alpha $


$L^{p^\prime }(\RR ^n)$


$p^\prime := p/(p-1)$


$\pinner {f_\alpha , \left [\nabla v_\alpha - \nabla v\right ]} \ge 0$


\begin {align*}0\le \int _{B_k} \pinner {f_\alpha , \nabla T(v_\alpha -v)}\d {x} &\le \int _{\RR ^n} \pinner {f_\alpha , \rho \nabla T(v_\alpha -v)}\d {x}\\ &=\int _{\RR ^n} \pinner {f_\alpha , \nabla \left [\rho T(v_\alpha -v)\right ]}\d {x} -\int _{\RR ^n} \pinner {f_\alpha , T(v_\alpha -v)\nabla \rho }\d {x}\\ &=: I_\alpha ^{(1)} - I^{(2)}_\alpha .\end {align*}


$I_\alpha ^{(1)}$


$I_\alpha ^{(2)}$


$0$


$\alpha \to \infty $


\begin {align*}\abs {I_\alpha ^{(2)}} \le \norm {f_\alpha }_{L^{p^\prime }(\RR ^n)}\left (\int _{\RR ^n}\abs {\nabla \rho }^p\abs {T(v_\alpha -v)}^p\d {x}\right )^{1/p}\end {align*}


$B_{k+1}$


$v_\alpha \to v$


$I_\alpha ^{(2)}\to 0$


$\alpha \to \infty $


$I_\alpha ^{(1)}$


$\rho T(v_\alpha - v) \in \D ^{1,p}\left (B_{k+1}\right )$


$\rho T(v_\alpha -v)$


$\D ^{1,p}\left (B_{k+1}\right )$


$\alpha $


$\phi _\infty ^\prime (v_\alpha ) \to 0$


$\D ^{1,p}\left (B_{k+1}\right )$


\begin {equation*}\inner {\phi _\infty ^\prime (v_\alpha ), \rho T(v_\alpha -v)} \to 0 \quad \text {as }\alpha \to \infty .\end {equation*}


\begin {align*}I_\alpha ^{(1)} = \inner {\phi _\infty ^\prime (v_\alpha ), \rho T(v_\alpha -v)} + \underbrace {\int _{\RR ^n}\abs {v_\alpha }^{q-2}v_\alpha \rho T(v_\alpha -v)\d {x}}_{=: J_\alpha ^{(1)}} - \underbrace {\int _{\RR ^n}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\rho T(v_\alpha -v)\right ]}\d {x}}_{=: J_\alpha ^{(2)}},\end {align*}


\begin {equation*}I_\alpha ^{(1)} = o(1) + J_\alpha ^{(1)} - J_\alpha ^{(2)}\end {equation*}


$\alpha \to \infty $


\begin {equation*}\abs {J_\alpha ^{(1)}} \le \norm {v_\alpha }_{L^q(\RR ^n)}^{q-1}\left (\int _{\RR ^n}\rho ^q(x)\abs {T(v_\alpha -v)}^q\d {x}\right )^{1/q} = o(1)\end {equation*}


$\alpha \to \infty $


$\norm {v_\alpha }_{L^q(\RR ^n)}$


$\alpha \to \infty $


\begin {align*}J_\alpha ^{(2)} &=\int _{\RR ^n}\abs {\nabla v}^{p-2}\pinner {\nabla v,\nabla \left [\rho T(v_\alpha -v)\right ]}\d {x}\\ &=\int _{\abs {v_\alpha -v} \le 1}\abs {\nabla v}^{p-2}\pinner {\nabla v,\rho \nabla (v_\alpha -v)}\d {x} + \int _{\RR ^n}\abs {\nabla v}^{p-2}\pinner {\nabla v, T(v_\alpha -v)\nabla \rho }\d {x}\\ &=\int _{\abs {v_\alpha -v} \le 1}\abs {\nabla v}^{p-2}\pinner {\nabla v,\rho \nabla (v_\alpha -v)}\d {x} + o(1)\end {align*}


\begin {equation*}J_\alpha ^{(2)} =\int _{\RR ^n}\abs {\nabla v}^{p-2}\nabla v, \rho \nabla (v_\alpha -v)\d {x} - \int _{\abs {v_\alpha -v} > 1}\abs {\nabla v}^{p-2}\pinner {\nabla v, \rho \nabla (v_\alpha -v)}\d {x} + o(1).\end {equation*}


$0$


$\alpha \to \infty $


$v_\alpha \rightharpoonup v$


$\D ^{1,p}(\RR ^n)$


$\nabla v_\alpha \rightharpoonup \nabla v$


$L^p(\RR ^n)$


\begin {align*}J_\alpha ^{(2)} &=- \int _{\abs {v_\alpha -v} > 1}\abs {\nabla v}^{p-2}\pinner {\nabla v, \rho \nabla (v_\alpha -v)}\d {x} + o(1)\end {align*}


\begin {align*}\abs {J_\alpha ^{(2)}} &\le \int _{\set {\abs {v_\alpha -v} > 1}\cap B_{k+1}}\abs {\nabla v}^{p-1} \abs {\nabla (v_\alpha -v)}\d {x} +o(1)\\ &\le \norm {v_\alpha - v}_{\D ^{1,p}(\RR ^n)}\left (\int _{\set {\abs {v_\alpha -v} > 1}\cap B_{k+1}}\abs {\nabla v}^p\d {x}\right )^{1/p^\prime } + o(1)\end {align*}


$\alpha \to \infty $


$v_\alpha \to v$


$0$


$\alpha \to \infty $


$J_\alpha ^{(2)}\to 0$


$\alpha \to \infty $


$J_\alpha ^{(1)}$


$J_\alpha ^{(2)}$


$I_\alpha ^{(1)} \to 0$


$\alpha \to \infty $


$I_\alpha ^{(2)} \to 0$


$\alpha \to \infty $


\begin {equation*}\int _{B_k \cap \Om _\infty } \pinner {f_\alpha , \nabla T(v_\alpha -v)}\d {x} \to 0\quad \text {as }\alpha \to \infty \end {equation*}


\begin {equation*}f_\alpha = \abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v}^{p-2}\nabla v.\end {equation*}


$a=b=0$


$\nabla v_\alpha \to \nabla v$


$\Om _\infty $


$v_\alpha $


$\Om _\alpha $


$v_\alpha \to v$


$\Om _\alpha \to \Om _\infty $


$\nabla v_\alpha \to \nabla v$


$\RR ^n$


$\norm {v}_{\D ^{1,p}(\Om _\infty )}^p = \norm {v_\alpha }_{\D ^{1,p}(\Om _\infty )}^p - \norm {v_\alpha -v}_{\D ^{1,p}(\Om _\infty )}^p + o(1)$


\begin {equation*}\abs {\nabla v_\alpha }^{p-2}\nabla v_\alpha - \abs {\nabla v_\alpha - \nabla v}^{p-2}\left (\nabla v_\alpha - \nabla v\right ) \to \abs {\nabla v}^{p-2}\nabla v.\end {equation*}


$L^{p^\prime }(\Om _\infty )$


$v\in \D ^{1,p}(\Om _\infty )$


$L^{p^\prime }(\RR ^n)$


\begin {equation*}\abs {v_\alpha }^{q-2} v_\alpha - \abs {v_\alpha - v}^{q-2}\left (v_\alpha - v\right ) \to \abs {v}^{q-2} v.\end {equation*}


$L^{q/(q-1)}(\Om _\infty )$


$L^{q/(q-1)}(\RR ^n)$


$h\in C_c^\infty (\Om _\infty )$


$h\in C_c^\infty (B_k)$


$k$


$k$


$\phi ^\prime (v_\alpha ) \to 0$


$\D ^{1,p}(B_k)$


\begin {align*}0 &= \lim _{\alpha \to \infty }\inner {\phi _\infty ^\prime (v_\alpha ), h}\\ &=\lim _{\alpha \to \infty }\left (\int _{\RR ^n}\abs {\nabla v_\alpha }^{p-2}\pinner {\nabla v_\alpha , \nabla h}\d {x} - \int _{\RR ^n}\abs {v_\alpha }^{q-2}v_\alpha h\d {x}\right )\\ &=\int _{\RR ^n}\abs {\nabla v}^{p-2}\pinner {\nabla v, \nabla h}\d {x} - \int _{\RR ^n}\abs {v}^{q-2}v h\d {x}\\ &=\inner {\phi _\infty ^\prime (v), h}\end {align*}


$v_\alpha \to v$


$\nabla v_\alpha \to \nabla v$


$h\in C_c^\infty (\Om _\infty )$


$\phi _\infty ^\prime (v) = 0$


$\Om _\infty $


$(w_\alpha )$


\begin {align*}\phi _{0, \infty }(w_\alpha ) = \frac {1}{p}\norm {w_\alpha }_{\D _a^{1,p}(\RR ^n,0)}^p - \frac {1}{q}\norm {w_\alpha }_{L_b^q(\RR ^n,0)} = \phi (u_\alpha ) - \phi _\infty (v) + o(1)= c-\phi _\infty (v) + o(1)\end {align*}


$\alpha \to \infty $


\begin {equation*}\inner {\phi _{0,\infty }^\prime (w_\alpha ), g} = \inner {\phi ^\prime (u_\alpha ), g} - \inner {\phi _\infty ^\prime (v), \tau _{y_\alpha , \lambda _\alpha }g} + o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right )\end {equation*}


$\alpha \to \infty $


$g\in \D _a^{1,p}(\Om )$


$\phi ^\prime (u_\alpha )\to 0$


$\D _a^{1,p}(\Om )$


\begin {equation*}\inner {\phi _{0,\infty }^\prime (w_\alpha ), g} = o\left (\norm {g}_{\D _a^{1,p}(\Om ,0)}\right )\end {equation*}


$(u_\alpha )$


$\alpha \to \infty $


$0$


\begin {equation}\label {eq:bubs} B_\alpha (z) := \lambda _\alpha ^{-\gamma } v\left (\frac {z}{\lambda _\alpha }-x_0\right ).\end {equation}


$v\in \D _a^{1,p}(\RR ^n, -x_0)$


$\lambda _\alpha \to 0$


$\nabla B_\alpha (x) \to 0$


$\RR ^n$


$B_\alpha \rightharpoonup 0$


$\D ^{1,p}_a(\RR ^n, 0)$


$\alpha \to \infty $


$B_\alpha $


$\epsilon > 0$


\begin {equation*}\int _{ B(0,\epsilon )^\complement } \abs { \nabla B_\alpha (z) }^p\abs {z}^{-ap}\d {x} =\int _{B\left (-x_0,\frac {\epsilon }{\lambda _\alpha }\right )^\complement } \abs { \nabla v\left ( x\right ) }^p \abs {x+x_0}^{-ap}\d {x}.\end {equation*}


$0$


$\nabla B_\alpha \to 0$


$\RR ^n \setminus B(0,\epsilon )$


$\epsilon > 0$


$\nabla B_\alpha \to 0$


$\RR ^n$


$(\nabla B_\alpha )$


$L^p_a(\RR ^n, 0)$


$B_\alpha \rightharpoonup 0$


$\D ^{1,p}_a(\RR ^n, 0)$


$(B_\alpha )$


$\D ^{1,p}_a(\RR ^n, 0)$


$\D ^{1,p}_a(\RR ^n, 0)$


$\D ^{1,p}_a(\RR ^n, 0)$


$B_\alpha \to 0$


$\tau ^-_{y_\alpha , \lambda _\alpha }v$


$v\in \D ^{1,p}(\RR ^n)$


$a=b$


$\lambda _\alpha \to 0$


$\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ] \to 0$


$\tau ^-_{y_\alpha , \lambda _\alpha }v\rightharpoonup 0$


$\D _a^{1,p}(\RR ^n,0)$


$y_\alpha \to y$


$\epsilon >0$


$\alpha $


\begin {equation*}B\left (y_\alpha , \frac {\epsilon }{2}\right )\subset B(y, \epsilon ).\end {equation*}


\begin {align*}\int _{B(y, \epsilon )^\complement }\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^p\abs {z}^{-ap}\d {z} \le \int _{B(y_\alpha , \epsilon /2)^\complement }\abs {\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ]}^p\abs {z}^{-ap}\d {z} \le C\left (\norm {v}_{L^q\left (B(0, \epsilon /(2\lambda _\alpha ))^\complement \right )} + \norm {\nabla v}_{L^p\left (B(0, \epsilon /(2\lambda _\alpha ))^\complement \right )}\right )^p\end {align*}


$C>0$


$\alpha $


$\lambda _\alpha \to 0$


$0$


$\alpha \to \infty $


\begin {equation*}\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ] \to 0 \qquad \text {in } L^p\left (B(y, \epsilon )^\complement \right ).\end {equation*}


$\epsilon > 0$


$\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ] \to 0$


$(\tau ^-_{y_\alpha , \lambda _\alpha }v)$


$\D _a^{1,p}(\RR ^n,0)$


$\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ] \to 0$


$\nabla \left [\tau ^-_{y_\alpha , \lambda _\alpha }v\right ] \rightharpoonup 0$


$L_a^p(\RR ^n, 0)$


$\tau ^-_{y_\alpha , \lambda _\alpha }v \rightharpoonup 0$


$\D _a^{1,p}(\RR ^n,0)$


$\tau ^-_{y_\alpha , \lambda _\alpha }v$


$\D _a^{1,p}(\RR ^n, 0)$


$w\in \D _a^{1,p}(\RR ^n, 0)$


$\bullet $


$\tau ^-_{y_\alpha , \lambda _\alpha }v \rightharpoonup w$


$\D _a^{1,p}(\RR ^n,0)$


$\bullet $


$\tau ^-_{y_\alpha , \lambda _\alpha }v \to w$


$w\equiv 0$


$a<b$


$a < b$


$a=b$


$(u_\alpha )$


$\D ^{1,p}_a(\Om , 0)$


$u_\alpha $


$v_0 \in \D ^{1,p}_a(\Om , 0)$


$\Om $


$\alpha \to \infty $


$(u_\alpha ^1)$


$u_\alpha ^1 := u_\alpha - v_0$


$\norm {u_\alpha ^1}^p_{\D ^{1,p}_a(\Om , 0)} = \norm {u_\alpha }^p_{\D ^{1,p}_a(\Om , 0)} - \norm {v_0}^p_{\D ^{1,p}_a(\Om , 0)} + o(1)$


$\phi (u_\alpha ^1) \to c - \phi (v_0)$


$\phi ^\prime (u_\alpha ^1) \to 0$


$\D ^{-1,p^\prime }_a(\Om , 0)$


$\phi ^\prime (v_0) = 0$


$\nabla u_\alpha \to \nabla v_0$


$\RR ^n$


$\alpha \to \infty $


$v_0$


$u_\alpha ^1 \to 0$


$L^q_b(\Om ,0)$


\begin {align*}\lim _{\alpha \to \infty } \int _{\Om } \left ( \abs {x}^{-ap}\abs {\nabla u_\alpha ^1(x)}^{p} - \abs {x}^{-bq} \abs {u_\alpha ^1(x)}^{q} \right )\d {x} =\lim _{\alpha \to \infty } \abs { \inner {\phi ^\prime (u_\alpha ^1), u_\alpha ^1} } \to 0\end {align*}


$\phi ^\prime (u_\alpha ^1) \to 0$


$\D _a^{1,p}(\Om )$


$(u_\alpha ^1)$


$\D ^{1,p}_a(\Om , 0)$


$\nabla u^1_\alpha \to 0$


$L^p_a(\Om , 0)$


$u_\alpha \to v_0$


$\D ^{1,p}_a(\Om , 0)$


$k=0$


\begin {equation*}\phi (v_0) = \lim _{\alpha \to \infty } \phi (u_\alpha ).\end {equation*}


\begin {equation*}\inf _{\alpha \geqslant 1} \int _\Om \abs {u_\alpha ^1}^q\abs {x}^{-bq}\mathrm {d}x > \delta \end {equation*}


$\delta > 0$


\begin {equation}\label {eq:delta} 0 < \delta < \left ( \frac {C_{a,b}}{2^p}\right )^{\frac {q}{q-p}}.\end {equation}


$C_{a,b} > 0$


$\left \{ Q_\alpha \right \}_{\alpha \geqslant 1}$


\begin {equation*}Q_\alpha (r) := \sup _{y \in \bar {\Om }} \int _{B(y,r)} \abs {u_\alpha ^1}^q\abs {x}^{-bq}\d {x},\end {equation*}


$(u_\alpha )$


$0$


$\Omega $


$Q_\alpha (r) < \infty $


$r\ge 0$


$Q_\alpha $


$\lambda _\alpha ^1 > 0$


$Q_\alpha (\lambda _\alpha ^1) = \delta $


$\alpha $


$y_\alpha ^1 \in \overline {\Om }$


\begin {equation}\label {eq:delta a<b} Q_\alpha (\lambda _\alpha ^1) = \sup _{y \in \bar {\Om }} \int _{B(y,\lambda _\alpha ^1)} \abs {u_\alpha ^1}^q\abs {x}^{-bq}\d {x} = \int _{B(y_\alpha ^1,\lambda _\alpha ^1)} \abs {u_\alpha ^1}^q\abs {x}^{-bq}\d {x} = \delta .\end {equation}


$\lambda _\alpha ^1 \to \lambda ^1 \ge 0$


$y_\alpha ^1 \to y^1 \in \overline {\Om }$


$\alpha \to \infty $


${y_\alpha ^1}/{\lambda _\alpha ^1}$


$\RR ^n$


\begin {equation*}\frac {\abs {y_\alpha ^1}}{\lambda _\alpha ^1} \to \infty , \quad \text {as } \alpha \to \infty ,\end {equation*}


$\abs {y_\alpha ^1} > 4\lambda _\alpha ^1 > 0$


$\alpha \in \NN $


\begin {equation*}v_\alpha (x) := \tau _{y_\alpha ^1, \lambda _\alpha ^1} u_\alpha ^1(x) =\left ( \frac {\lambda _\alpha ^1}{\abs {y_\alpha ^1}} \right )^b \left (\lambda _\alpha ^1\right )^\gamma u_\alpha ^1(\lambda _\alpha ^1 x + y_\alpha ^1)\eta \left ( \frac {2\lambda _\alpha ^1x}{\abs {y_\alpha ^1}}\right )\end {equation*}


$\tau $


$v_\alpha \in \D ^{1,p}(\RR ^n)$


$v_\alpha \to 0$


$v_\alpha \to 0$


$L^{p^\ast }(\RR ^n)$


$p^\ast \ge q$


$v_\alpha \to 0$


$L^q_{\text {loc}}(\RR ^n)$


$\alpha \to \infty $


\begin {equation*}\int _{B(0,1)} \abs {v_\alpha (x)}^q\d {x} = \int _{B\left ( y_\alpha ^1, \lambda _\alpha ^1\right )} \abs {u_\alpha ^1(z)}^q \abs {z}^{-bq}\d {z} + o(1) = \delta + o(1),\end {equation*}


$v_\alpha \to 0$


$L^q_{\text {loc}}(\RR ^n)$


${y_\alpha ^1}/{\lambda _\alpha ^1}$


\begin {equation*}\frac {y_\alpha ^1}{\lambda _\alpha ^1} \to x_0 \in \RR ^n, \quad \text {as } \alpha \to \infty .\end {equation*}


\begin {equation*}v_\alpha ^1(x) = \left ( \lambda _\alpha ^1 \right )^\gamma u_\alpha ^1(\lambda _\alpha ^1(x+x_0)).\end {equation*}


$\alpha \in \NN $


$v_\alpha ^1 \in \D _a^{1,p}(\Om _\alpha , -x_0)\subset \D ^{1,p}_a(\RR ^n,-x_0)$


\begin {equation*}\Om _\alpha := \frac {\Om - \lambda _\alpha ^1 x_0}{\lambda _\alpha ^1} = \frac {\Om }{\lambda _\alpha ^1} - x_0.\end {equation*}


\begin {equation*}\norm {v_\alpha ^1}_{\D _a^{1,p}(\RR ^n, -x_0)} = \norm {u_\alpha }_{\D _a^{1,p}(\Om , 0)},\qquad \norm {v_\alpha ^1}_{L_b^q(\RR ^n, -x_0)} = \norm {u_\alpha }_{L_b^q(\Om , 0)}\end {equation*}


$(v_\alpha ^1)$


$\D _a^{1,p}(\RR ^n, -x_0)$


\begin {equation*}v_\alpha ^1 \rightharpoonup v^1 \text { weakly in } \D _a^{1,p}(\RR ^n, -x_0),\quad v_\alpha ^1 \to v^1 \text { a.e. in }\RR ^n\end {equation*}


$v^1\in \D _a^{1,p}(\RR ^n, -x_0)$


\begin {equation}\label {eq:delta v a<b} \sup _{y \in \overline {\Om _\alpha }} \int _{B(y,1)} \abs {v_\alpha ^1(x)}^q\abs {x+x_0}^{-bq}\d {x} = \sup _{w \in \overline {\Om }} \int _{B(w, \lambda _\alpha ^1)} \abs {u_\alpha ^1(z)}^q\abs {z}^{-bq}\d {z} = \delta \end {equation}


