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Abstract. We establish the existence of sign-changing entire solutions to
weighted critical p-Laplace equations of the Caffarelli-Kohn-Nirenberg type.

In doing so, we investigate classes of symmetry and show that, for suitable

symmetry configurations, there exists a non-trivial solution which changes sign
and respects the corresponding prescribed symmetry. In addition, we describe

conditions under which these symmetry-types are incompatible. Especially, we

demonstrate the existence of entire nodal solutions for an infinite number of
distinct symmetry-types.

1. Introduction

In this article, we investigate the existence and symmetries of sign-changing
solutions to the weighted critical equations of the Caffarelli-Kohn-Nirenberg type:{

−div
(
|x|−ap |∇u|p−2 ∇u

)
= |x|−bq |u|q−2

u in Rn,

u ∈ D1,p
a (Rn, 0),

(1.1)

where we assume that n ≥ 4, 1 < p < n, and q is the critical Caffarelli-Kohn-
Nirenberg (henceforth abbreviated CKN) exponent, and

q :=
np

n− p(1 + a− b)
, a <

n− p

p
. and a ≤ b < a+ 1. (1.2)

Problem (1.1) is the Euler-Lagrange equation related to the CKN inequality in
Rn (see Caffarelli-Kohn-Nirenberg [3]). The space D1,p

a (Rn, 0) is the completion of
C∞

c (Rn) under the homogenous weighted norm ∥u∥D1,p
a (Rn,0) := ∥∇u∥Lp(Rn,|x|−ap) .

We refer the reader to the preface of §3, and to Chapter 2 of Chernysh [5], for more