$h \in \D ^{1,p}_a(\Om _\alpha , -x_0)$


$h_\alpha \in \D ^{1,p}_a(\Om , 0)$


\begin {equation*}h_\alpha (z) := \left ( \lambda _\alpha ^1 \right )^{-\gamma }h\left ( \frac {z}{\lambda _\alpha ^1} - x_0\right ).\end {equation*}


\begin {equation*}\inner {\phi ^\prime _{x_0, \infty }(v_\alpha ^1), h} = \inner {\phi ^\prime (u_\alpha ^1), h_\alpha }.\end {equation*}


$\phi ^\prime (u_\alpha ^1)$


$\D ^{1,p}_a(\Om , 0)$


$\alpha \in \NN $


$f_\alpha ^{(1)},\dots ,f_\alpha ^{(n)} \in L^{p^\prime }(\Om , \abs {x}^{-ap})$


\begin {equation*}\inner {\phi ^\prime (u_\alpha ^1), h} =\sum _{i=1}^n \int _{\Om } f^{(i)}_\alpha (x) \partial _i h(x)\abs {x}^{-ap}\d {x}, \quad \forall h \in \D ^{1,p}_a(\Om , 0).\end {equation*}


$p^\prime $


$p$


$\phi ^\prime (u_\alpha ^1) \to 0$


\begin {align}\label {eq:step5f} \sum _{i=1}^n \int _{\Om } \abs {f^{(i)}_\alpha (x)}^{p^\prime }\abs {x}^{-ap}\d {x} \to 0, \quad \text {as } \alpha \to \infty .\end {align}


\begin {align*}\inner {\phi ^\prime _{x_0,\infty }(v_\alpha ^1), h} = \inner {\phi ^\prime (u_\alpha ^1), h_\alpha }= \sum _{i=1}^n \int _\Om f^{(i)}_\alpha (z)\partial _i h_\alpha (z)\abs {z}^{-ap}\d {z}= \left (\lambda _\alpha ^1\right )^{n - ap - (\gamma +1)}\sum _{i=1}^n \int _{\Om _\alpha } f^{(i)}_\alpha (\lambda _\alpha ^1(x+x_0))\partial _i h\left ( x\right )\abs {x+x_0}^{-ap}\d {x}.\end {align*}


\begin {equation}\label {eq:step5identity} \inner {\phi _{x_0,\infty }(v_\alpha ^1),h} =\sum _{i=1}^n \int _{\Om _\alpha } g^{(i)}_\alpha (x)\partial _i h\left ( x\right )\abs {x+x_0}^{-ap}\d {x},\end {equation}


\begin {equation*}g_\alpha ^{(i)}(x) := \left ( \lambda _\alpha ^1 \right )^{\frac {n-ap}{p^\prime }} f_\alpha ^{(i)}\left ( \lambda _\alpha ^1(x+x_0)\right ).\end {equation*}


\begin {equation}\label {eq:step5g} \sum _{i=1}^n \int _{\Om _\alpha } \abs {g_\alpha ^{(i)}(x)}^{p^\prime } \abs {x+x_0}^{-ap}\d {x} =\sum _{i=1}^n \int _\Om \abs {f_\alpha ^{(i)}(z)}^{p^\prime }\abs {z}^{-ap}\d {z} =o(1)\end {equation}


$\alpha \to \infty $


$v^1 \neq 0$


$v^1 = 0$


$v_\alpha ^1 \rightharpoonup 0$


$\D ^{1,p}_a(\RR ^n,-x_0)$


$\RR ^n$


$\alpha \to \infty $


$\D ^{1,p}_a(\RR ^n,-x_0) \hookrightarrow L^p_{\text {loc}}(\RR ^n, \abs {x+x_0}^{-ap})$


$v_\alpha ^1 \to 0$


$L^p_{\text {loc}}(\RR ^n, \abs {x+x_0}^{-ap})$


$(v_\alpha ^1)$


$L^p_{\text {loc}}(\RR ^n, \abs {x+x_0}^{-ap})$


$\Om _\alpha \to \Om _\infty $


\begin {equation*}\Om _\infty := \begin {dcases} \RR ^n & \text {if } \lambda ^1 = 0,\\ \frac {\Om }{\lambda ^1} - x_0 & \text {if } \lambda ^1 > 0, \end {dcases}\end {equation*}


$\mathcal {C}$


$\RR ^n$


$\Lambda \in \mathcal {C}$


$\Lambda = B(y, 1/2)$


$y\in \Om _\infty $


$\Lambda $


$\overline {\Om _\infty }$


$\Lambda \in \mathcal {C}$


$\overline {\Om _\infty }$


$\Lambda $


$\Om _\alpha $


$\alpha $


$\Om _\alpha \to \Om _\infty $


$v_\alpha ^1$


$\Lambda $


$\alpha $


$\nabla v_\alpha ^1 \to 0$


$L^p_a\left (\Lambda , -x_0\right )$


$\Lambda = B(y,1/2)$


$y \in \Om _\infty $


$\Om _\alpha \to \Om _\infty $


$y \in \Om _\alpha $


$\alpha $


$h \in C_c^\infty (\RR ^n; [0, 1])$


$\operatorname {supp}(h) \subset B(y,1)$


\begin {align*}\int _{\RR ^n} &\abs {h}^p\abs {v_\alpha ^1}^q \abs {x+x_0}^{-bq}\d {x}\\ &= \int _{\operatorname {supp}(h)} \abs {v_\alpha ^1\thinspace h}^p\abs {v_\alpha ^1}^{q-p} \abs {x+x_0}^{-bq}\d {x}\\ &\le \left ( \int _{\operatorname {supp}(h)} \abs {v_\alpha ^1}^q\abs {x+x_0}^{-bq} \d {x}\right )^{\frac {q-p}{q}} \left ( \int _{\operatorname {supp}(h)} \abs {hv_\alpha ^1}^q\abs {x+x_0}^{-bq}\d {x} \right )^{p/q}\\ &\le C_{a,b}^{-1} \left ( \int _{\operatorname {supp}(h)} \abs {v_\alpha ^1}^q\abs {x+x_0}^{-bq} \d {x}\right )^{\frac {q-p}{q}} \left ( \int _{\operatorname {supp}(h)} \abs {\nabla (hv_\alpha ^1)}^p\abs {x+x_0}^{-ap}\d {x} \right ).\\\end {align*}


\begin {equation}\label {eq:step6-1} \int _{\RR ^n} \abs {h}^p\abs {v_\alpha ^1}^q \abs {x+x_0}^{-bq}\d {x} \le 2^{-p}\int _{\operatorname {supp}(h)} \abs {\nabla (hv_\alpha ^1)}^p\abs {x+x_0}^{-ap}\d {x}.\end {equation}


$v_\alpha ^1 \to 0$


$L^p_{\text {loc}}(\RR ^n, \abs {x+x_0}^{-ap})$


\begin {align*}\int _{\RR ^n} \abs {\nabla (hv_\alpha ^1)}^p\abs {x+x_0}^{-ap}\d {x} &\leq 2^{p-1}\int _{\RR ^n}\abs {h}^p\abs {\nabla v_\alpha ^1}^p \abs {x+x_0}^{-ap}\d {x} + o(1)\\ &=2^{p-1}\int _{\RR ^n} \abs {\nabla v_\alpha ^1}^{p-2} \pinner {\nabla v_\alpha ^1, \nabla \left [\abs {h}^pv_\alpha ^1\right ]}\abs {x+x_0}^{-ap}\d {x} + o(1)\\ &= 2^{p-1}\left [ \inner {\phi ^\prime _{x_0,\infty }(v_\alpha ^1), \abs {h}^pv_\alpha ^1} + \int _{\RR ^n} \abs {v_\alpha ^1}^{q}\abs {h}^p\abs {x+x_0}^{-bq}\right ] + o(1).\end {align*}


$\alpha \to \infty $


\begin {align*}\inner {\phi ^\prime _{x_0,\infty }(v_\alpha ^1), \abs {h}^pv_\alpha ^1} &= \sum _{i=1}^n \int _{\Om _\alpha } g_\alpha ^{(i)} \partial _i\left ( \abs {h}^pv_\alpha ^1 \right )\abs {x+x_0}^{-ap}\d {x} = o(1)\end {align*}


$\left (\abs {h}^pv_\alpha ^1\right )$


$\D ^{1,p}_a(\Om _\alpha , -x_0)$


\begin {align*}\int _{\RR ^n} \abs {\nabla (hv_\alpha ^1)}^p\abs {x+x_0}^{-ap}\d {x} &\le \frac {1}{2} \int _{\RR ^n} \abs {\nabla (hv_\alpha ^1)}^p\abs {x+x_0}^{-ap}\d {x} + o(1).\end {align*}


$\int _{\RR ^n} \abs {\nabla (hv_\alpha ^1)}^p\abs {x+x_0}^{-ap}\d {x} \to 0$


$h \equiv 1$


$\Lambda = B(y,1/2)$


$\nabla v_\alpha ^1 \to 0 \text { in } L^p_a\left (\Lambda , -x_0\right ).$


$\Lambda \in \mathcal {C}$


$\nabla v_\alpha ^1 \to 0$


$L^p_{loc}(\RR ^n, \abs {x+x_0}^{-ap})$


$v_\alpha ^1 \to 0$


$L^q_{\text {loc}}(\RR ^n, \abs {x+x_0}^{-bq})$


$\alpha \to \infty $


\begin {align*}\int _{B(0,2)} \abs {v_\alpha ^1}^q\abs {x+x_0}^{-bq}\d {x} &\ge \int _{B\left ( \frac {y_\alpha ^1}{\lambda _\alpha ^1} - x_0, 1 \right )} \abs {v_\alpha ^1}^q\abs {x+x_0}^{-bq}\d {x}\\ &= \int _{B\left (y_\alpha ^1, \lambda _\alpha ^1 \right )} \abs {u_\alpha ^1(z)}^q\abs {z}^{-bq}\d {x}\\ &= \delta > 0\end {align*}


$\alpha \in \NN $


$\lambda ^ 1= \lim _{\alpha \to \infty } \lambda _\alpha ^1 = 0$


$\lambda ^1 > 0$


$\varphi \in C_c^\infty (\RR ^n; \RR ^n)$


\begin {equation}\label {eq:step7} \begin {aligned} \int _{\RR ^n} &\pinner {\nabla v_\alpha ^1(x), \varphi (x)}\abs {x+x_0}^{-ap}\d {x}\\ &= (\lambda _\alpha ^1)^{(\gamma +1) - n + ap} \int _{\RR ^n} \pinner {\nabla u_\alpha ^1(z), \varphi \left ( \frac {z}{\lambda _\alpha ^1} - x_0 \right )}\abs {z}^{-ap}\d {z}. \end {aligned}\end {equation}


$(\lambda _\alpha ^1)$


$\Lambda $


$\alpha \in \NN $


\begin {equation*}z \mapsto \varphi \left ( \frac {z}{\lambda _\alpha ^1} - x_0 \right )\end {equation*}


$\Lambda $


$\nabla u_\alpha ^1 \to 0$


$\RR ^n$


$L^p_a(\RR ^n, 0)$


\begin {equation*}\int _{\varLambda } \abs {\nabla u_\alpha ^1(z)}\abs {z}^{-ap}\d {z} \to 0, \quad \text {as } \alpha \to \infty .\end {equation*}


$\lambda _\alpha ^1\to \lambda _1 > 0$


\begin {equation*}\int _{\RR ^n} \pinner {\nabla v_\alpha ^1(x), \varphi (x)} \abs {x+x_0}^{-ap}\d {x}\to 0, \quad \text {as } \alpha \to \infty .\end {equation*}


$L^{p^\prime }(\RR ^n, \abs {x+x_0}^{-ap})$


$\nabla v_\alpha ^1 \rightharpoonup 0$


$L^p_a(\RR ^n, -x_0)$


$v_\alpha ^1 \rightharpoonup 0$


$\D ^{1,p}_a(\RR ^n,-x_0)$


$v^1 \in \D ^{1,p}_a(\RR ^n,-x_0)$


$\Om _\alpha \to \RR ^n$


$\psi _\alpha \in C_c^\infty (\Om _\alpha )$


$\psi _\alpha \to v^1$


$\D ^{1,p}_a(\RR ^n,-x_0)$


$\alpha \to \infty $


\begin {equation*}\tilde {\psi }_\alpha (z) := \left (\lambda _\alpha ^1\right )^{-\gamma }\psi _\alpha \left (\frac {z}{\lambda _\alpha ^1}-x_0\right ).\end {equation*}


$\psi _\alpha \to v^1$


$\D ^{1,p}_a(\RR ^n,-x_0)$


\begin {equation*}\tilde {\psi }_\alpha (\cdot )- \left ( \lambda _\alpha ^1 \right )^{-\gamma } v^1\left ( \frac {\cdot }{\lambda _\alpha ^1} - x_0 \right ) \to 0 \quad \text {in } \D ^{1,p}_a(\RR ^n, 0).\end {equation*}


$v=v^1$


$\nabla \tilde {\psi }_\alpha \to 0$


$\RR ^n$


$\tilde {\psi }_\alpha \rightharpoonup 0$


$\D ^{1,p}_a(\Om , 0)$


$\alpha \to \infty $


$v^1$


\begin {equation*}u_\alpha ^2(x) := u_\alpha ^1(x) - \left (\lambda _\alpha ^{(1)}\right )^{-\gamma } v^1\left ( \frac {x}{\lambda _\alpha ^{(1)}} -x_0^{1}\right ),\end {equation*}


$\lambda _\alpha ^{(1)} := \lambda _\alpha ^1$


\begin {equation*}\norm {u_n^2}_{\D ^{1,p}_a(\RR ^n, 0)}^p = \norm {u_\alpha }^p_{\D ^{1,p}_a(\Om , 0)} - \norm {v_0}^p_{{\D ^{1,p}_a(\Om , 0)}} - \norm {v^1}_{\D ^{1,p}(\RR ^n,-x_0^{(1)})}^p + o(1)\end {equation*}


\begin {align*}\begin {cases} \phi _{0,\infty }(u_\alpha ^2) \to c - \phi (v_0) - \phi _{x_0^{(1)},\infty }(v^1),\\ \phi ^\prime _{0,\infty }(u_\alpha ^2) \to 0 \text { in } \D ^{-1,p^\prime }_a(\Om , 0). \end {cases}\end {align*}


\begin {equation*}\tilde {u}_\alpha ^2(x) := u_\alpha ^1(x) - \tilde {\psi }_\alpha (x)\end {equation*}


$\D ^{1,p}_a(\Om , 0)$


$\psi _\alpha \to v^1$


$\D ^{1,p}(\RR ^n,-x_0^{1})$


\begin {equation*}\begin {cases} \phi \left (\tilde {u}^2_\alpha \right ) \to c - \phi (v_0) - \phi _{x_0^{(1)},\infty }(v^1),\\ \phi ^\prime (\tilde {u}_\alpha ^2) \to 0 \text { in } \D ^{-1,p^\prime }_a(\Om , 0). \end {cases}\end {equation*}


$\left (\tilde {u}_\alpha ^2\right )$


$v^j$


$j$


$v^j$


$a=b$


$(PS)$


$a<b$


$\delta >0$


$v_0 \in \D ^{1,p}_a(\Om , 0)$


$u_\alpha ^1 := u_\alpha - v_0$


$u_\alpha \rightharpoonup v_0$


$\D _a^{1,p}(\Om , 0)$


$\norm {u_\alpha ^1}^p_{\D ^{1,p}_a(\Om , 0)} = \norm {u_\alpha }^p_{\D ^{1,p}_a(\Om , 0)} - \norm {v_0}^p_{\D ^{1,p}_a(\Om , 0)} + o(1)$


$\phi (u_\alpha ^1) \to c - \phi (v_0)$


$\phi ^\prime (u_\alpha ^1) \to 0$


$\D ^{-1,p^\prime }_a(\Om , 0)$


$\nabla u_\alpha \to \nabla v_0$


$\alpha \to \infty $


$\phi ^\prime (v_0) = 0$


$v_0$


$u_\alpha ^1 \to 0$


$L_b^q(\Om , 0)$


$u_\alpha ^1$


$0$


$L_b^q(\Om , 0)$


$\alpha $


\begin {equation}\label {eq:levy a=b} \sup _{y \in \bar {\Om }} \int _{B(y,\lambda _\alpha ^1)} \abs {u_\alpha ^1}^q\abs {x}^{-bq}\d {x} = \int _{B(y_\alpha ^1,\lambda _\alpha ^1)} \abs {u_\alpha ^1}^q\abs {x}^{-bq}\d {x} = \delta .\end {equation}


$0 < \lambda _\alpha ^1 \le \operatorname {diam}(\Om )$


$y_\alpha ^1 \in \overline {\Omega }$


\begin {equation}\label {eq:delta a=b} 0 < \delta < \frac {1}{C_\tau ^q}\left ( \frac {C_{a,b}}{2^p}\right )^{\frac {q}{q-p}},\end {equation}


$C_{a,b} > 0$


$C_\tau >0$


$\lambda _\alpha ^1 \to \lambda ^1 \ge 0$


$y_\alpha ^1 \to y^1 \in \overline {\Om }$


$\alpha \to \infty $


$y_\alpha ^1/\lambda _\alpha ^1$


\begin {equation*}\frac {{y_\alpha ^1}}{\lambda _\alpha ^1} \to x_0 \in \RR ^n\end {equation*}


$a<b$


\begin {equation*}\frac {\abs {y_\alpha ^1}}{\lambda _\alpha ^1} \to \infty \quad \text {and} \quad \abs {y_\alpha ^1} > 4\lambda _\alpha ^1.\end {equation*}


$\lambda _\alpha ^1 \to 0$


$\alpha \to \infty $


\begin {equation*}v_\alpha ^1 := \tau _{y_\alpha ^1, \lambda _\alpha ^1}u_\alpha ^1 \in \D ^{1,p}(\RR ^n).\end {equation*}


$v_\alpha ^1\in \D ^{1,p}(\Om _\alpha )$


$\D ^{1,p}(\RR ^n)$


\begin {equation*}\Om _\alpha := \frac {\Om - y_\alpha ^1}{\lambda _\alpha ^1}\end {equation*}


$(v_\alpha ^1)$


$\D ^{1,p}(\RR ^n)$


$v^1\in \D ^{1,p}(\RR ^n)$


\begin {equation*}v_\alpha ^1\rightharpoonup v^1 \text { weakly in }\D ^{1,p}(\RR ^n),\quad v_\alpha ^1 \to v^1\text { a.e. in }\RR ^n.\end {equation*}


\begin {equation*}\int _{B(0,1)}\abs {v_\alpha ^1}^q\d {x} = \delta + o(1)\qquad \text {as}\quad \alpha \to \infty .\end {equation*}


\begin {equation*}\sup _{y\in \overline {\Om _\alpha }}\int _{B(y,1)}\abs {v_\alpha ^1}^q\d {x} \le C_\tau ^q\sup _{y\in \overline {\Om }}\int _{B(y, \lambda _\alpha ^1)}\abs {u_\alpha ^1}^q\abs {z}^{-bq}\d {x} = C_\tau ^q\delta \end {equation*}


$\alpha \to \infty $


\begin {equation}\label {eq:delta bound} \delta + o(1) \le \sup _{y\in \overline {\Om _\alpha }}\int _{B(y,1)}\abs {v_\alpha ^1}^q\d {x} \le C_\tau ^q\delta \le \left (\frac {C_{a,b}}{2^p}\right )^{\frac {q}{q-p}}\end {equation}


$K\subseteq \Om $


$(h_\alpha )$


$\D ^{1,p}(\RR ^n)$


$h_\alpha \in \D ^{1,p}(\Om _\alpha )$


$h_\alpha $


$K$


$\alpha \in \NN $


\begin {equation}\label {eq:2.7} \inner {\phi ^\prime _\infty (v_\alpha ^1), h_\alpha } = \inner {\phi ^\prime (u_\alpha ^1), \tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha } + o\left (1\right )\end {equation}


$\alpha \to \infty $


$\alpha $


$f_\alpha ^{(1)}, \dots , f_\alpha ^{(n)}$


$L_a^{p^\prime }(\Om )$


\begin {equation*}\inner {\phi ^\prime (u_\alpha ^1), h} = \sum _{i=1}^n\int _\Om f_\alpha ^{(i)}(z)\partial _ih(z)\abs {z}^{-ap}\d {z},\qquad \forall h\in \D _a^{1,p}(\Om ,0).\end {equation*}


$\phi ^\prime (u_\alpha ^1) \to 0$


$\D _a^{1,p}(\Om ,0)$


\begin {equation}\label {eq:f_i norms} \sum _{i=1}^n\int _\Om \abs {f_\alpha ^{(i)}(z)}^{p^\prime }\abs {z}^{-ap}\d {z} \to 0,\quad \text {as }\alpha \to \infty .\end {equation}


\begin {align*}\inner {\phi ^\prime _\infty (v^1_\alpha ), h_\alpha } &= \sum _{i=1}^n\int _\Om f_\alpha ^{(i)}(z)\partial _i \left [\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha \right ](z)\abs {z}^{-ap}\d {z} + o(1)\\ &= \sum _{i=1}^n\int _\Om f_\alpha ^{(i)}(z)\partial _i \left [\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha \right ](z)\left [\abs {z}^{-ap} - \abs {y_\alpha ^1}^{-ap}\right ]\d {z} \\ &\qquad + \sum _{i=1}^n\int _\Om f_\alpha ^{(i)}(z)\partial _i \left [\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha \right ](z)\abs {y_\alpha ^1}^{-ap}\d {z} + o(1).\end {align*}


$h_\alpha $


$K$


$\lambda _\alpha ^1~K + y_\alpha ^1$


$\alpha $


$i=1, \dots , n$


\begin {align*}&\abs {\int _\Om f_\alpha ^{(i)}(z)\partial _i \left [\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha \right ](z)\left [\abs {z}^{-ap} - \abs {y_\alpha ^1}^{-ap}\right ]\d {z}}\\ &\le C_K\frac {\lambda _\alpha ^1}{\abs {y_\alpha ^1}} \int _\Om \abs {f_\alpha ^{(i)}(z)}\abs {\partial _i \left [\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha \right ](z)}\abs {z}^{-ap}\d {z}\\ &\le C_K\frac {\lambda _\alpha ^1}{\abs {y_\alpha ^1}} \norm {f_\alpha ^{(i)}}_{L_a^{p^\prime }(\Om ,0)}\norm {h_\alpha }_{\D ^{1,p}(\RR ^n)} = o(1)\end {align*}


\begin {align*}\inner {\phi ^\prime _\infty (v^1_\alpha ), h_\alpha } &=\sum _{i=1}^n\int _\Om f_\alpha ^{(i)}(z)\partial _i \left [\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}h_\alpha \right ](z)\abs {y_\alpha ^1}^{-ap}\d {z} + o(1)\\ &= \left (\frac {\lambda _\alpha ^1}{\abs {y_\alpha ^1}}\right )^{ap-2b}\left (\lambda _\alpha ^1\right )^{n-2\gamma -1-ap}\int _{\Om _\alpha } \left [\tau _{y_\alpha ^1, \lambda _\alpha ^1} f_\alpha ^{(i)}\right ] \partial _i h_\alpha \d {x} + o(1)\end {align*}


$h_\alpha $


$K$


$\eta $
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$\alpha $


\begin {equation}\label {eq:step5mid} \inner {\phi ^\prime _\infty (v^1_\alpha ), h_\alpha } =\sum _{i=1}^n\int _{\RR ^n} g_\alpha ^{(i)}\partial _i h_\alpha \d {x} + o(1)\end {equation}


$f_\alpha ^{(i)}$


$\Om $


\begin {equation*}g_\alpha ^{(i)} := \left (\frac {\lambda _\alpha ^1}{\abs {y_\alpha ^1}}\right )^{ap-2b}\left (\lambda _\alpha ^1\right )^{n-2\gamma -1-ap}\tau _{y_\alpha ^1, \lambda _\alpha ^1}f_\alpha ^{(i)}\end {equation*}


\begin {align*}\int _{\RR ^n}\abs {g_\alpha ^{(i)}(x)}^{p^\prime }\d {x} \le C\int _{\RR ^n}\abs {f_\alpha ^{(i)}(z)}^{p^\prime }\abs {z}^{-ap}\d {z} = o(1)\end {align*}


\begin {equation*}\inner {\phi ^\prime _\infty (v^1_\alpha ), h_\alpha } = o(1).\end {equation*}
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$h\in C_c^\infty (\RR ^n)$


\begin {equation*}\begin {cases} 0\le h \le 1\\ h = 1 &\text {in } \Lambda = B(y, 1/2)\\ h=0 &\text {outside } B(y, 1). \end {cases}\end {equation*}


$q/p$


$q/(q-p) = n/p$


\begin {align*}\int _{\RR ^n}\abs {h}^p\abs {v_\alpha ^1}^{q}\d {x} &=\int _{\operatorname {supp}(h)}\left (\abs {h v_\alpha ^1}\right )^p\abs {v_\alpha ^1}^{q-p}\d {x}\\ &\le \left (\int _{\operatorname {supp}(h)}\abs {h v_\alpha ^1}^q\d {x}\right )^{p/q}\left (\int _{\operatorname {supp}(h)}\abs {v_\alpha ^1}^q\d {x}\right )^{p/n}\\ &\le C_{a,b}^{-1}\left (\int _{\operatorname {supp}(h)}\abs {\nabla \left (h v_\alpha ^1\right )}^p\d {x}\right )\left (\int _{B(y, 1)}\abs {v_\alpha ^1}^q\d {x}\right )^{p/n}.\end {align*}


$\alpha $


$y\in \Om _\alpha $


\begin {equation}\label {eq:step 6 bound 1} \begin {aligned} \int _{\RR ^n}\abs {h}^p\abs {v_\alpha ^1}^{q}\d {x} &\le \left (\left (\frac {C_{a,b}}{2^p}\right )^{\frac {q}{q-p}}\right )^{p/n} C_{a,b}^{-1}\int _{\RR ^n}\abs {\nabla \left (h v_\alpha ^1\right )}^p\d {x}\\ &= 2^{-p}\int _{\RR ^n}\abs {\nabla \left (h v_\alpha ^1\right )}^p\d {x}. \end {aligned}\end {equation}
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\begin {align*}\int _{\RR ^n}\abs {\nabla \left (h v_\alpha ^1\right )}^p\d {x} &\le 2^{p-1}\int _{\RR ^n}\abs {h}^p\abs {\nabla v_\alpha ^1}^p\d {x} + o(1)\\ &=2^{p-1}\int _{\RR ^n}\abs {\nabla v_\alpha ^1}^{p-2}\pinner {\nabla v_\alpha ^1, \nabla \left [\abs {h}^p v_\alpha ^1\right ]}\d {x} + o(1)\\ &= 2^{p-1}\left [\inner {\phi _\infty ^\prime (v_\alpha ^1), \abs {h}^pv_\alpha ^1} + \int _{\RR ^n}\abs {v_\alpha ^1}^q\abs {h}^p\d {x}\right ] + o(1)\end {align*}
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\begin {equation*}\norm {\tilde {\psi }_\alpha - \tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}v^1}_{\D _a^{1,p}(\RR ^n,0)} = \norm {\tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}\left (\psi _\alpha - v^1\right )}_{\D _a^{1,p}(\RR ^n,0)} \le C\norm {\psi _\alpha -v^1}_{\D ^{1,p}(\RR ^n)}\end {equation*}
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\begin {equation}\label {eq:4} \tilde {\psi }_\alpha - \tau ^-_{y_\alpha ^1, \lambda _\alpha ^1}v^1 \to 0 \quad \text {in }\D _a^{1,p}(\RR ^n,0)\end {equation}
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\begin {equation*}\begin {cases} \phi _{0, \infty }(u_\alpha ^2) \to c - \phi (v_0) - \phi _\infty (v^1)\\ \phi _{0, \infty }^\prime (u_\alpha ^2) \to 0 &\text {strongly in the dual of } \D _a^{1,p}(\Om ,0). \end {cases}\end {equation*}
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\begin {equation*}\begin {cases} \phi (\tilde {u}_\alpha ^2) \to c - \phi (v_0) - \phi _\infty (v^1)\\ \phi ^\prime (\tilde {u}_\alpha ^2) \to 0 &\text {strongly in the dual of } \D _a^{1,p}(\Om ,0). \end {cases}\end {equation*}
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In this article, we investigate the loss of compactness for Palais-Smale sequences (often abbreviated (P.S)-sequences) associated to
the critical problem

—div (x|~ |Vu|?2Vu) = x| u|? %y in Q
{ ( ) )

u € DP(Q,0)

where D(l,’p (Q, 0) denotes a homogeneous Sobolev space, with singularity at the origin, obtained via completion of C>*(Q) with respect
to a weighted norm. In fact, given an open subset U of R" and singularity x, € R", we define

DLP(U,xg) = DU, |x — xo| ™)

(simply written D'"?(U) if a = 0) as the completion of C(U) under the norm

1/p
Illppe ) = (/U |V(.)|P|x—x0|“’"dx> . (1.4)

Problem (A) is the Euler-Lagrange problem for the Caffarelli-Kohn-Nirenberg (CKN)-inequality (see §1.1) in Q, and may be described
via the energy functional ¢ : D.7(Q,0) - R, given by

b(w) :=1/ |Vu|ﬂ|x|*‘"’dx—1/|u|4|x|*qux.
PJo qJa

Indeed, u € D‘l,”’ (Q,0) solves problem (A) provided
($'w,h) =0  VheD-(Q0).

Here, with p’ :=p/(p — 1) and D;l”"(U, xo) being the topological dual of D*(U, x,), the map ¢' : D:(Q,0) — D;l"”(Q, 0) denotes
the (Fréchet) derivative of ¢.

Formally, in this notation, a (P.S)-sequence for (A) is a sequence (u,) in D[',"’ (€,0) of bounded energy (meaning ¢(u,) is uni-
formly bounded in a) such that ¢’(u,) — 0 strongly in D;l’”/ (©,0) as a — . The purpose of our paper is to establish a Struwe-type
decomposition result for the weighted problem (A).

Loosely speaking, these decompositions provide an asymptotic expansion of a given (P.S)-sequence, within the energy space, in
terms of perturbed and rescaled solutions to some “limiting” partial differential equations. An important distinction in the general
weighted case (i.e. (a, b) # (0,0)) is the occurrence of this next weighted limiting problem:

(B)

—div (|x|7|Vul2Vu) = |x|7*|u|*%u  in R
u € DIP®R",0)

whose associated energy functional ¢, : D},’p (R",0) — R is given by

¢Ow(u):=l/ |Vu|l’|xrapdx—1/ fu]? ||t dx.
’ P Jrr q Jrn

We distinguish two cases: a # b and a = b. The case a = b # 0 is the most challenging and features a new blow-up configuration,
which occurs only in this case. However, we shall begin by presenting the case a # b, which also deviates from the unweighted model
case. Formally, when a # b, the following theorem holds:

Theorem 1. Let Q C R" be a bounded domain containing the origin and let (u,) be a Palais-Smale sequence for (A). Assume a # b and let
v > 0 be the homogeneity exponent from (1.3). Then, there exists a subsequence (u;) of (u,), along with an integer k > 0, and

(1) A (possibly non-trivial) solution v, of (A); .
(2) Finitely many non-trivial functions wy, ..., wy, for the weighted limiting problem (B) and, for each j =1, ..., k, a sequence (/1;’)) in (0, o)
such that
A;j) -0, asp— .
Furthermore, as ff — oo, we obtain
(i) Decomposition in the Energy Space:
. ANTT
ug=vo= Y, (A7) "w| = [-0 D@0 (1.5)
Jj=1 /lﬁ
(ii) Norm Decomposition:

k
P P p
D@0 ”UOHD(],"’(Q,O) * ZT wa “D;“'J(R",O)

s
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(iii) Energy Decomposition:

K
dug) = P(vy) + z P00 (W)

=

It should be noted that whenever our (PS)-sequence (1,) is non-negative, the functions v, w; are themselves non-negative.

The first result of this type was established by Struwe [1] in the case p = 2 without weights (i.e. when a = b = 0). In later years,
assuming a = b = 0, Mercuri-Willem [2] showed that the decomposition obtained by Struwe [1] holds for non-negative (P.S)-sequences
and all p € (1, n). We also mention that Theorem 1 extends the result obtained by Ghoussoub-Kang [3], wherein the Hardy-Sobolev
case p = 2 with a = 0 was treated.

We remark that in the conclusions of Theorem 1, all “bubbles” (i.e. the rescaled wj’s in (1.5)) concentrate at the origin. This
stands in sharp contrast to the model case a = b = 0, considered by Struwe [1] and Mercuri-Willem [2], wherein the bubbles may
concentrate at any point of Q. Consequently, when a < b, one does not need to impose regularity conditions on Q.

Deviating strongly from the classical model case, in the limit case a = b # 0, a (P.S)-sequence for (A) may decompose (at the energy
level) in terms of 3 potential limiting problems: the weighted problem (B) and problems (C), (D) which we state after our next main
result.

Before stating the theorem in the case a = b, we define a key transform 7~ in terms of a fixed function n € C*(R"; [0, 1]) supported
in B(0,1) and chosen such that # = 1 on B(0,1/2). Then, given y € R"” and A > 0, we define a transformation L given below by

Th ﬂ) ifa=b=0

o P
Ty,/lh(z)'_ (,1 _ z—y <2(z—y)> .
A\ 4 fa=bh+0.
|y|> (Fon(Z5r) a=o2

-b
We point out the presence of the factor (\_il) , a striking difference from the classical unweighted case a = b = 0. This difference is

discussed in more details after the statement of the theorem.

Theorem 2. Suppose Q C R” is a bounded C'-domain containing the origin and let (u,) be a Palais-Smale sequence for problem (A). Assume
a = b (so that g = p*) and let y > 0 be the homogeneity exponent from (1.3). Then, there exists a subsequence (u;) of (u,), along with integers
k,1,I" >0, and:

1. A (possibly non-trivial) solution v, of (A).
2. Finitely many non-trivial functions wy, ..., w, for the weighted limiting problem (B) and, for each j = 1, ..., k, a sequence ( ﬂg)) in (0, c0)

such that #(,') —>0aspf — oo.
3. Finitely many non-trivial solutions v, ..., v, for the unweighted limiting problem (C) in R" (see below) and, for each j = 1, ..., 1, sequences
) D () D -
(Aﬂ )ﬁ in (0, o) and (yﬂ )ﬁ in Q satisfying, as f — oo,
) P
A distyY), 0Q)
- —_—

B ’ ) )
/lﬁ’ Ad

4. Finitely many non-trivial solutions U[IH',

j=1,....,I% sequences (/1[/;”’(")),, in (0, o0) and (y;”’(j))ﬁ in Q satisfying, as ff — oo,

,u[m for the unweighted limiting problem (D) in the half-space H (see below) and, for each

o) Il dist(yy", 00)
A0 o, 5, —————— is bounded.
B AHA,(I) |/1|H].(1)‘
B B
These are such that the following decompositions are true as f — oo

(i) Decomposition in the Energy Space:

k 1 H
n\™" z - - H
Up— Vo~ Z (”ﬂ ) wil=o |~ Z [Tlm (/)U/] - Z [lem oM ] -0
Hy =1L i

j=1 j=1 (]

in DLP(R",0). Here, Vj'H] are translated rotations of v;*,“.
(ii) Norm Decomposition:

! M
H
v; b
DR 0) + Z H ]”D1~P(R") + 2 H J ”D‘M[Hl)
a j=1 Jj=1

k
»
”uﬁ”mp(g,o) - ”00”1);”(9,0) +,§f wa

(iii) Energy Decomposition:

k ! M
Blup) > P(vg) + Z Po.00(w;) + Z Do (V) + Z %(vﬁ”)
=1 Jj=1 j=1

J
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Remark 1.1. It should be noted that whenever our (P.S)-sequence (u,) is non-negative the functions vy, w s Ujs UE.'U are themselves
non-negative. Therefore, in this case, thanks to a non-existence result of Mercuri-Willem [2], we may rule out the possibility of
solutions to the half-space problem (D).

As stated before the theorem, we observe three different bubbling configurations involving three limiting problems. First, we have
the weighted problem (B) that we previously encountered within the a < b case. The second, is an entire unweighted analogue given
by

(@]

—div (|Vul?2Vu) = [u]” 2 in R"
u € DIP(RM),

with associated energy functional
by : DR D DYPH) > R, ¢ ) = l/ [VulPdx — i/ [u]?" dx.
P Jrn P Jre

Furthermore, as one cannot consistently rule out “bubbling" near the boundary of Q, we are forced to also consider the unweighted
limiting problem set in the half-space H := {x € R" : x, > 0},

(D)

—div (IVul’2Vu) = [ul” 24 inH
u € DVP(H).

It is notable that Theorem 2, in contrast to Theorem 1 and the model case studied by Struwe [1] and Mercuri-Willem [2], may
produce bubbles corresponding to three problems, specifically (B), (C), (D). Nevertheless, it is Theorem 2 that generalizes the model
casea=b=0.

What is more, in Theorem 2, a striking distinction in our result is that we find bubbles derived from solutions belonging to different
energy spaces (i.e. weighted and unweighted spaces). Therefore, we require a new transform T that “transfers information” from

the unweighted space D'"*(R") to its weighted counterpart D,ll“” (R",0). In said transform, we introduce a factor which does not appear
in the model case: a power of A/|y| accounting for the effect of the weighted measures |x|~*’dx and |x|~*dx, which are controlled
via a cutoff function. Of course, it is important to observe that the 1/|y| ratio vanishes when a = b = 0 and the cutoff is unnecessary
in this case, at which point we recover the classical transform used by Struwe [1] and Mercuri-Willem [2].

Briefly addressing the proofs of Theorems 1-2, it is instructive to observe that the transformation laws employed within our
strategy deviate significantly from those used by Struwe [1] and Mercuri-Willem [2]. Speaking informally, in the case a < b, we require
a transform that accounts for the lack of translation invariance introduced by the aforementioned weighted measures. However, such
a transform may seem counter-intuitive since it requires knowing, a priori, that the bubbles concentrate at the origin. We also note
that the proof of Theorem 1 coincides with a sub-argument in the « = b case and, on that account, constitutes a key facet of the
global picture. In addition to this, since when @ = b we obtain bubbles derived from solutions belonging to distinct energy spaces, we
shall also requires a transform 7, ; from the weighted space D,l;” (R",0) to D'"?(R"), which acts as a “pseudo-inverse" to T appearing
in Theorem 2; both 7, ; and T will be discussed in greater depth within §2. We note that 7, ; will also be central in the proof of
Theorem 1, where it is used to rule out bubbling away from the origin.

Remark 1.2 (The Impact of Symmetry and Boundary Singularities). In the event where Q is a ball centered at the origin and our
(PS)-sequence consists of functions which are radially symmetric about the origin, any loss of compactness must result from bubbles
associated to radially symmetric solutions of the limiting weighted problem (B). Indeed, if a < b, this is automatic from Theorem 1. As
for the a = b # 0 regime in the case of radial (P.S)-sequences, an adaptation of the proof of Theorem 2 (see for example the argument
in Chernysh [4, Proposition 5.2]) shows that any loss of compactness must take place at the origin, in the form of a weighted bubble
(i.e. bubbles arising from solutions to (B)). Thus, in the case of a radial (P.S)-sequence, and for all valid parameters, we may dispense
with the limiting problems (C)-(D) in the statement of Theorem 2. More generally, if B denotes an open ball centered at the origin,
this bubble tree reduction remains true for any (P.S)-sequence (u,) in D;”’ (B, 0) such that for almost all x € B:

|ua(8)] = | ()]

for all « € N and g € G, where G < O(n) is a suitable subgroup (see, for instance, [4]) such that the orbit |OrbG(x)| is infinite for all
x #0.

Finally, although our main results are stated for bounded domains Q containing the origin, we expect that Theorems 1-2 extend
(after an adaptation of their proofs) to the case 0 € 0Q, provided we replace the weighted problem (B) with its half-space analogue.
Note that, even in the case a < b, we would require that dQ be at least C' near the point 0. We remark that our assertion regarding the
decomposition in this case, and the regularity assumption on dQ near 0, is entirely consistent with the results obtained by Ghoussoub-
Kang [3] for the Hardy-Sobolev case p =2 and a = 0.

1.1. Historical context and classifications

Struwe-type decompositions find their roots in the pioneering 1984 work of Michael Struwe [1], where the author establishes the
contents of Theorem 2 in the case p = 2 without weights (¢ = b = 0). Therein, a non-existence result of Pohozaev [5] was invoked
to rule out the possibility of solutions to (D). Therefore, in this case, one exclusively encounters solutions to (C). Still requiring that

4



E. Chernysh Nonlinear Analysis 273 (2026) 114206

a = b =0, the result of Struwe was improved by Mercuri-Willem [2] to include all 1 < p < n, provided the (P.S)-sequence is non-
negative. In this setting, thanks to a non-existence result of Mercuri-Willem [2], they once again only produce functions satisfying
problem (C). We also refer the reader to the work of Alves [6]. For related weighted equations, we point to the paper Ghoussoub-Kang
[31, which establishes Theorem 1 in the Hardy-Sobolev case p = 2 with a = 0.

Results of this type have been used to shed light on existence and multiplicity of solutions, see for instance [7-11]. As a matter
of fact, we have recently used Theorems 1-2 to extend the existence results of Clapp-Rios [11] (and also Clapp-Vicente-Benitez
[12]), obtained for the unweighted p-Laplacian, to the Caffarelli-Kohn-Nirenberg regime. More precisely, we use the main results of
this paper to show that the entire weighted problem (B) admits non-trivial sign-changing solutions, across the full parameter range,
for an infinite number of distinct symmetry types (Chernysh [4]). In addition, we note that decompositions of this type have been
established in other contexts. Without being exhaustive, examples include Hebey-Robert [13] for Paneitz type operators, Saintier [14]
for p-Laplace operators on compact manifolds, El-Hamidi-Vétois [15] for anisotropic operators, Almaraz [16] for non-linear boundary
conditions and Mazumdar [17] for polyharmonic operators on compact manifolds.

It should also be noted that, in 1985, Lions [18,19] published groundbreaking works relating to concentration-compactness phe-
nomena in the calculus of variations. In particular, in a spirit similar to Struwe’s result, he established a decomposition with conver-
gence taking place at the level of measures.

We also point out that the stability of the CKN-inequality, which closely relates to quantitative versions of Struwe decompositions,
has been recently studied in Ciraolo-Figalli-Maggi [20], Figalli-Glaudo [21], Deng-Sun-Wei [22], and Wei-Wu [23].

1.1.1. Classifications

Our understanding of the loss of compactness phenomenon presented in Theorems 1, 2 may be improved by characterizing
solutions to problems (B), (C) and (D). As such, we provide some historical context and recent results, particularly with regards to
classifications of solutions to problem (B) and its unweighted analogue (C).

Let us first remark that problems (B) and (C) are intimately related to the Caffarelli-Kohn-Nirenberg (CKN) inequality on R".
Proven by Caffarelli-Kohn-Nirenberg in [24], the CKN-inequality states that there is a best (i.e. minimal) constant C > 0 such that,
for any x, € R", there holds

1/q 1/p
(/ [u(x)|9]x — x0|_qux> < C</ [Vu(x)|”|x — x0|_apdx> (1.6)
R” R"

for all u € CX°(R"). When a = b = 0, this reduces to the Gagliardo-Nirenberg-Sobolev inequality and the best constant is known by
works of Aubin [25] and Talenti [26], though computations of this constant date as far back as Rodemich’s seminar [27].

By standard techniques in the calculus of variations, a suitable constant multiple of functions achieving equality in (1.6) solve
problem (B). In fact, early classification were for minimizers of the ratio

(Joun IV(0)17 x|~ dxc) /7

(o lC0) |41 x ") /7

u € DLP(R",0). a.7)

In the unweighted case a = b = 0, Talenti [26] exhibited a family of (radially symmetric) functions minimizing (1.7). For p =2 and
n > 3, the existence of radially symmetric functions minimizing (1.7) was determined by Lieb [28] when a = 0. In addition, an explicit
form for said best constant was estblished therein. Furthermore, for p = 2, Chou and Chu [29] determined the best constant in (1.6)
when a > 0 and categorizes the functions minimizing (1.7) when a > 0. Considering instead a < 0, Horiuchi [30] showed that, when
p=2,n>3anda=b <0, the best constant in (1.6) is precisely the Sobolev constant and equality cannot be achieved by any function
in D,l,’p (R", x¢). In this same paper, Horiuchi also determined the best constant in (1.6) for 1 < p < n/(1 + a — b), provided a > 0 and
b<n/q.
In recent years, positive solutions to problem (C) have been fully classified and have the form

(u)"_l L

pn 1

x| — s u>0,x)€R" (1.8)
U+ |x — x| T

This classification was obtained in the case p =2 by Caffarelli, Gidas and Spruck [31]; they showed, via the method of moving
planes, that all positive solutions to (C) are radial and thus determined an explicit form for said solutions. Furthermore, Damascelli,
Merchén, Montoro and Sciunzi [32] utilized a previous classification due to Guedda and Veron [33] to extend this result to the range
% < p < 2. Similarly, Vétois [34] improved the range to 1 < p <2 by exploiting a decay result of Damascelli-Ramaswamy [35].
Finally, the case 2 < p < n was handled by Sciunzi [36] using an a-priori estimate of Vétois [34]. We mention that, for ranges of p
depending on n, this classification is also known for solutions that are not assumed to have finite energy (i.e. u need not belong to
D'P(R") a priori), see Catino, Monticelli and Roncoroni [37], Ou [38] and Vétois [39] for more detail. Furthermore, we note that
Farina-Mercuri-Willem [40] extended these classifications to (possibly sign-changing, a priori) radial solutions by showing that any

non-trivial radial solution to (C) is necessarily of the form (1.8), up to multiplication by +1.

5
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Similar classification results are known for the weighted analog of (C), i.e. problem (B). Indeed, in some cases, positive solutions
to problem (B) are known to be of the form

P
< un(n — p(1 + a))? > p 72
(n—p(1 +a—b))(p—1)r-!

(n—p(1+a))  p(1+a—b)
u + Clxl (n—p(1+a=b))  p—1

, u>0 1.9

We note that, if ¢ = b = 0, the weighted measures |x|~*dx and |x|™*?dx are translation invariant; in particular the functions in (1.9)
cover all possible solutions of (B), up to translation. Put otherwise, in the case a = b = 0 there is no distinction between problems (B)
and (C) so all positive solutions are given by Eq. (1.8); we omit this case from the reminder of our discussion. When a = 0, generalizing
a result of Guedda-Veron [33] to allow for b # 0, Ghoussoub-Yuan [41] showed that every positive radial solutions of (B) is of the
form (1.9). Considering only p = 2, Dolbeault and Esteban [42] show that all positive (not a-priori assumed radial) solutions in the
non-limiting case a < b are as in (B), provided either

e a>0

n

. a<0andb5y<li\/y2—+ﬁ—1>.
Moreover, for dimensions n > 3, Ciraolo and Corso [43], utilizing a-priori asymptotic estimates of Vétois-Shakerian [44], demonstrated
that this classification extends to the whole range 1 < p < n in the limit case a = b > 0 as well as a wider range of possible values for
a, b provided p < n/2. Building upon the result of Ciraolo-Corso [43] and again utilizing estimates from Vétois-Shakerian [44], Le and
Le [45] showed that, when a = 0, all positive solutions of (B) are radial and therefore classified by Ghoussoub-Yuan [41].

We remark that all classification results (for positive solutions) discussed thus far yield radial solutions. However, certain mini-
mizers of (1.6) are known to break symmetry for some values of a, b, p; see [46-51] for details.

1.2. Paper structure

We devote the remainder of this paper to the establishment of Theorems 1-2. Firstly, in §2, we introduce some convenient notation
and recall important properties of the homogenous weighted Sobolev space D,l;p and Palais-Smale sequences that will be liberally
invoked during the proof of our main results. Secondly, in §3, we discuss the new transformation laws in greater detail and, in doing
so, we provide explicit bounds for their operator norms. Following this, in §4, we shift our attention to the limiting behaviour of
rescaled domains and make precise in what sense domains may converge. Then, in §5, we consider how the new transforms interact
with energy functionals associated to problems (A)—(D). Leveraging our work from the previous sections, we provide results that will
be central to the proofs of our main theorems in §6. Specifically, we show how one can extract a solution to the problem in Q from
a given (P.S)-sequence, which constitutes the first step of each main proof. In addition, still in §6, we demonstrate that, when a = b,
the new transforms gives rise to new “bubble” terms derived from solutions to three distinct limiting problems, and how one may
recover a (P.S)-sequence for the original problem. Finally, in §7-88 using these aforementioned lemmas, we provide the proofs of
Theorems 1-2 by way of an iterative step-by-step procedure.

2. Homogeneous Sobolev spaces and Palais-Smale sequences

In this section, we introduce notation involving weighted homogeneous Sobolev spaces and provide results describing properties
of the functions living therein. Recall that, for any open set U and x, € R", we let D‘l,’p (U, x) be the completion of C>®(U) under the
norm (1.4). In the same vein, we introduce the following two weighted norms

q . q —bq p . p —ap
u = ul?|x — x, dx, v = v|?|x —x dx.
(P /U Jul?|x = x| (ETA. /U 017 |x = x|

The above expressions induce norms on the weighted Lebesgue spaces LZ(U ,xo) and LE(U, x), consisting (respectively) of those
(Lebsegue measurable) u,v : U — R such that

/ |u|"|x—x0|7qux<oo, and / [0]”|x = x| dx < co.
U U
In this notation, an equivalent formulation of the CKN-inequality (1.6) is thus given by

P 14 1,
Carllolyg ) SNVl o Vi € DLPR"xp) @21

where C, , = C, ,(n, p) denotes the sharp constant that will henceforth be called a CKN-constant.

Remark 2.1. As mentioned in §1, when a = b = 0, we shall omit the presence of weights and only write D-*(U). In this case, with
U = R", available literature includes, for instance, Willem [52, §7.2] and this homogeneous Sobolev space is precisely

DY (R™) = {u eL”R") : Vue LP(R”)}.
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For the purposes of this paper, we shall require results from Sobolev theory in the context of the weighted space Dé’p (U, xy), which
we recall below. The reader may consult Chernysh [53, Chapter 2] for more details on these results. Descriptively, every function
ue D(l,’” (U, x,) belongs to LZ(U ,Xo), whereas Vu exists in the weak sense on U \ {x,} such that Vu € LY(U \ {x,}, x,). Moreover, when
a > 0, we can assert that Vu exists in the weak sense on the whole of U. We further note that weak gradients vanish on level sets. That
is, for every ¢ € R,

Vu = 0 almost everywhere on {x € R" : u(x) = c}.

Following this, we also recall that, under condition (1.2), D(l,’” (U, x) is always a reflexive Banach space. In fact, every bounded
sequence in D\"(U, x() admits a subsequence converging weakly and almost everywhere on the set U. We also remark that several
key results for traditional Sobolev spaces have known analogues in D}l”’ (U, x), e.g. the Rellich-Kondrachov embedding theorem. In
particular, the natural embedding D.”(U, xp) & Lfoc(R”, |x = x| %) is compact.

Denoting by D;"” ' (U, x), with p’ := p/(p — 1), the topological dual of D‘l,”’ (U, x), a Riesz-type representation theorem asserts that
every functional ¢ € Da_l”’ ,(U ,xo) takes the form

o) = / (Vu, g)|x — x| dx, Yu € DL”’(U,xO) (2.2)
U

for some R"-valued function g € LﬁI(R”, x(). Here, (-, %) denotes the usual inner-product on R”. Finally, for simplicity, the topological
dual of D'"(U) is simply denoted D=1 (U).

2.1. Pointwise convergence of the gradients

We have noted that bounded sequences in D;”’ (U, xy) have subsequences that converge weakly and almost everywhere on U. In
this subsection, we give conditions under which we can find a subsequence whose gradients converge pointwise. More specifically,
we establish a weighted version of Theorem 3.3 in Mercuri-Willem [2].

Let us first define the Lipschitz continuous function T : R — R by

S x if x| <1, 2.3)
=Y > 1 '

x|
By considering suitable mollifications of T, it is straightforward to see that, given u € D},”’ U,xp), T(w) € D},”’ U, x¢).

Proposition 2.1. Let (u,) be a bounded sequence in Di’” (U, x,) converging pointwise almost everywhere to u € Dfl’” (U, xg) as a —> oo. Let
T be given by (2.3) and assume that (Uy) is an increasing sequence of open subsets of U such that | ), Uy = U. Assume further that

lim / ([|Vua|p_2Vua - |Vu|p_2Vu], V[T, - ) ) du=0 2.4)
a—oo0 Uk
for each k > 1, where du = |x - x0|_“” dx. Then, there exists a subsequence (uz) such that Vuy — Vu almost everywhere on U.

Proof. We adapt an argument from Szulkin-Willem [54], to show that, given k € N, up to a subsequence, Vu, — Vu almost everywhere
on U,.
Fix k € N and, for each « € N, consider the set

EW = {x €Uy 1 |u,(x) —u(x)| <1}.

Then, (2.4) can be written as

a—oo

lim /(k) <[|Vua|”‘2Vua - |Vu|ﬂ—2vu], [Vu, — Vu]>|x — xol—apdx =0. (2.5)
EII
Since the integrand is non-negative and 1 £ (x) = 1 for almost every x € U,, passing to a subsequence if necessary, we see that

([|Vua|p_2Vua - |Vu|HVu], [Vu, — Vu]) -0
pointwise almost everywhere on U,. Appealing classical results (see, for instance, Szulkin-Willem [54, Lemma 2.1]), it follows that
Vu, — Vu pointwise a.e. on U,. Finally, a diagonal argument completes the proof. O

Corollary 2.2. Let (u,) be a bounded sequence in D, (U, x() converging pointwise almost everywhere to u € DU, Xg) as a — co. Under
the assumptions of Proposition 2.1, there exists a subsequence (uz) with the following properties:

(1) Vuy — Vu pointwise almost everywhere on U;

) lim <Huﬂ

p—o0

(3) and

’ g = o lull”
—|ug —u =|lu ;
DY W) NP Dk Wy DI Wxy)

|Vuﬂ‘”72Vuﬁ - ‘Vuﬁ - vu‘H(Vuﬁ V) = |Vul2Vu

> _
strongly in L»-1 (U, |x — xo| ™)
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(4) and
|“ﬂ‘q_2“ﬂ =5 - ”‘H(“ﬁ =) = Jul*u
—bq).

0
strongly in L1 (U, |x — x|

Proof. The first item is the conclusion of Proposition 2.1 whence (2) is a direct consequence of the Brézis-Lieb Lemma. Finally, (3)
and (4) follows from straightforward adaptations of Alves [6, Lemma 3] and Mercuri-Willem [2, Lemma 3.2]. O

2.2. Palais-Smale sequences and energies of critical points

Proposition 2.3. A Palais-Smale sequence (u,) for (A) is bounded.

Proof. We follow the argument used in Struwe [1, Lemma 2.3]. Let (4,) be a Palais-Smale sequence for (A). A simple calculation
shows that, for some C > 0,

flua” =ppu )+£/ —Iu"|qu< I |q
* Dl'p(ﬂvo)_p g g |xlb T Q |x|b"

where we have used that ¢(u,) is bounded in a. Next, observe that

P |t |*
<1 - 5) /Q de = ppluy) — <¢’(ua), ua> <C+ o(l)”ua”D:},p(g’O)

It then follows that, for a suitable C> 0,

Jul? L7

DY Q0 ~ le”q < €+ ouellptr g
whence (u,) is bounded in D,,"’ (©Q,0. O

Using this, we show that (in the limit) Palais-Smale sequences for ¢ are uniformly bounded from below by zero in energy. More
precisely, we have the following:

Lemma 2.4. Let (u,) be a Palais-Smale sequence for (A). Then, (u,) has non-negative limiting energy. More precisely,
liminf ¢(u,) > 0.
a—oo
Proof. Since (u,) is bounded and a Palais-Smale sequence, it is readily seen that
/ |Vua|p|x|_“”dx—/ |t |11 7P dx = (@ () ug ) = (1)
Q Q
as a — oo. Consequently, as a — oo,

q
||Vua||;§(g’0) ||ua|ILZ(Q,0) (1 1 q |
p 7 g el to®

Passing to the limit inferior, we conclude the proof. O

Pu,) =

Proposition 2.5. Let C,, > 0 be the CKN-constant, in particular C,, > 0 is such that (2.1) holds. Let U C R" be an open set and suppose
ue D(l,"’ (U,0) is a non-trivial critical point of ¢ o, in U, i.e. ¢y (u,h)=0 forall h € D(l,"’ (U, 0). Then,

0<(C, )m(w

) < bl
In particular,
1. The constant (C ) P<1+a b) (w) is a lower bound for the energy of non-trivial solutions to problems (A) and (B).

2. Ifa=b, then (Coo)ﬁ ( ) is a lower bound for the energy of non-trivial solutions to problems (C) and (D).

Proof. Since u € Dé”' (U,0) is a critical point of ¢, in U, after extending u by 0 outside of U, we have

— _ —ap —bq
0= <¢;0,Oo(u),u> = /R" [Vul?|x + xo|¥dx - An |u]?]x + x| dx. (2.6)
Therefore,
$o,00) = ||Vu||L,,(W e ”””L"(w o) (p )II IILq(W o)

= (=2
L" R",—x()
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On the other hand, by (2.1) and using again (2.6),

Copllull’ ) < Vall = [l

LZ(R",—XO LA(®R" ~x() LZ(R",—XO)’
whence
4/(q—p) q
<
0< (Cup) <1l gy
We conclude that,
l+a-5 q q/(qu)(1+a—b>
= (/- > -
P0.00 () ( n )”””Lg(w,—xm > (Cas) n
- _/1+4+a-b
= (Cas) T (=),

O

3. Homogeneity and new rescaling transformations

Letu e D},"’ (R",0) be given and fix an arbitrary point x, € R"” along with some scaling factor 1 > 0. We consider the following
rescaling of u:

v(x) 1= A u(Ax + xg)), (3.1)
where y > 0 is the homogeneity exponent given by Eq. (1.3). With this rescaling, an easy calculation yields that
”U“LZ(RA’_XU) = ”u”L‘b’([R’LO) and IVl pgn ) = IVl 2@ g

whence it follows that v € DLP(R", —x,).

3.1. Modifying the rescaling: A new transform

Letu e D}l"’ (R",0) and consider an arbitrary point y € R" \ {0} along with some 4 > 0. We also fix a smooth function 7 € CX(R")
satisfying

0<n<1
n=1 in B(0,1/2) (3.2)
n=20 outside B(0, 1).

Define the transform
7,, ¢ DYP(R",0) > D"P(R")

via the rule

AMu(Ax + y) ifa=b=0
T, u(x) = b (3.3)
» ( ﬁ ) Mu(Ax + y)n ( zlilx > otherwise
y y

We now examine how this transformation behaves with respect to operator bounds.

Lemma 3.1. There exists a constant C > 0 such that, given a point y € R" \ {0} along with some A > 0, there holds

7524 < Clull s gn

La(R")

1 b—a
”@,A“”Dl,p(w) < C<m) llell 1 e

for all u € DYP(R", 0).

Proof. The case a = b = 0 follows directly from homogeneity. Otherwise, we begin with a simple observation. Suppose x € R" is such
that

2Ax

<l & |Ax| L l|y|.
[yl 2

By the triangle and reverse-triangle inequalities, we then have

L _lAx+yl
2 [yl
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Therefore, there exists a constant C = C(ap, bq) > 0 independent of 4, y such that

ap bq
<Mx+y|> <C, <M> <C (3_4)
[yl [yl

for all x € R” such that 24|x| < |y|. In particular, these last equations hold whenever 24x/|y| is in the support of #.
Given u € D;“’ (R",0), we use inequality (3.4) in order to bound the L4 and D'” norms of v := T, U Since 0 < 5 < 1, observe that

bq
A
||U||iq(Rn) =/ [v]? < <—> ﬂ”/ lu(Ax + y)|?dx
R" |yl 221x1<y]

=A{/ luCAx + )17y dx
2A1x|<]yl

SCA”/ [u(Ax + y)|9]Ax + y|"%dx
2A41x|<yl

=C/ lu(2)|9 12| dz
2|z—yl<|yl

< q
< Cllly g,

which establishes the first inequality. In order to bound the D'-norm of v, we will consider two separate terms obtained via the
product rule:

||U||"1 o= |VolPdx
DLP(RM)
R7

p

p(b—a)
ng‘(i) /1"/ n<2ﬂ>wux+y) Iy~ dx
[yl R [yl
2\ 2ax\|
+2”_1+"<—> A””/q/ u(Ax+y)V;1<—x> ly|~*Pdx
[yl R (¥l

=1 +1,.

Here, we have used that p > 1 so that convexity implies (x +1)? < 2P~1(x? +?) for all k,1 > 0. We bound I, following the procedure
used to bound the L?-norm of v. This yields

p(b—a)
n<er () e,
[yl D, (R"0)

For the second term, with C,; > 0 such that 2!-?7C, is an upper bound of |V7|?, we have

P
I, <C <i> /1"1’/‘1/ lu(Ax + y)I?|y|~"Pdx
B 241x|<1]

A\ rla p(l+a—=b)/n
<q (-) </1/ |u(/1x+y)|q|y|_qux> (/ ldx>
¥l 24xI<ly] 221xI<Iy]

by Holder’s inequality (with Holder exponent ¢/p and Holder-conjugate exponent n/[p(1 + a — b)]). Then, up to a modification of the
constant C > 0, we see that

1 p(b—a) pla
I, 5c<—> </1/ |uux+y)|4|,1x+y|-qux>
[yl 241x1<Iy]

1 p(b—a) 1241
=c<—> (/ |u(z)|"|z|_b"dx>
¥l 2lz-yI<Iyl

(b—a)
y) y4
sc(—) lall?

Iyl L @0

Finally, by the CKN inequality (1.6), up to another modification of the constant C > 0, we deduce that

1 p(b—a)
I < C(—) llull® |

[yl DI ®Rn0)

Combining this with our inequality for I,, we deduce that (possibly adjusting C > 0 again)

(b—a)
2 4
[/ 5C(—> hall”,,
¥l D (R".0)

which completes our proof since C is independent of u, y, .. O

10
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Remark 3.1. Inspecting the proof of Lemma 3.1, it is easy to see that we may instead bound the norms on an arbitrary measurable
set U C R". Indeed, the very same argument shows that the same constant C > 0 (which is independent of y, 4, U) satisfies

L e

(3.5)

b—a
A
”V[Tyju] LP(U) C< ly |> (Hvu”Lﬂ(ﬂUﬂz,O) + ”“”LZ(/LU+y,O))

for all u € DP(R",0).

In line with what we have done thus far, we shall also require a suitable “reverse” transform which will serve as a pseudoinverse for
7, - Formally, we define

7, DY (R™) - DLP(R",0)

via the rule

Nu(%y) ifa=b=0
T ,0(z) = - _ _ (3.6)
. <i> A‘Vu( =y );1 < 2z-y) > otherwise.

[yl A [yl

Obviously, by inspection, it is easy to check that 7~ » is the proper inverse of 7, ; when a = b = 0. With this in mind, let us now establish
a partial analog of Lemma 3.1, thereby prov1d1ng operator bounds related to this pseudoinversion mapping.

Lemma 3.2. There exists a constant C > 0 such that, given a point y € R" \ {0} along with some A > 0, there holds

7,0
H ANl ®e0) =

Iyl )"
[l () Wl

for all v € D'"P(R").

< Cloll oy

Proof. Once again, the case a = b =0 is trivial since it follows from homogeneity. Otherwise, as in the proof of Lemma 3.1 with
Eq. (3.4), we see that there exists a constant C > 0 independent of y, 4 such that

pl —ap 2 —ba
(ﬂ) <c. <ﬂ> <c 3.7)
[yl [yl

for all x € R" satisfying 24|x| < |y|. In particular, (3.7) is valid for all x such that 21x/|y| is in the support of #.
For an arbitrary v € D'"P(R"), set u := 7, ,v. Using that 0 < 5 < 1 we see that

hal?, = / ()] *dz
L®0)  Jn
—bg
<(f)
[l 2z-yI<Iyl
—bgq
Ax +
=/ MW(M) dx
2Yz-yl<lyl [yl

< CllolY -

|z|™%dz

— q
o(22)
A

Next, in order to bound the D,',’p norm of u, we once again apply the product rule to obtain two terms:

. /R Vu(2)P|2|~7dz
—bp p
i A _ 2(z-y) z—y

<2pl A A n+ap \vi

= <|y|> /”( i >”<A>
A\ z— 2(z - y)

vt (L) i [ (252 o y> |2Idz
[yl RA A [yl

=L +1

|z|7%Pdz

where we have used that (k + 1)? < 27~ !(x? + 1*) for all k,: > 0. Then, after a change of variables, observe that

—bp
I, <2! <i> /L“”/ [Vo(x)|P|Ax + y|~%dz
[¥l Alx|<Iy]

(b—a)
i Y
<C2P 1<7 Il "D‘F(R”

11
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Similarly, with C; > 0 such that 2!~2”C, is an upper bound of |Vy#|” we see that

—bp
A _ _

125C1<ﬁ> APy p/ [v(x)[P| Ax + y|~*Pdx
y 271xI<Iyl

2 p(1+a—b)
<CC (—) / |o(x)|Pdx.
|yl 24xI<ly]

Then, by Holder’s inequality (with exponent p*/p and Holder-conjugate exponent n/p),

1\ P+ o/
I < Cclzf’(—) loll” . (/ 1)
[yl LE®MD\ Joa1x1<lyl

p(b—a)
< c(m) lol?

A LV (R™)

up to an adjustment of the constant C in the second inequality. We then conclude our proof via an application of the Gagliardo-
Nirenberg-Sobolev inequality (i.e. the CKN inequality (1.6) with @ = b = 0) and combining our bounds for I, and 7,. O

Remark 3.2. Letnow U C R" be Lebesgue measurable. As was noted for the forward transform, we observe that an identical argument
exhibits the existence of a constant C > 0 (independent of y, 4, U) such that

”TMU

[¥[55.]

for all v € D"P(R").

<

o < Cllvll Laqu-y/

Iy 70~ (3.8)
SC<_> ol Laqqu=y1/2) + VO Loqu—y1/2

w0 ) ( (U-y1/2) (U-yl/ ))

3.1.1. Transformations and the Li-norm

As was shown, the transform 7, ; is particularly well behaved with respect to the L9-norm. It turns out that when |y|/4 is large,
the L7-norm of the transform remains almost unchanged on a set where 7 acts as the identity. More precisely, we have the following
result:

Lemma 3.3. There exists a constant C > 0 such that, for any u € D,l;‘”(R", 0) and y € R" \ {0}, 4 > 0 such that |y| > 44, the remainder R
in

— q
a ”””LZ(B@.A).O) +R

q
”TMM L4(B(0,1))

satisfies

y!
IRl < C=lull?,
Iyl LLBG.D0)

Before presenting the proof, we recall that Lemmas 3.1 and 3.2 relied on # in order to restrict our support; then, on this set, we
utilized uniform bounds. Estimates of this form will be of repeated use and are thus presented independently as follows:

Lemma 3.4. There exists a constant C > 0 such that
(a) Giveny e R"\ {0} and A > 0,
[yl

A
lgwsc for all x € R" such that |x| < .
c™ b 24

(b) Given y € R"\ {0}, A > 0 and any bounded set K such that p := sup,cg |x| satisfies 4Ap < |y|, there holds

—by —b
1™ —lix + 5™ _ . 4 Iy = TAx 4y

2
= < <Cp—
[y~

|y| =54 [yl

B

Iyl
forall x € K.

Proof. The first inequality follows from the reverse and usual triangle inequalities. Next, let y, 4, K, p be as in b. Given an arbitrary
x € K write z := Ax + y and observe that

Ap
lz] < |yl + 4lx| < <1 + m)lyl.

Using also the reverse triangle inequality, we see that
A=-9lyl <zl = + )yl
where € := Ap/|y| < 1/4. From this, we further deduce that

[y~ = 12177 < |1 = (14 e,) ™ |Iy17”

12
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where ¢, is either & or —¢. It then follows from the Mean Value Theorem that
[1917% = 1217 < lapl(1 +8)"e|y| ™

for some § in [—¢,e]. From this last equation and recalling that |5| < € < 1/4, we see that there exists a constant C > 0 independent
of y, A such that

[y = 1217

[y

Analogously, modifying C > 0 if necessary, we may establish that

< Ceg, Vz € AK +y.

|Iy17 = 1217"4]

— < Ceg, Vz € AK +y.
[y~

O
With this, we are ready to prove Lemma 3.3

Proof of Lemma 3.3. Letu € D};”(R",O), y € R"\ {0}, and A > 0 such that |y| > 44. Properties of n imply that

q
/ |y =21 / lu(Ax + p)|1y1 ™ dx = / lu(2)|7|y| ™" dz,
B(0,1) B(0,1) B(y,4)

where we have used a change of variables in this last equality. Therefore,

9 q — q —bq —bgq
= ||\u = uz Z dz.
L4(B(0,1)) I ”LZ(B(y,A),O) /B(y,,{)l @)l (lyl Izl )

Then, using both parts of Lemma 3.4, we infer that there is a constant C > 0 independent of y, 4, u such that

”Tm"

_ q
”"”LZ(B@.A).O)

< cliI lu(z)[9] 2™ dz
y

q
T, U
H »47 La(B(0,1)) By

which concludes our proof. [

3.2. Locality

A useful property of the transforms we introduced is, when a = b, the ability to restrict domains. More specifically, we have the
following technical result.

Lemma 3.5. Given v € D"?(R"), if a = b then

-0
LA\ B(y. |yl /4))

0, and HV [T_AU]
Y,

” A L9(R"\ B 4
- b( \B.Iyl/4)
as |y|//1L > 0.

Proof. This result follows almost immediately from Remark 3.2. Indeed, there is a constant C > 0 independent of 4, y, v such that

.U <Cl|lv .
” »a | Lt @Byl /4) I ”LQ(R"\B(O%))

Now, since a = b we note that the Sobolev exponent is

s np
p = =gq.
n—p

Therefore, v € LI(R") and, as |y|/A — oo, the dominated convergence theorem implies that

=50 sy moptyn = NOa(ana(ot)) =%

Similarly, since a = b, Remark 3.2 allows us to write

705 e = € (Pl enafosy) 17 ennoss)

for some C > 0 independent of y, 4, v. Once again, the dominated convergence theorem implies that the right-hand side tends to 0 as
[y|/A = . O

13
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4. Convergence of domains

As in the previous sections, we continue to assume that Q c R” denotes a bounded domain containing the origin. Throughout this
section, we fix sequences (y,) in Q and 4, in (0, o) satisfying some combination of the following properties:

(P1) 4, — 0;
(P2) The ratio converges in the sense that, for some x, € R”,

-— = Xp-

'10:
(P3) The ratio diverges:

|Yal

— - o0,
a

(P4) The sequence (y,) approaches the boundary at rate no less than the rescaling factor; i.e. the following ratio is bounded:
dist(y,, 0Q)
Ag '
(P5) The sequence (y,) approaches the boundary at a rate slower than the rescaling factor; i.e.

dist(y,,0Q)
_—
) o0

a
The goal of this section is to study the limiting behaviour of specific sequences of sets. First, we describe the sense in which we
will consider the convergence of sets.

Definition 4.1. Let (U,) be a sequence of subsets of R"”. We say that (U,) converges to U C R" and write U, — U provided

(a) Any compact subset of U is contained in U, for all « large.
—\C __\C
(b) Any compact subset of (U) is contained in ( Un) c U(f for all « large.
Now, suppose condition 2 holds. Then we consider the following deformations of Q:
Q
Qa = Z - XO.
Clearly, these sets are approximations of (Q — y,)/4,. Furthermore, we have the following result:

Proposition 4.1. Suppose the sequence (A,) converges. Then, we have Q, — Q. where

R" if condition 1 holds, i.e. 4, — 0
Q=90 .
%o if Ay > 4> 0.
Proof. We first treat the case where A, — 0. Since Q is an open set containing the origin, we have B(0,6) C Q for some § > 0. It

readily follows that

B(—xo, %) cQ,
a

for every index a. Then, for an arbitrary compact set K, using 4, — 0 we see that

K C B(—xo,%> cQ,

a

for all « large. Hence, Q, — R".
Let us now assume that we are in the case 4, - 4> 0 and fix a compact set K C Q.. Then, A(K + x;) is a compact subset of

Q. Since Q is open, the Lebesgue Number Lemma guarantees the existence of ¢ > 0 such that B(x,¢) C Q for all x € A(K + x;). Put
otherwise, for all z € K there holds

A £
B(Ta(z+x0)—xo,7a> cQ,.

On the other hand, since K + x, is compact, it is bounded by some M > 0. Then, for any z € K, if « is such that
&
|}‘a - A| < M

then

i 1
z— <Z<z+x0)_x0> = Z|ﬁ—ia||z+x0| < f

14
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Since 4, - 4 > 0, it follows that for all « sufficiently large we have

Kc B<i<z+x0)—x0,i> cQ,.
/10( /101

—\C —C
Finally, given a compact set K C (Qoo) , the same argument shows that K C Q, for all a large. We once again conclude that
Q, - Q.. O
Next, suppose condition 3 holds. Then we will be interested in the following deformations of Q:

_92-

Q, 7

a

In this case, if condition 1 holds then we have the following result:

Proposition 4.2. Suppose Q has C! boundary. If 1 holds, i.e. A, — 0, then, up to a subsequence, Q, := (Q — y,)/ 4, tends to a set Q, C R".

1. If the distance between y, and the boundary tends to 0 no slower than (4,), i.e. if condition 4 holds, then Q, is a half-space.
2. On the other hand, if condition 5 holds then Q = R".

This result follows from a straightforward adaption of El-Hamidi-Vétois [15, Proposition 2.4].

Lemma 4.3. Suppose Q, — Q,, with Q_, being either R" or a half space. Let (v,) in D'*(R") be a sequence converging to some v € D"*(R")
pointwise almost everywhere. If v, € D'?(Q,) for each « then v € D'"*(Q_,).

Proof. If Q = R" there is nothing to show. Otherwise, up to a translation, there exists a unit vector v such that
Q,={xeR":x-v>0}

Now, observe that ¢,(x) := v(x — ev) converges to v in DI"P(R") as € \, 0 by standard results. Therefore, if we can show that ¢, €
D'"P(Q,,) for each e > 0 then we must have v € D'"*(Q_,) which completes the proof.

To this end, we first show that v vanishes outside of m by showing that v vanishes on every compact set K such that K n @ =Q2.
Indeed, if K is compact and does not intersect Q_ then, since Q, — Q_,, we see that K n Q, = @ for all « large. Thus, v, vanishes on
K for each « large. Since v, — v pointwise almost everywhere, it follows that v vanishes on K.

Having shown that v is supported on Q_, it readily follows that, every ¢, is supported on
{(xeR": x-v>e}

Now, in order to prove that ¢, € D'*(Q,,) we show that, for any 6 > 0, we may find a function in C*(Q,,) whose D'P-distance to ¢,
is less than 6. With this in mind, let § > 0 be given and set { € C*(R"; [0, 1]) to be a smooth function of compact support with ¢ = 1
on B(0, 1). Then, for any h; > 0, define

&, () 1= ()

so that ¢,¢;, € D'"P(R"). By the product rule and using that (1 + ¥)? < 27~'(? + «?) for all 1,k > 0,
p

521’—1/ Vo pdx+2p‘1/
| DIPR") IxI>1/h; Vo Ixl21/h,

The first term on the right-hand side tends to 0 as #; \, 0. As for the second term, by Holder’s inequality with exponent p*/p and
conjugate exponent n/p we may write

» 1244 . n . p(1+a=b)/n
/ eV, | dx < ( / |¢E|"dx> < / |Ven, |7 dx>
[x|>hy |x[>1/hy [x[>1/hy
plays _n__, " p(1+a=b)/n
([ edre) ([ v
[x[21/hy [yl>1

by a change of variables. Thus, we see that the right-hand side tends to 0 as 4, \, 0. Assembling, we deduce that both terms on the
right-hand side of Eq. (4.1) tend to 0 as i; \\ 0. Thus, we may select #, > 0 sufficiently small so that

| 6

plo@n <27
Now, for any 0 < & < &, observe that the mollification (C 'y Pe )h is in CX(Q,,)- Then, by standard mollification results, we may select

¢s - §h1¢£

6.V, | dx. (4.1)

¢g - gh] ¢£

h > 0 sufficiently small so that

w9 - @ b0 2

[
DL.r(R")

By the triangle inequality, ||, — (¢, ¢)n ”

DLo@n < 6 and we may conclude that ¢, € D'"*(Q,), as desired. [

15
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5. Energy and the new transforms

We continue to assume that Q ¢ R” denotes a bounded domain containing the origin and fix sequences (y,) in Q and Ag 10 (0, 00).
As in the previous section, the sequences (y,), (4,) will satisfy some combination of properties 1-5.

In this section, we investigate how the new transforms 7, ;, 7", interact with the energy functionals ¢ and ¢.,. First, observe that
if a = b = 0, a change of variables shows that

(¢ (z, u),h) = <¢r(u), r;jh>.

for any h € D'"P(R"). More generally, when a = b, the difference between terms on either side of the equality will be negligible
provided |y|/4 is large. This is made precise via the following result:

Lemma 5.1. If a = b, there exists a constant C > 0 such that the remainder
R := (@l (r, ), h) — <¢’(u), T;Ah>
satisfies

D70

1
Rl < Cpl | <|| [ 12l . 0% lluel L‘I(go)”h“Lq(R")>

forany u D:,”’(Q, 0), y € R"\ {0}, A> 0 and h € D'"»(R") with support K satisfying

[yl Q-y
1= < = KC——. 5.1
P :EEIXI_“ T4 o
In particular, suppose Q,, C R" is such that 22e 1 Q, — Q. Let (u,) be a bounded sequence in D:,”’ (2,0) and assume property 3 holds

(i.e. |y4|/ 44 = ). Then, given a fixed compact set K CQ,
(et 1) = (# @7y, ) =0

uniformly over h € {D'?(R") : supp(h) C K} as a — .

Proof. Letu e DI'I"J (Q,0), y € R"\ {0}, 1 > 0 and suppose h € D'?(R") has support K satisfying (5.1). First, notice that
R= (¢ (v, ), h) - <¢’(u), 'ry’jh>

is well defined since 1K + y C Q implies that T, hE D:,"’ (Q,0). Moreover, because p < |y|/(44), any x € K = supp(h) satisfies

Sl = ;1<2}“_x>=1 (5.2)
2 ¥l

Using this , we see that

24x
[yl

b(p—1)
(Ol () h) = (i) Ar+De=h / [Vu(ix + )P (Vu(ix + ), VA(x))dx

b(g—1)
( > arta- 1) |u(/1x + W7 2u(Ax + y)h(x)dx
[yl

- <i> - / |Vu(@)12(Vu(z), V(2 /))dz
e (g-1) q-2 27y
2 7(g=D-n - ’
<|y|> g /R @I 2u(h( =2 )z,

Using Eq. (5.2), but with x = (z — y)/4, yields that

b
(0, 0 1) = ’ Jr |Vu(z)|”_2(Vu(z) V[T_ h] (z))dz
Ot 1) = 4y o 1

A\
- (W) A /R” |u(2)|972u(z) [T;Ah](z)dz

where u is extended by 0 outside of Q. Simplifying and re-arranging, we obtain

: (A" L _ »
<¢w(ry,iu),h>-<m> /IR VuEP 2 (Vu(a). V|55 ] @) ) vz
- [ @iz 55 A iz

16
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With this, observe that since a = b
R i=( (0. 1) = (/0. 750)
= ,/[R{" |Vu(Z)|I’—2<Vu(z), V[T}:Ah] (z)) (|y|—ap _ |Z|—ap)dz
_/R u(2)12u(2) [, k| 213177 = |21 dz.

Then, using Lemma 3.4, we see that there is a constant C > 0 independent of y, 4,u, K such that

IRl < Ce/ [Vau(z)[P~! V[T;Ah](z) 2|9 dz
R ’
+C£/ |u(z)|7"! [T;Ah](z) |z|~%dz
R” >
< p—1 — q-1 —
= CE(”ullugﬂ(g,o)“fwh‘ oo T ”””LZ(QO)”TM” LZ(9,0>>

where € := Ap/|y| and the second inequalities follows from Holder’s inequality. We note that, for the last line, we have implicitly
used that « and T, hare in Dll;” (Q,0) and extended by 0 to the rest of R". Then, by Lemma 3.2, with a possible modification of the
constant C > 0 we deduce that

p=1 a-1
R1< eyt Wil + 1yl e )

where we have once again used that a = b. Finally,the second part of the Lemma follows from this last inequality and the CKN-
inequality (1.6). O

In this last lemma, we studied how the composition ¢/ oz, ; behaves by testing against a fixed function 4. In a similar vein,
with the aims of recovering a (P.S)-sequence after subtracting bubbles, let us now analyze the behaviour of ¢/ when tested against
transformed functions:

Lemma 5.2. Suppose Q, = (Q — y,)/ A, tends to Q, with Q_, being either a half-space of all of R". If a = b, 3 holds and v € D'"*(Q,) is
a critical point of ¢, in Qu, i.e. (¢! (v),h) =0 for all h € D'""(Q,,), then

(@17, 1,8) =0(l8lrrgy)) a5« oo
over g € DYP(Q,0).

Proof. By way of contradiction, suppose the lemma is false. Then there exists ¢ > 0 and a subsequence such that, for each «, we may
select g, € DL7(Q,0) satisfying

[(#005,,,)

Relabeling each g, to be the rescaled g, /||g,

> g”ga ”D‘];P(Q,())

||D‘11,,,(Q,0), we obtain

> € (5.3)

(#0515

for all « where g, € D;”’ (€,0) has unit norm.

On the other hand, since a = b, it follows from Lemma 3.1 that Ty, i 8a 152 bounded sequence in D'*(R"). Therefore, a subsequence
of (7y,.1,84) CcONverges weakly in D'?(R") and pointwise almost everywhere to some function h € D»(R"). By Lemma 4.3, in fact,
h € D"?(Q_). Then, by weak convergence and using that v is a critical point of ¢, in Q_,, we have

(900 7y,1,80) = (P (0).h) =0
However, this contradicts Eq. (5.3). O

5.1. Locality

Due to the nature of the transform 7, ,, restricting domains may have negligible effect on norms (recall Lemma 3.5). In relation
to the energy functional ¢, a similar phenomenon can be observed:

Lemma 5.3. Fix v € D'?(R"). If a = b and property 3 holds (i.e. |y,|/4, = o) then

Ry(¥gs Ag) i= <¢’w(v),fymg> - </|<'y—“‘ |Vu|p—z(vu,v[fmag])<|’1u|"y_+|ya|>—apdx
XS g a

- [ + v, )
- o] zu[r , g](— dx
/|X|SJA{VTOE} Yaoka |ya|

tends to 0 uniformly over g € D[ll‘p (Q,0) as a — oo.

17
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Proof. For any g € D-"(Q,0), observe that

Pty
Ry(Vgs Ae) = volr2(ve, Y[z, 1,6 ) bl 7= ex £yl 7,
U ) /mg%' | e M

p-2
+/|x‘>|m Vol (Vu,V[ryaJ”ngx

42

~ |ya|_bq— |Aax+ya|_bq
- |o|? ZU[T g] dx
Aﬂﬁﬁ; Yorka a|_bq

5%
- /IXI>“

el
42q

— 04 @ O _ 0
= IO+ 1P -1V - 1@

[v]97%0 I:Ty(vaa g] dx

For all « sufficiently large (so that|y,|/4, > 16), we may split

ral ™ - |aax+ya|“‘”)dx

1<1>=/ |VU|p_2<VU,V[T . g]) “
a i< /% Yarha [~

Yol ™ = [Aax + ya| ™ )dx

+/ - |VU|p_2(VU,V[T a g]) —
”j—iklx\g!&—“) Yarka [Val ap

_. (.1 (1.2)
= 10D 4 1

It follows from Lemma 3.4-b with K = B(O, v/ |Yal/ /1(,> that, for a constant C > 0 independent of «, there holds

|va| 2

1M <cqf == ”'/ (Voo
¢ ‘ Aq |ya| MS\/%

dx

v [TYav}”a g]

(r-D/p

<cyf 2o
< —\7y,.1. &
|ya| Yarta

) |VolPdx
DLP®M| <, [ Lal
<y B

by Hélder’s inequality. Applying Lemma 3.1 with a = b and using that v € D'"?(R”") is fixed we have, up to a modification of the
constant C,

A
18] < C,/ﬁngnpl.p@ = o(llglpirq)
a

as a — oo. By the same procedure applied to If,]‘z) we instead obtain

(-1/p

12
162 <l [ BTt 0
Ag ~4iq

=o(llgl 1))

by the dominated convergence theorem. Combining, we deduce that

I = o(||g||D(,;p(m) (5.4)
Similarly, using also the CKN inequality (1.6), we have
5] = 0(||g“D.‘;”<9>) (52

Moreover, using Holder’s inequality, Lemma 3.1, and the CKN inequality (1.6), we also have
2
132)+I,§ ) zo(llg”D},"’(Q)> as @ — oo.

by the dominated convergence theorem. Combining the last three equations concludes our proof. [
6. Iterative results and solution extraction

Maintaining the notation of the previous section, Q C R” denotes a bounded domain containing the origin and y, in , 4, in (0, o)
are sequences that will be assumed to satisfy some combination of properties 1-5.

18
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6.1. Extracting a solution

To establish Theorems 1-2, the first step is to extract a (possibly trivial) solution to (A) from a given Palais-Smale sequence. We
recall that (u,) in D},"” (€,0) is called a (P.S)-sequence for problem (A) provided it has bounded energy (meaning ¢(u,) is bounded)
and ¢’ (u,) — 0 strongly in D;l’”/ (€2,0). The following result borrows ideas from the unweighted proof presented by Mercuri-Willem
[2, Lemma 3.5].

Lemma 6.1. Let (u,) in D},’p (2, 0) be a Palais-Smale sequence for problem (A) such that,

@) u, = uin DLP(Q,0);
(i) u, — uae onQ;
(iii) Pp(u,) — ¢

as a — oo. Passing to a subsequence if necessary, there holds

(@) Vu, —» Vua.e onQand ¢'(u) =0;

P P p .

= e - = +o(1);
(b) ””a ”DLI{F(Q,O) ”ua u”D}J’”(Q,O) ”u“D,],’”(!LO) o )
(©) P, —u) - c— @) as a - .
(A ¢ (u, —u) — 0 strongly in Da_l"’,(Q, 0).
Proof. Let us define T' by equation the Eq. (2.3). Using that (u,) is a bounded sequence in D;’” (,0), we see that (T'(u, — u)) is also a
bounded sequence in D:,"’ (2, 0). In particular, up to a subsequence, (T'(u, — u)) converges weakly in D}l"’ (Q,0) and pointwise almost
everywhere to some function in D,l;" (,0). Since u, — u pointwise a.e., this function must be the trivial function. That is, 7'(u, —u) = 0
weakly in D1?(Q,0) and pointwise almost everywhere.
With this, let us write

r,:= / <[|Vua|p_2Vua - |Vu|”_2Vu],VT(u,1 - u))lxl_“”dx
Q
= <¢/(ua), T(u, — u)> +/ (|ua|"’2ua,T(ua - u))|x|—qux
Q
—/ (|Vu|p’2Vu, VT (u, —u))lxl’”‘”dx.
Q

Since ¢'(u,) — 0 strongly in the dual of D‘l,’p (2,0) and (T'(u, — u)) is bounded in D,ll‘p (Q,0), the first term after the last equality tends
to 0. Next, observe that, ||T(ua - u)|| i ~ 0 by the dominated convergence theorem and, by the CKN-inequality, (u,) in LZ(Q, 0)
HEE
is a bounded sequence. Therefore, an application of Holder’s inequality shows that the second term also tends to 0. Finally, the third
term tends to 0 since (T'(u, — u)) = 0 weakly in D},”’ (Q,0).
We conclude that ', - 0 as « — 0. Thus, we may apply Corollary 2.2 to see that, up to a subsequence,

1. Vu, — Vu almost everywhere on Q,
p _ v — P
2. ”u“”D [l u||D ||u||D;‘p<Q’0) +o(1),

3. and

1(0,0) 12(0.0)

|Vua|p_2Vua — | Vi, — Vu|p_2(Vua - Vu) = |Vu|P~2Vu

strongly in L’ (Q, |x|~%), where p' = p/(p— 1),
4. and

|ua|q_2unt - |unt - ulq_z(u(t - u) - lulq_ZM
strongly in L9/@=1(Q, |x| 7).

as a — oo. In particular, we have established a and b.
Conclusion ¢ follows from the Brézis-Lieb lemma. Indeed,

—o= Yy, — e _
Plug —u) pllua ull flug = ull

_1 q
Do) g La(Q.]x|700)

= P(uy) — p(u) + o(1)
= ¢ — Pu).
Next, let h € D(l,"l7 (Q,0) be arbitrary. By Holder’s inequality followed by (3) and (4), we have
(9t =)= @)+ ¢/ @. 1) = ol s g )
as a — oo0. On the other hand, by standard convergence results in Lebesgue spaces,

(¢'@.h) = lim (¢'(u,).h) =0

19
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where the second equality holds since ¢'(u,) — 0 strongly in D;l"’/(Q, 0). Combining the last two equations, we see that

9/t =0.1) = ().} oIl )

as @ — oo. Since ¢'(u,) — 0 strongly in D,ll’” (Q,0), we deduce d. O

6.2. Iterative results

The proof of the main results, namely Theorems 1-2, is iterative. Therefore, central to the proof of the main results of this paper

are two iteration results which will enable us to proceed to the next iteration stage.
The first handles weighted bubbles and, in the main theorem, will be used provided condition 2 holds. In this case, we introduce

notation for a translated analog of problem (B),

—div (|x + xo| " IVulP2Vu) = |x + x| "ul%u in R" 6.1
u€ DY (R", —xg). '

In relation, we define the associated energy functional ¢, : DP(R", —x,) — R given by

Dy ) 1= l/ |Vu|1’|z+x0|’”"dz—l/ lul?|z + xo| "z,
P Jmn q Jrn

We note that a function v € DL’” (R", —x) is a (weak) solution to (6.1) provided qb; . 0@ =0.
The second iteration result treats unweighted bubbling phenomena in the case 3 holds. We note that the proofs of the iterative
results are very similar. However, due to the presence of a non-homogeneous transform, the latter presents more technical challenges.

Proposition 6.2. Let (u,) in D,l;" (Q,0) be a bounded sequence and fix some x, € R" along with v € Dtl;” (R", —x). For each a € N, put
U, (x) := /lgua(/la(x + xo))
and suppose that

() 4, — 0, ie 1 holds,
(i) P(u,) — ¢ and ¢'(u,) — 0 strongly in the dual of DL7(Q,0),
(iii) v, — v weakly in D,l;p (R", —x,) and pointwise almost everywhere,

as a — 0. Then, passing to a subsequence if necessary, Vv, — Vv almost everywhere and ¢/, o) = 0. Finally, the sequence in D},”’ (R",0)

given by
w,(z) i=u,(z)— A Tv i—xo
a a o Aa
satisfies
P P P
a) ||w, = —|lv +o(1
@ ewallpa g gy = Nal s g gy = 1010 ) 0

() bge(Wy) = ¢ =y V),
(©) ¢, (w,) — 0 strongly in the dual of D, 0),

as a — oo.
When a < b in the problem parameters, this last proposition is the only iterative result required to establish the conclusions of
Theorem 1. In the general setting, we shall further require the following:
Proposition 6.3. Suppose we are given a bounded sequence (u,) in D;"’ (2, 0) along with a set Q,, which is either R" or a half-space, and
v € DYP(R") such that the following hold as a — co:
() P(u,) — ¢ and ¢’ (u,) — O strongly in the dual of D}"(Q,0),
(i) Q, =(Q—y,)/4, tends to Q,
(iii) v, = v weakly in D'*(R") and pointwise almost everywhere,
where v, =1, ; u, If a=b (s0 q = p*) and 3 holds (i.e. |y,|/ A, — o) then, v € D"(Q,,) and, up to a subsequence, Vv, — Vv almost
everywhere. Moreover, ¢’ (v) =01in Q_; ie.
(¢ (), h) =0  VheD"P@Q,).

Finally, w, :=u, — 1 , v satisfies
Yarha

(@ 1all]1 5 g0, = Wl 1000 = 1M p1geny * 01

() $peo(Wy) = ¢ = oy (V)
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(© & (w,) = 0 strongly in the dual of DY@, 0).
as a — oo.

Notice that the inference ¢/_(v) = 0 in Q_ amounts to stating that v solves a PDE in Q. Specifically, if Q,, = R", then v solves (C),
whilst v satisfies (D) if Q,, = H.

Proof of Proposition 6.2. We adapt the argument from Mercuri-Willem [2]. Given k € N, let B, denote the open ball B(0, k) Cc R".
As a first step, we claim that q&; ) (V) — 0 strongly in D;l‘p /(Bk, —x) as @ — 0. Indeed, fix h € CX(B,) and define

4

hy(z) = A;Vh(Z - x0>

Observe that, since 4, is supported in 4, B(x, k), for all a large 2, € C®(Q). Now, by a change of variables,
(¢ @) = (¢ @ )

for all a large (so that the right-hand side is defined). In particular, using homogeneity, we see that

(gl = [(# )1

< ||¢,(ua)”D;|,p’(Q’0)||h(l||D[],'p(Q,0)
= ||¢,(ua)||D;1~P' (Q,0) “h”DI"’(Bks’XO)'

S0 q&:(o_m(ua) — 0 strongly in Da_l’p'(Bk, —xg). Using this, we will extract a subsequence such that Vv, — Vv pointwise on R”, almost
everywhere. Let p € C°(R") be a bump function such that

0<p<1 onR"
p=1 in By,
p=0 outside B, .

Consider the vector-valued map
fu 1= |V, [PV, = V0?2V,

which satisfies f,, - (Vv, — Vv) > 0 almost everywhere (see Szulkin-Willem [54]). Let T be as in (2.3). For each fixed k € N, an easy
computation shows that

0< / (far V[T (0 = )] + x|
By

< / (fur PV [Ty = V)] )| + x| Pddx
-

= <¢;Om(va), T (v, — u)> + / |Ua|q_2vapT(Ua —v)|x+ x0|_hqu
R

o

—/ (far T, — V)Vp)|x + x0|“’"dx—/ [VolP2(Vo, V][pT (v, — 0)]) |x + x| Pdx.
R” R

_/

=1® =19

First, since (v,) is a bounded sequence in DL’” (R", —x), we see that (T'(v, — v)) is also a bounded sequence in D;’” (R", —x). Becasue
p € CX(By,,), it follows that (pT'(v, — v)) is a bounded sequence in D‘I,”’(BkH, —Xxp)- Since ‘15;0,90(”:1) — 0 strongly in D;l"’/(BkH, —Xg),
we deduce that

<¢'xom<vn% PT (v, = v)) -0

as a — oo.

Next, by the CKN inequality, (v,) is also a bounded sequence in LZ(R", —x¢). Therefore, by Holder’s inequality followed by the
dominated convergence theorem, we see that 1;2) —0asa—> .

Next, using again that (v,) is a bounded sequence in D}l"’ (R", —x,), we see that the sequence (f,,) is bounded in L (R", |x + x0|7[”l7 ).
Therefore, using also Holder’s inequality and the fact that supp(p) C By, it is easily seen that

1/p
[1®] < c</ T, — )| + x0|‘””dx>
Bk+l

for some constant C > 0. By the Dominated Convergence Theorem, we conclude that the right-hand side tends to 0 so I®) — 0 as
o — 0.
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Finally, observe that we can decompose

19 :/ [VulP2(Vo, V)T (v, — 0)|x + xo| “Pdx
[Rn
+/ pIVOIP™2(Vo, Vv, — ] )|x + x| Pdx
Rn

—/ pIVOIP2(Vo, Y [0, — v] ) |x + xo| " dx.
{lea=v|>1}

On the right-hand side, the first term converges to by Holder’s inequality and the Dominated Convergence Theorem. The second
integral converges to zero since v, — v weakly in D,ll'p (R", —x). Finally, the third integral also converges to zero by Holder’s inequality
and the dominated convergence theorem. Indeed, in absolute value, the third integral is bounded above by

(p-1/p
lva = U”D}z’p(w’_xU)(/{pau|>1} IVol?|x + xo|apdx> - 0.

Therefore, we have also found that If ) 5 0asa — co.
Combining our work, we conclude that

lim ([|Vva|p72VUn - |Vv|”_2VU], V[T (v, - v)] )|x + xo| Pdx =0

a—oo By

for each k € N. Citing Proposition 2.1, we may assume after passing to a subsequence that Vv, — Vv pointwise almost everywhere
on R”". Therefore, using also that v, — v almost everywhere, it follows from standard convergence results that

(#e11)  tm (8 )

for any h € C2(R"). Since h must be supported in B, for some k and ¢/, o,oo(Ua) — 0 strongly in D;l’p ,(Bk), we conclude that

(9, @h) =0

Since h € CX(R") was arbitrary, we conclude that ¢/, o,oo(v) =0.
By Corollary 2.2, up to a subsequence, we have

@ floa =l = leall? = ol

+o(1);
L'p(R"v—Xo) D};P(RN’_XO) Da«ﬂ(Rn’,xO) ( )
(2) and

[Vo, [P Vo = |V, = Vo (Vo = Vo) = [Vo|? 2V

in L7 (R", |x + xo|™);
(3) and
|Ua|q_2Ua - |U(l - U|q_2(Ua -uv) = |U|q_2u
strongly in LET ®R”, [x + x0| ™)

as a - oo.
By a simple change of variables, it is clear that 1 implies a directly. Next, using the same change of variables, we see that

$0,00(We) = P 00V — V)
Then, the Brézis-Lieb lemma ensures that
D0,00(We) = D00 (Vg) = P00 (V) + 0(1) = Pluty) — by (V) + 0(1)
=c¢ =y 00) +o(1)

where the second equality follows from another change of variables. Thus, we have established b.
Finally, in order to prove claim c we fix an arbitrary g € Dé’” (Q,0). After rescaling, we see that

<¢6m(wa),g> = <¢;Om(ua - v), ga>
where g,(x) = 1" g(4,(x + xy)). Then, applying Hélder’s inequality together with 2 and a change of variables,
(0 8) = (¥ cva = 080 )
= (# O 8) = {Fly 0080 ) +0(llell progrg )
= (@ @.g) +o( gl proge))

as a - oo, overg € D};p (Q,0). We infer that ¢6 MUSES strongly in Da_l‘p’ (Q,0) and the proof is complete. [
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We now turn towards results involved in the proof of Proposition 6.3, beginning with the following lemma.
Lemma 6.4. Suppose (u,) in D(l,’” (Q,0) is a given bounded sequence and there is v € D'P(R") such that
D 7, ;,4q = v weakly in D'"?(R") and pointwise almost everywhere.
@Gi) V [Tyw Iy ua] — Vv almost everywhere in R".

Ifa=b (s0 g = p*) and 3 holds (i.e. |y,|/4, > o) then w, :=u, — LA satisfies

@ [1all715 g0y = Wl 1000 = 1M1 ny * o) and
®) N@allfg gy = Ml = N Loqan) +o(D
as a —> o

Proof. For convenience, let us write 7, := T4 and extend each (u,) by 0 to all of R”. In order to establish (a), we split

p — Py, —ap Py, |—ap .
”w"”D};"(Rn) /Ba |Vw,(2)|%|z2] dz+/Rn\Ba [Vwg(2)|° |z~ dz (6.2)

where B, := B(y,.|y,|/4). The idea is that in the ball B,, the 5 term is neutralized and, due to Lemma 3.5, we expect 7, v to be

negligible outside of B,,.
In order to handle the first term on the right-hand side of Eq. (6.2), we add and subtract terms to obtain

/ [Vw,(2)|"|z]dz = / (|Vwa(z)|p " |V[T;U](z)|p B |Vua(Z)|p>|z|_a”dz
Ba ) (6.3)
" / [Vug(2)|"|21™*"dz - / |V[T.:v](z)|p|z|‘ﬂpdz.
B, 8,
Now, observe that observe that since a = b, properties of # and a change of variables yields
A x+ —ap
/ ‘V[T;U](Z)‘p|z|_”"dz=/ |VU(x)|p(M> "
" s [l
=/ [Vo(x)|Pdx + o(1)
Rn

as @ - oo by the dominated convergence theorem (use Lemma 3.4-a and that |y,|/4, — ). Returning to Eq. (6.3), we see that, as

a — oo,

/ [V, (2)|"]2]~dz :/ (|Vwa(z)|’] + |V[T;U](Z)|p - |Vua(z)|p)|z|_“”dz
B, B,

(6.9
+ / [Vug(2)| 1217 dz - / |Vo(x)|Pdx + o(1).
B, R
Moreover, it is easy to show that there exists a constant C > 0 such that
[IxI? + 1917 =[x+ yPP| < C(Ix1 Iyl + IxIyPP7') - vx,yeR™ (6.5)

Therefore, we may bound

/ ’|Vwa(z)|p + (V[r;u](z)(” - |Vua(z)|"|IZI“’”dz
By

gc/ <)V[1;U](z))pil|Vwa(z)|+)V[T;U](z)“Vwa(z)V*l)|z|‘“1’dz
B,

<c /
|XIS<—

Ya|
kv

(|Vu|f’—‘ |[VIv, — ol + Vol VI, - U]|p_1)dx
where, with a possible modification of the constant C, the last inequality follows from a change of variables. Leveraging pointwise

convergence and boundedness in appropriate Lebesgue spaces, it follows from standard results that this last term is o(1) as @ —> .
Therefore, returning to (6.4), we have

/ |Vwa(z)|p|z|’“”dz=/ |Vua(z)|p|z|’”"dz—/ [Vo(x)|Pdx + o(1). (6.6)
B, B, R

Next, to handle the second term on the right-hand side of Eq. (6.2), we once again add and subtract terms to obtain, as « — oo,
/ |Vw, (2)|"]z|~%dz
R"\B,
= Vw2 = |V 2| = |V[r7 0] )| )1z17%d
= . <| w,(2)|" = |Vug(2)]| ’ [Ta v] z ’ |z| z (6.7)

+/ |Vua(z)|”|z|"’”dz+/ )V[T;u](z))"|zrapdz.
R"\B, R\B,
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By Lemma 3.5, the last term on the right-hand side tends to 0 as « — co. Furthermore, using once again inequality (6.5), we bound

/ 5 IV, @I = [Vuu@)] = |V]ez o] @) |1z177dz

< c/ <|vua(z)|”’1)v[g;u] @]+ |[Vu, ]| V[ 0] (z))H) 2|~ dz
RI\B,

— et
@B, ””’IHDL'”(QVO)HV[T“ d Lﬁ(R”\Ba>>

p-1 _
< (Il o 7157l
by Holder’s inequality. Since (u,) is a bounded sequence in D,',’p (Q,0), it follows from Lemma 3.5 that the last equation tends to 0 as

a — oo. Thus, returning to (6.7), we see that
(6.8)

/ [Vw,(2)|"1z]~%dz =/ |V (2)|P1217Pdz + o(1)
R7\ B, R\ B,

a

Combining Egs. (6.6) and (6.8), we obtain

/ |Vw,(2)|" 2]~ dz =/ |Vua(z)|p|z|_“”dz—/ |Vou(x)|Pdx + o(1)
Rr R7 Rr

which is precisely (a). We may deduce (b) via a similar argument. O
Lemma 6.5. Suppose (u,) in D;’” (Q,0) is a given bounded sequence and there is v € D'P(R") such that

(i) v, = v weakly in D"*(R") and pointwise almost everywhere.
(i) Vv, — Vv almost everywhere in R",
(iii) with p’ = p/(p — 1) denoting the Holder conjugate of p,

[Vo,|" 2V, = [Vo, = Yo" (Yo, = Vo) = |Vol? 2V

in L” (R™),
(iv) with q' = q/(q — 1) denoting the Holder conjugate of q,

|Ua|q_zva —|vg — U|q_2(Ua -v) > [v]9~ %

in LY (R"),
where v, =1, ; U, If a=b (50 ¢ = p*) and 3 holds (i.e. |y,|/ 2, — o) then, with w, :=u, — L,

(900 8) = (¢ W) 8) = (# 0. 5,, 1,8) + (el a))

as « — oo over g € DLP(Q,0).
Proof. Let g € D}”(Q,0) and define B, := B(y,. |¥4|/4) as in Lemma 6.4. We split as follows:

(4 warg) = / |Viwg|" (Viog. V) 121 dz + / |Viw|" (Vevg. V) 121 dz
’ B, R\ B,

—/ |wa|q_2wag|z|"’qdz—/ |w
B, R"™\B,

—: 04 @ O _ @
= IO +1® -1V - 1?.

q-2 —b
o w,glzI™Mdz

On B,, using properties of # and performing a change of variables, we see that
Agx + i
<—| u yal) dx
|Yal

a

4

= /|x‘<|’a’ |VIv, - vllpfz(V[va - ”]’V[Tyavzag])

Using this expression for I.", it follows from Lemma 3.4-a that there exists a constant C > 0 such that
[ A + Yl >_a”dx

1<‘>—/ [VU gy — VUP_ZVU],V[T ] <
L

dx

|VIv, - v]|p72V[Ua -] - |Vva|p72VUa + |Vv|p_2VU‘ . 'V[Tyw,lag]

<cf
lestTr;l

= o(llglp1rq)
as a — oo. Here, the last line is derived using Holder’s inequality followed by property iii and Lemma 3.1. From this, we have

. AaX + v |\ Y
I“>=/ Vo,|” Z(Vv ,V[‘r g])(“—") dx
IX\S%| a| « Yasta |ya|

a
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[Aax + yo |\ ™7
- Vo2 (ve, Ve, . g])(— ax +o(l1gll 1o )
/|x|s% . |al Pare0

as a — oo. After a change of variables on the first integral, we obtain

]1(11):/ |Vua|p72(Vua,Vg)|z|_“pdz (6.9)
By

AaX 4y, |\ 7
- p=2 [Aax + va| ( )
/mgw Vel <V”’V[Tym4ag])< [l ) e+ olliglpira

«
g
as a — oo. Similarly, using property iv instead of property iii, we have

1 = / g |ty (2)g(2)| 2] diz (6.10)
By

—bg
[Agx + ¥4l
- o205, 4 g](x)(—" dx+o( gl pir )
/IJ(ISLYI'J Yarta |ya| DyP(©Q,0)
as a — oo.

Next, using Holder’s inequality, we may bound

I‘(’Z) - / |Vua|p72(Vua, Vg)lz|~dz
RI\B,

(6.11)

/R\B ([|Vwa|p_2Vwa - |Vua|p_2Vua],Vg>|z|_“”dz

< IVl Ve, = [Vue |V,

o w810
Let us now bound the right hand side by considering two distinct cases. First, if 1 < p < 2 then it follows from a result of Mercuri-Willem
[2, Lemma 3.1] that, for some constant C > 0,

2 2 rol
(Vw2 Vi, = |Vu, | Vs

< C|Viw, — Va7 = C‘V[r; 27l

Then,

”|Vwa|p72Vwa - |Vua|p72Vua -0

LER"\B,)

< _
Lﬁ/(R"\Ba) - C”V[Tya»/la v]
as @ — oo by Lemma 3.5. In conclusion, when 1 < p < 2, we have shown that

[Vl 2V, - Vi, v,

Lg’(R”\Bw -
On the other hand, if p > 2 then it is easy to see that there is a constant C=C(p) > 0 such that

|1+ 51772 4 3) = 132 = y172y] < C(Ix1P 21yl + 1xIb1P2). Yy € R

Therefore,
p-2
|Vwa|p_2Vwa _ |V“a|p—2vua — '—V [Ty_m/lav] (—V[T}/_’Ma U])‘
2 P2
< C(|ua|”_ V[Ty_,/L v] + ug| V[ry_’/l v] >

Then, the triangle inequality followed by this last identity allows us bound as follows:

[IVewal? 2V, = [V, v

/
L (RM\By)

p-2
—2 —2 — —
<|1Veul Vo = [V + |V [z, 0| V] ]l
LY (R™\B,)
p—1
+ |V[fy_ i U]
o L7 ®"\B,)
2 p=2
<c ”Vu - ‘v[r- v] +|l|vu V[r— u]
Ve Yede 12 @B, [Veal[¥ 15, 12 ®R0\B,)
+ V[T’ v]
‘ Yeda Ml Lo en\,)

25



E. Chernysh Nonlinear Analysis 273 (2026) 114206

Then, using Holder’s inequality (with exponent p — 1 > 1 and conjugate exponent (p — 1)/(p — 2)) and that (u,) is a bounded sequence
in D7(Q,0), it follows from Lemma 3.5 that

[IVewal? 2V, = [Vu |2V

-0
Il @B,

Having demonstrated this convergence both in the case 1 < p <2 and p > 2, we return to Eq. (6.11) and conclude that

Q?) _ p—2 —
9= /[R g |0l 7V 0 V)1 74z + (I8l s )

as @ — oo. Similarly, we obtain

?2) q-2 —b
I :/ w7 %u glz| "dz+o<||g|| . )
b R\ Jutg |ty DL(©.0)

as a — oo.
Combining these last two equations with (6.9) and (6.10), as a« — o
’ _ () 2) (D 2)
<¢O%w(wa),g> =10 +10 -1 - [

=/ |Vua|”*2(vMa,Vg)|z|—“sz—/ lutg | (2)g(2)] 21 Pz
R” R”

_ [2aX + 34| \ ™
- |V VU,V[T , g] <—> dx
/\Xlsjﬁl ( Yook ) |ya|

_ Agx+y, —ba
+/ S zv(x)[fymﬂag](x)<u> e
el el [e]

+o(llgll proe )

Finally, by Lemma 5.3,

(0 @ag) = (¢ @.8) = (9 0)7,,5,8) +o(llgl o )
a

Proof of Proposition 6.3. It immediately follows from Lemma 4.3 that v € D'"?(Q,). Since Q, is either a half-space or R", we may
find an increasing collection (By),cy of open sets such that

1. B, is compactly contained in Q_, for each k;
2. For each k, the closure of B is a compact set contained in B ;
3. Every x € Q, is in B, for all k large.

For fixed k, it follows from Lemma 5.1 that
(@) = (@ @y, 1)+ o(Illpran)

as @ — oo over h € D'"?(B,). Here, we note that there is a slight abuse in notation since the right-hand side is only well-defined for «
large. Indeed, for all « large, B, CQ, so 7, , h€ DYP(Q,0) for each h € D'?(B,). We may further bound

(oo )| <|(# w55, )|+ o(Wtlprogen)
< ¢l

2 (Q.0>‘ eta” )DL’WQ,O) +ollAllproge)

= U(thDl-p(Rn))

as @ — oo over h € D'"?(B,). Note that, for the last equality, we used the assumption ¢'(u,) — 0 strongly in the dual of D;’” (Q,0) and
Lemma 3.2. From our work thus far, we see that

¢ (vy) — 0 strongly in DB, (6.12)

for each fixed k € N.
Next, we will prove that the conditions of Corollary 2.2 are satisfied for the sequence (v,) with the increasing sequence of open
subsets B, /' Q. First, it is clear from Lemma 3.1 that (v,) is bounded in D'*(R"). Let T : R — R be the Lipschitz continuous function

{x if |x| <1
Tx)=1< ,

m lf|X|>l.
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Fix k € N and let p € C*(Q,,) € C(R") be a bump function such that

0<p<l inR"
p=1 in By
p=0 outside By ;.
Observe that
fa 1= |V [PV, = IVo|P=2V0
is uniformly (in «) bounded in LP/(R"), with p’ := p/(p — 1). Moreover, by a classical result (see, for instance, Szulkin-Willem [54,

Lemma 2.1] and Simon [55, p.210-212] for the proof), we have that ( Sas [Vu,, - Vu]) > 0 almost everywhere. Therefore,

0< / (for VT (0 — 0))dx < / (fus PVT (v — v))dx
By R7

/ (fa: V[pT (vy — v)])dx — / (for T(0g — V)Vp)dx
R" R7

—- 7 (@)
= IV 1@,

We claim that both 7, ,51) and I, ;2) tend to 0 as @ — oo. First, by Holder’s inequality,

1/p
|1;2>) <7l @ (/R IVol?|T (v, — U)|de>

Since the right integrand is bounded by a constant multiple of the indicator function of B,_, the dominated convergence theorem
(using that v, — v almost everywhere) implies that I, @ L 0asa— .

Next, in order to estimate 1", we first observe that pT(v, — v) € DY (B,,,) and, in fact, pT(v, — v) is bounded in D'*(B,,)
uniformly in a. Since (ﬁ; (v,) — 0 strongly in the dual of D! (Bk 1 ),

(@, (), pT (g — 1)) > 0 asa — co.

Therefore, writing

IO = (¢} (v), PT (v, — V) +/ |ua|q_zvapT(Ua - U)dx—/ [VolP=2(Vu, V[pT (v, — v)] )dx,
R” R7

=P =P
we have
M @ _ @
1O = o(1) + IV - J
as @ - oo. Using Holder’s inequality, we see that

1/q
0] < el EEW)( / PT (@, = U>|qu> =a(1)

as @ — co. Here, we have used the dominated convergence theorem and applied the CKN inequality (1.6) to deduce that ||v| ;¢(gn
is bounded. On the other hand, as a — o,

J@® :/ |VU|”_2(VU,V[pT(Ua - v)])dx
RN
= / |Vv|”_2(Vv,pV(Ua - v))dx +/ |VU|p_2(VU,T(Ua — v)Vp)dx
Jog—v|<1 R”

:/l | [VolP=2(Vo, pV(v, — 0))dx + o(1)
vy —0|<L1

where, to deduce the last equality, we have used Holder’s inequality and the dominated convergence theorem. We then split the right
hand-side as follows:

J;2)=/ IVUI"‘ZVu,pV(va—u)dx—/| | IVolP~2(Vo, pV(v, — v))dx + o(1).
R" vy—0|>1

Note that the first term on the right-hand side tends to 0 as @ — co. Indeed, this is because v, — v weakly in D'*(R") or, equivalently,
Vv, — Vv weakly in L?(R").

IO = _/ IVolP=2(Vo, pV(v, — 0))dx + o(1)
|og—v|>1
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With another application of Holder’s inequality we see that,

J@

a

5/ [VolP~|V(v, — v)|dx + o(1)
{lva=v[>1}NByy;

1/
< Jlog - U”D',F(R”)(/{IU o 1y0B |VU|pdx> +o(1)
a” k+1

as @ — oo. Since v, — v pointwise a.e., the dominated convergence theorem ensures that the right hand side tends to 0 as ¢ — 0.
Especially, Jf,z) —0asa— oo.

Combining our result for J, LEU and J;z), we see that I ;l) — 0 as a - oo. Putting this together with 7 ,52> — 0 as a —» oo, we have shown
that

/ (fa,VT(Ua—v))dx—>0 asa — o©
BiNQq,

where
fo= |Vua|"_2Vva — |Vo|P2Vo.
Therefore, by Corollary 2.2 (invoked with a = b = 0), up to a subsequence, we have the following.
(1) Vv, — Vv almost everywhere in Q. Using that v, is supported in Q,, v, — v pointwise almost everywhere and Q, —» Q_, it

readily follows that Vv, - Vv almost everywhere in R".

(2) “U“le,p(Qw) = ”Uﬂ!”%l,p(gm) - ||U0t - U”[;l.p(Qoo) + 0(1)

(3) There holds
[Vo, "2V, = |Vo, = Vo] (Yo, = Vo) = Vo2 V0.

strongly in L (Q4,)- Then, since v € D'"?(Q,,) it immediately follows that the convergence remains true in LP,(R”).
(4) Finally,

|ua|q_zua —|vg = U|q_2(Ua -v) > |v]9~20.

strongly in L9/@~1(Q_,) and hence in L4/@-D(R"),

Next, fix h € C®(Q,,). Then, h € C®(B,) for all k large; fix such an index k. Since, as stated in Eq. (6.12), ¢'(v,) — 0 strongly in the
dual of D'?(B,), there holds

0= lim (¢l (v,). h)

lim (/ |Vva|”_2(Vua,Vh)dx—/ |va|q_zvahdx>
a—oo R” RH

[VolP~2(Vo, Vh)dx—/ |v|9~2vhdx
R” R”

= (). 1)

where the second equality is due to a standard convergence result, using that v, — v and Vv, — Vv pointwise almost everywhere.
Since h € CX(Q,,) was arbitrary, we conclude that qf);o () =0in Q.

Next, we establish the desired properties of the sequence (w,). First, a follows from Lemma 6.4. By this same lemma, we also see
that

L ”w‘l”LZ(R'UU) = Puy) — Poo (V) + 0(1) = ¢ — P, (v) + 0(1)

1
Po.00 (W) = ;||w"||lzj>;*"(mo) g

as a — oo. That is, we have b. Finally, by Lemma 6.5,
(#h o g) = (¢ @), 8) = {#.007,,4,8) + o el o))
as a — oo over g € Di,”’ (Q). Then, using that ¢'(u,) — 0 strongly in the dual of Df,‘p (©) and applying Lemma 5.2, we conclude that

(9 w.8) = o( gl o)

which gives c.
O
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6.3. Bubbling

In the iteration lemmas, the terms subtracted from the Palais-Smale sequence (u,) are referred to as “bubbles". We claim that, as
a — oo, the bubble terms converge to 0 in suitable senses. Explicitly, we provide two results.
First, in the first iteration result, i.e. Proposition 6.2, the subtracted terms are

B,(z) :=/1;Vu<i —x0>. (6.13)
/111
Now, with condition 1, we have the following result:
Lemma 6.6. Letv € D};p (R", —x,) and assume condition 1 holds (i.e. 4, — 0). Then, up to a subsequence,

(a) VB,(x) — 0 pointwise almost everywhere on R".
(b) B, — 0 weakly in D:,”’ (R",0) and pointwise almost everywhere;

as a — oo. Here, B, are given by (6.13)

Proof. Fix £ > 0 and observe that, after a change of variables,
/ |VB,(2)|"]z|"Pdx = / ¢ [Vo(0)I?]x + x| *dx.
B(0,e)C B(—xo,/li)

The right-hand side of this equation converges to 0 by the monotone convergence theorem. Passing to a subsequence, we infer

that VB, — 0 pointwise almost everywhere on R” \ B(0,¢). As € > 0 was arbitrary, a diagonal argument gives the existence of a
subsequence such that VB, — 0 almost everywhere on R".

Since (VB,) is bounded in L:(R",0), a simple change of variables and standard convergence results show that B, —~ 0in D},’p (R",0).

On the other hand, since (B,) is bounded in D;‘” (R",0), up to a subsequence, it converges both weakly in DL‘” (R",0) and pointwise
almost everywhere to some function in D:,”’ (R",0). By uniqueness of the weak limit, we conclude that B, — 0 pointwise almost
everywhere. [

Next, in Proposition 6.3, the bubbles take the form L and we obtain a similar convergence result:
Lemma 6.7. Let v € D"?(R"). If a = b and condition 1 holds (i.e. A, — 0) then, up to a subsequence,

(@) V [T;av i u] — 0 pointwise almost everywhere

()] L 0 weakly in Dé”’ (R",0) and pointwise almost everywhere.

Proof. Up to a subseqeunce, we may suppose that y, — y. Given an arbitrary ¢ > 0, observe that for all « large
B(J]a’ %) C B(y, e).

Therefore,

p
V[T’ v] |z|_"”dzs/ V[r’ v]
/B<y.e>° Yarha Blge/2e | L Vet

where the second inequality follows from Remark 3.2 and C > 0 is a constant independent of a. Since 4, — 0, the right-hand side
tends to 0 by the dominated convergence theorem as a — oo. Therefore,

P B p
|z|7%dz < C(”U”Lq(B(O,E/(Z/l,,))C) + “VU”Lp(B(o,g/(ya))C))

V[T;mluu] -0 in L"(B(y,e)c).

Since £ > 0 was arbitrary, a diagonal argument shows that, up to a subsequence, V [ry‘ ; v] — 0 almost everywhere.
a

@

By Lemma 3.2, the sequence (Ty_m i v) is bounded in D};" (R",0). Then, utilizing also that V [ry‘ i U] — 0 pointwise almost every-

ar

where, it follows from duality and a standard convergence result that V [r‘ ; v] — 0 weakly in L(R",0). Put otherwise, T
weakly in D},"’ (R",0).

On the other hand, since T v is a bounded sequence in D},"’ (R",0), up to a subsequence we may assume that there is some
w € DYP@®",0) such that

v—=0
"

v = w weakly in D}?(R",0), and
v — w pointwise almost everywhere.

. T
Yarka

o
Then, by uniqueness of weak limits, w =0. O
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7. The proof when a < b

We now produce the proof of Theorem 1, i.e. we establish the main compactness result in the parameter case a < b. As previously
stated, this setting can only produce weighted bubbles centered at the origin, which may also occur in the limit case a = b. For the
sake of brevity and clarity, we decompose the proof into several distinct steps.

Step 1. Being a Palais-Smale sequence, by Proposition 2.3, (u,) is bounded in D,ll"” (€, 0). Hence, passing to a subsequence, u, converges
weakly to some v, € D},”’ (Q,0), with pointwise convergence almost everywhere on Q, as a« — oo. Therefore, by Lemma 6.1, the
sequence (u!) defined by u! :=u, — v, satisfies

ul
a

+o();

. p _ P _ P
® D00 = ||ua||D}1.,,(Q’O) IIUollvé.,,(Q,o)
(i) ¢ul) > ¢ — Pvy);
/
(i) ¢'@)) - 0in D,'7 (Q,0).

Furthermore, we find that ¢’(vy) = 0 and Vu, — Vy, a.e. on R" as a - 0. Especially, v, solves problem (A).
Step 2. If u! — 0 strongly in LZ(Q, 0) then the proof is complete. Indeed,

lim <|x|_””

a=o [

o] Jox = fim (e )] = 0

1o |? —b
vy - 1x17

since ¢’ (ui) — 0 in the dual of Dé’” (Q) and the sequence (“i ) is bounded in D,l;‘" (2,0). Hence, V“L — 0 strongly in L2(Q,0), i.e. u, — v,
strongly in D}”(Q, 0). Thus, the conclusions of our theorem are satisfied for k = 0 since

¢(vg) = lim p(u,).
a—oo
Step 3. If we do not satisfy the termination condition of Step 2, then, after passing to a subsequence,
. 119 ..1-bq
;ﬂ}fl /Q )ua‘ |x]7%dx > 6
for some 6 > 0. We may suppose without harm that
q
Ca,b =
O<5<<2p> . (7.1)

where C,, > 0 is such that the CKN inequality (2.1) holds.
Consider the family {Q, } ., of Lévy concentration functions each defined by

0,(r) = sup /
yeQ J B(y.r)

where each (u,) is extended by 0 outside Q. Note that, by CKN inequality (1.6), one has Q,(r) < o for every r > 0. By continuity of
each Q,, we may apply the Intermediate Value Theorem to extract a smallest A‘]l > 0 such that Qa(A;) =4.

a1

4, - _
ui‘ |x|~*7dx,

Finally, for each index a, we may select yt‘l € Q such that

q _
Qa(ﬂi) = sup/ |x|~Pdx :/
yeQ J B(y.AY) B(y.Ab)

Passing to a subsequence if necessary, we will assume that 2! — ' >0 and y! - y' € Qas a — .
Step 4. We show that the sequence of points y! /4! is bounded in R". If not, passing to a subsequence we may assume that

u; qlxl_qux =4. (7.2)

ul
a

Ya
Al

a

— o0, asa — oo,

and that |y!| > 44! > 0 for each « € N. Consider the functions

b
il 241x
V(%) 1= Ty},,/llu;(x) = ( < > (A;)yu;(/llllx+y,11)n< = )

v Yl
with 7 defined as in Eq. (3.3). Lemma 3.1 then implies that v, € D"?(R") with v, — 0 strongly. Furthermore, by the Gagliardo-

Nirenberg-Sobolev inequality, we also obtain v, — 0 in L?"(R"). Using that p* > ¢, Holder’s inequality further asserts that v, — 0 in
LfOC(R”). However, Lemma 3.3 and (7.2) show that, as « — o,

v, (0)|%dx = /
/B(o,l) | | B(y;,A},)

contradicting our deduction that v, — 0 strongly in Li’oc(R").

u}z(z)‘qlzl’b"dz +o(1) = 5 +o(1),
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Since y! /4! is bounded, passing to a subsequence, we may assume that
1
= 5 x,€R", asa— oo.
A
a

We then define a sequence of functions via homogeneity:
vl = (A1) ul (AL (x + x0)).

It is clear that, for each a € N, v}, € D}”(Q,. —x() C Dy”(R", —x,) where

1
L Q- 4,xg _Q .
T T
A(X Aﬂ

By homogeneity, we mean that

1 1

2 = . v =

“llDyP®n.—xp) ”u"”DL"’ (Q0) |l L (Rn ~xg) ”u“”Lme")

In particular, (v}) is a bounded sequence in Dll;p (R", —x,) whence we may assume without loss of generality that

1 1 . Lpmn _ 1 1 s n
v, = v weakly in D ’(R", -xy), v, —» v ae. inR

for some v! € Dé"" (R", —x,). We note that, by a change of variables

sup vi(x)mx + x0|7qux = sup / ’u;(z))qlzl_b"dz =5 (7.3)
B(w,Ab)

yeQ, 7 Bl weQ

where the last equality follows from Eq. (7.2).
Step 5. For a given h € D\’ (Q,.,—xg), define h, € D.7(Q,0) via the homogeneous transform:

ho(z) 1= (AL)_yh<fl - x0>.

o

A change of variables shows that
(001 = (¢ ). By

Since ¢’ (“(i) is a continuous linear functional on D,l,"’ (Q,0), for each « € N, by a Riesz-type representation result, see (2.2), there exist
functions £V, ..., f™ e L7 (Q, |x|™) so that

n
(¢'ub),n) = z / FO)0;h(x)|x|™dx, Vh € DIP(Q,0).
i=1 /Q
Of course, p’ denotes the Hélder conjugate exponent to p. Moreover, since ¢'(u}) — 0 in the strong operator topology,

n 7
Z/ |f(§i)(x)|p |x|7%’dx — 0, asa — oo. (7.4)
i=17Q

Therefore, we may write

<¢;0m(u;),h> = (¢ =Y /Sz FO@0h D)zl Pdz = (2L)"" VY /g TOGLx + x0))0; (0| x + x| P dx.
i=1 «

i=1

It follows that
<¢XW(U; ),h> = Z / gD (x)9;h(x)|x + xo| " dx, (7.5)
i=1 Y Qq
where we have defined

. n-ap
gg)(x) 1= (/1;) 7 f;‘>(/1;(x+x0)).
Furthermore, by another change of variables,

) /Q |g£,">(x>|”/ Jx x| Pdx = 3 /Q )fé’“(z))”/ |27 dz = o(1) (7.6)
i=1 ‘a i=1

as a — oo because of (7.4).
Step 6. By way of contradiction, we claim v! # 0. Assume v! =0 so that v} — 0 weakly in DL (R", —xp) and pointwise a.e. on
R" as « — co. By the compactness of the embedding DL (R", —x,) & Ly (R |x+ xo|*), we may assume that v! — 0 strongly in

Lfoc([R", |x + x| ~*) whence (v}) is bounded in LfDC(R", |x + xo| ). By Proposition 4.1, Q, — Q,, where

R” if ' =0,

and let C be a countable cover of R" such that if A € C then either
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1. A= B(y,1/2) for some y € Q or -
2. A is compactly contained in the complement of Q.

If A € C is compactly contained in the complement of Q_, then A and Q, are disjoint for all « large since Q, — Q.. Therefore, vl
vanishes on A for all « large and, in particular, Vol — 0 in L} (A, —x,).

On the other hand, suppose A = B(y,1/2) for some y € Q. Since Q, - Q_, y € Q, for all « sufficiently large. For any h €
C®(R™; [0, 1]) with supp(h) C B(y, 1), using Holder’s inequality with the CKN-inequality (2.1) then yields

a -
/ |h|p‘ulll) | + x| Max
Rn
Pl (9P _
=/ )Ui h| |Ui‘ | + xo] b4y
supp(h)
< r/q
< </ )v(ll‘q|x+xo|7qux> ! </ |hvi‘q|x +x0|7qux>
supp(h) supp(h)
pan
q - q P _
SC{;;(/ ‘Ui) |x + xo qux) (/ ‘V(hvi)‘ | + x| apdx).
supp(h) supp(h)

Then, bounding the first integral with Egs. (7.1) and (7.3),

/ |h|p)v‘i‘q|x + x0|7qux < 2’”/ |V(hvlll)|p|x + xo| *dx. (7.7)
R” supp(h)

On the other hand, since v} — 0 in L‘l”OC(R”, |x + xo| ™),

/ |V(rol)
an

p|x +xo| Pdx < 207! ,/R" |h|p‘VUi‘p|x + xo| ®dx + o(1)
=2P—1/ )VU;‘”_z(vU;,v[|h|Pujt])|x+x0|“’”dx+o(1)
-
= 27! [(4);0,00@), Aol ) +/W |o2] 117} + xo] ] + oD

Next, by Step 5 Egs. (7.5)-(7.6), we see that as « —

n
(ool ) = 3 [ 00y (1n17c)) ol ax = ot
i=1 /9%
where we have used that (|2|?v}) is bounded in DLP(Q,. —x,). Ergo, concatenating with (7.7),

/|V(hv;)‘p|x+x0|_"pdxsl/ |V(hu;)
- 2 Jan

We deduce that [, |V(hv!) p|x +xp| dx — 0. Taking h = 1 on A = B(y, 1/2), we infer that Vol — 0in L? (A, —x,). Having shown
that this convergence holds for all A € C, it follows that Vu! — 0 in L (R",|x+ xo|™*). Multiplying with a cutoff function and
applying the CKN-inequality, this implies that v} — 0 strongly in L;’OC(R”, |x+ x0|_b") as @ - oo. However, this contradicts by (7.2)

since
q _
/ | + x| quxz/ .
B(0,2) B( %—x0,1>

B /B(y,‘,,A}I)

=6>0

"I + x| ™dx + o(1).

v} q|x+x0|_qux

1
Uy

q
u;(z>| |z|"%dx

for all a € N sufficiently large.

Step 7. We claim that 4! =lim,_, A} = 0. To this end, we argue by contradiction and assume instead that A! > 0. Given any ¢ €
C®(R"; R"), a straightforward change of variables shows that

/ (Vvi(x), () |x + xo| Pdx
R'I

(7.8)
:(Al)(y+l)—n+ap/ <Vul(z),qo<—Z —xo>>lz|_””dz.
a . a 21

a
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As the sequence (Ai) is bounded, there is a compact set A such that, for each « € N, the function

zZH (p(i - x0>
A

is supported on A. Following this, since Vu! — 0 pointwise almost everywhere on R” and is bounded in L}(R", 0), standard convergence
results imply that

/ |Vu}1(z)‘|z|—"1’dz 50, asa— oo.
A
Using this and that Al - 4, > 0, it follows from (7.8) that
/ (VU(L(x), () |x +xo| ¥dx - 0, asa — oo.
R

Since smooth functions of compact support are dense in L” (R", |x + x| ™), it readily follows that Vol — 0 weakly in L5(R", —x).
Put otherwise, v} =~ 0 in DLP(R", —Xx,) which directly contradicts Step 6.
Step 8. Since v! € Dé”’ (R",-xy) and Q, — R”, there exists a sequence functions y, € C*(Q,) such that y, — v strongly in
DR, —xy) as a — oo.

Consider the modified sequence given by a homogeneous transform:

%uw=ubﬂ%(%'“>

Since y, — v' strongly in D};" (R", —x,), a change of variables (i.e. homogeneity) shows that

To() = (A1) 70! (z_l - x0> -0 in DMP(R",0).
o

Therefore, after an application of Lemma 6.6 (with v = v'), we deduce that

(i) Vy, — 0 pointwise almost everywhere on R";
(i) %, — 0 weakly in D}?(Q,0) and pointwise almost everywhere a — co.

Step 9. We outline the iteration process. Applying Proposition 6.2, we see that v' solves a translated version of (B) and the sequence

-r X
w20 = uh ) = (A)) ”l<w -xé>’
}'a
for A, := 4!, satisfies
p

2 _ p _ p (PR
DYP®m0) ”u“”D};”(Q,O) ”UOHD,],‘p(Q,O) “U ”D”’(R",—x(‘]”)

u'l

+ o(1)
and

Bo,00U2) = ¢ = (vg) — ¢xgl>m(vl),
#) . 2) — 0in D7 (,0).
Next, we consider the auxiliary sequence
() 1= uy () = Py ()

which is bounded in D}?(Q, 0). Because y, — v! strongly in DP(R", —x(l)),

b(i5) = ¢ = dlvg) - ¢xﬁj]>m(u‘),
¢'@) - 0in D, (Q,0).

We may therefore apply Steps 2-9 to this new sequence (i), at each stage removing another solution ¢/.

Step 10. For each index j, a suitable translation of v/ solves (B). Now, recalling Lemma 2.4, note that Palais-Smale sequences for
problem (A) have non-negative limiting energy. Moreover, by Proposition 2.5, the energies of non-trivial critical points for the
weighted limiting problem (B) are bounded below by a uniform positive constant. Thus, this procedure can only happen finitely
many times before we reach the termination condition in Step 2.

33



E. Chernysh

Nonlinear Analysis 273 (2026) 114206
8. The proof when a = b

We now begin the proof of Theorem 2, which contains the entire proof of Theorem 1 as a sub-argument. Naturally, the proof

begins in the same way (first extracting a solution to (A) and recovering another (P.S)-sequence by removing said solution).
Steps 1-2-3. Steps 1,2 are identical to their respective counterparts from the proof in the a < b case and we modify only the upper
bound on § > 0 in step 3.

More precisely, as in step 1, we deduce that there is some v, € D},”’ (Q,0) such that, with u; =u, — vy, up to a subsequence,

@) u, = vy weakly in D}l”’ (Q,0) and pointwise almost everywhere;
i 1? _ p
) [ob [ = el

L Y AT
(i) Pul) = ¢ — Ppvy);

17(©.0)
(iv) ¢'(u) - 0in D;'7 (@, 0);

(v) Vu, - Vu, and pointwise almost everywhere;

we proceed to step 3 assuming that u! does not converge to 0 strongly in LZ(Q, 0). In the latter case, up to a subsequence, we may
suppose that for each index a there holds

q
sup/ ‘ui) |x|_b"dx:/
yeQ J B4y B(ygA3)

for some 0 < 4! < diam(Q) and y! € Q. Here,
q
C —
0<o<L(=22) "
ci\ 2

(8.2)
where C,, > 0 is such that the CKN inequality (2.1) holds and C, > 0 is the constant from Lemma 3.1. Finally, passing to another
subsequence if necessary, we further assume that A} —» A! >0and y! - y! € Qasa— co.

as @ — oo. Moreover ¢'(vy) = 0 s0 v, solves problem (A). Then, as in step 2, the proof terminates if ué — 0 strongly in LZ(Q, 0). Thus,

ul
a

?Ix|bdx = 5.

(8.1)

—T—»xOER”
All

Step 4. The following dichotomy holds: either y! /4! is bounded or unbounded. In the former case, we pass to a subsequence so that
)1

and proceed exactly as in the proof with a < b (i.e. we follow Steps 5-10 from the previous section). Otherwise, we may pass to a
subsequence in such a way that

Vi

7 — oo and )y{ll|>4/1(11.

In this case, it is automatic that A} — 0 as @ — co. Subsequently, we may define
vl = Tyl,/hl.u; € D'P(R").

Then, v} € D''7(Q,) in D''(R") where
a i

a

v; — o' weakly in D'"P(R"), v; - o' ae. in R".
Furthermore, by Lemma 3.3 and (8.1),

/ |vi)qu=5+o(l) as a — oo.
B(O.1)

and, by Lemma 3.1, the sequence (v}) is bounded in D'?(R"). Therefore, there exists v' € D'"(R") such that

On the other hand, by Remark 3.1 and (8.1), we see that

14 q 14 —bg _ q
812/ ‘Ua| dx < sug/ 1 ‘un) [z|7™dx = C?5
yet, J BO.D yeq J Biab)

as a — oo. Combining these last two equations, we obtain

q

C ey

5+o(1) < sup / |o1]'ax < €15 < < ””’)q !
vea, JBOD 2

(8.3)
where, for the last step, we used (8.2).
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Step 5. Fix a compact set K C Q and let (h,) in D'*(R") be a bounded sequence with &, € D'"*(Q,) and h, supported in K for each

index a € N. It follows from Lemma 5.1 and the CKN-inequality (1.6) that

(b = (#6ey yhe) o) 5.4
as a — 0. By a Riesz-type representation result, i.e. characterization (2.2), we may find, for each «a, functions f, M ., fo([") in L{,’/ Q)
such that
(¢'wb),n) = 2; /Q F9(2)0,h(2)] 2]~ dz, Vh € DLP(Q,0).
i=
Moreover, since ¢’ (”i) — 0 strongly in the dual of D},”’ (Q,0),
f‘fl")(z)‘p/ |2|7%dz - 0, asa — oo. (8.5)

Combining (8.4) with the aforementioned functional representation, we may write

(¢ )by ) = Z/f<')(2)0 [Tl | a](Z)IZI"‘”’dZ+0(1)
= ; /9 f;")(z)@ [Tyj‘,,/lih“] (Z)[|z|_”p _
+’Z‘ /Q 799, [Ty*i%ha

—ap
y; ]dz

WP dz + (1),

Since h,, is supported in K, each integrand is supported in /l‘lx K +y}; then, using Lemma 3.4, we see that for all a large and each

indexi=1,...,n
. _ _ —ap
‘/nf;o(z)ai [ry]./ll ha](z)[|z| ” — |yt ez
1 -
[ r¢@)|jo [y | ha]m |2Idz
| f‘i’) Lg/(9,0)||h“||Dl"’(R") =o(l)

where we have used Holder’s inequality, Lemma 3.2 and Eq. (8.5). Returning to our earlier expression, we have

—ap
V| dz+o(1)

(Pl i)y ) = ZAf;i)(Z)a[ [r;l r ha]
i=1 o’
/11 ap—2b
= ( | i'|> (an)" e / (5.4 72 | 0adx + o)
Ya Q, o

Here, we have used that, since each A, is supported in K, the cut-off 5 in the transform reduces to 1 on the integrand’s support for

all « large. Hence,
(¢l (W), hy) = Z/ g0, h,dx + o(1)
i=1 JR"

where, extending each f(fi) by 0 outside of Q,
/1' ap—2b
; n=2y—l—ap i
(D) W ey
el e

Now, bounding as in Lemma 3.1, we see that

/ |00 ax < € / 0@ 12z = 1)
R7 RN

by (8.5). Therefore, applying Holder’s inequality to the right-hand side of Eq. (8.6) we conclude

(Bl b, hy, ) =o(D).

(8.6)

Step 6. We claim that v! # 0. By contradiction, suppose that v! = 0. Then, v} — 0 weakly in D'»(R") and v} — 0 pointwise almost

everywhere. Furthermore, by the compactness of the embedding D},”’ (R", —xq) < Lfoc([R", |x + xo|”

of generality that v! — 0in L! (R").

loc

we may assume without loss

Since 4! — 0, passing to another subsequence if necessary, it follows from Proposition 4.2 that there is a set Q,, C R", which is

either R” or a half-space, such that
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1. Any compact subset of Q_ is contained in Q, for all « large.

—_\C c
2. Any compact subset of (Qw) is contained in (Qa) € O for all « large.

We may cover R"” by a countable collection C of such that if A € C then either

1. A= B(y,1/2) for some y € Q or -
2. A is compactly contained in the complement of Q.

Pick an arbitrary A in the collection C. First, if A is compactly contained in the complement of Q_, then A is disjoint from Q, for all

a large. Since v! is supported in Q,, it is clear that Vv! — 0 in LP(A).

On the other hand, if A = B(y, 1/2) for some y € Q, then, for all « large, y € Q,. Let h € C*(R") be such that

0<h<l1
h=1 inA=B@,1/2)
h=0 outside B(y, 1).

By Holder’s inequality with exponents ¢/p and conjugate ¢q/(q — p) = n/p followed by the CKN inequality (1.6),

/ 1P ]o}|“ax = / (Jrot])or] e
R supp(h)
([ ptfra)” () pafra)”
supp(h) supp(h)
p/n
sc;,ﬂ(/ |V(hui)|pdx></ ‘u}lr’dx) .
supp(h) B(y.1)

Then, using Eq. (8.3), we deduce that for all « large (so that y € Q,)

c g\ P/n
/ (17|l | dx < < ””’)” c;},/
- 2 b Jan
=2*p/

On the other hand, using that u; - 0in Lfoc(R"), we obtain

L

\% (hui) ‘pdx

8.7)

V(hvi)r’dx.

"dx + o(1)

v(hu;)(”dxgzp-'/ |h|P)vU;
R7

:2P-1/
=2! [(qb;o(u;),mvu;) +/
Rn

as a — oo. Then, by step 5, as @ — o,

A

VUilp_z(Vvl, V[IAP0}])dx + o(1)

1
Vg

qlhl”dx] +o(1)

V(hv}z)‘pdx=2”"/ |o4] 117 + o(1)
Rn

<1/
ZR’I

where we have used Eq. (8.7). Ergo, /g, V(hu;)‘pdx — 0 which implies that Vo — 0in LP(A).

Having concluded that Vvl — 0 in LP(A) for any A € C, we deduce that Vv! — 0 in Lfoc([R”). Multiplying with a cutoff function
and applying the CKN inequality (1.6), this clearly implies that v} — 0 in LfaE(R"); this contradicts Eq. (8.3).
Step 7. In contrast with the previous case a < b, it is already known that 4! = 0. Consequently, Step 7 is superfluous here.
Step 8. Since Q, — Q, and v' € D'?(Q,,), there exist a sequence of functions (y,) in Ce(Q,,) with y, € C*(Q,) for each a such that
v, = vl in DP(Q_) C DP(R™).

By Lemma 3.2, the sequence given by ¥, := 7 .
Yo

"dx + o(1)

V(hu(ll)

W, € C2(Q) satisfies

~ - 1 - 1 1
-7 v = ||z -0 < C) -0 ”
Va Yokl ' D}Z'p(R”,O) Yook (W(X )“D;"(ang) Va DIpP(R")
for some constant C > 0. Then, since y, — v' in D"?(R"),
W,—1, ,v' >0 inD(R",0) (8.8)
Yarta

Recalling Lemma 6.7, it readily follows that, up to a subsequence,

1. Vy, — 0 pointwise almost everywhere;
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2. The sequence y, — 0 weakly in D},’p (Q,0) and pointwise almost everywhere.

Step 9. We now show how to iterate to the next stage. Define

2. 1 —
u, l=u,—7, U
ot e

1

By Proposition 6.3, d);o(ul) =0in Qg and, as a« — o, we have

e = el = 1001000 = 1 oo o0
and
Bo,00(U2) = ¢ = p(vg) — P (01
¢6m(u§) -0 strongly in the dual of D}*(Q,0).
Next, consider the auxillary sequence
ﬂi = u; - Wy
which is bounded in D"(Q, 0). Since, by Step 8,
w - =y, - Ty_;,/t,; v! >0 strongly in D}P(R",0)
we see that
@) > ¢ — Pp(vy) — P (V")
@' @) -0 strongly in the dual of D.7(©Q,0).
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We may therefore apply steps 2-9 to this new sequence (i2), at each stage removing another solution /.

Step 10. At the j iteration stage, we had one of the following cases.

1. If y/. /4, is bounded then, as in the a < b case, a suitable translation of v/ solves (B).

2. If the ratio ;/a / /1{; is unbounded, then ¢/ (/) =01n a set Q. Here, either
. Q. =R" and v/ solves (C).

. Q, is a half-space, so a translated rotation of 1/ solves the limiting problem (D) in H = {x eR" : x,> O}.

The procedure terminates because, by Lemma 2.4, Palais-Smale sequences necessarily possess non-negative limiting energy and, by
Proposition 2.5, at each iteration stage, we remove a solution whose energy is uniformly strictly positive.
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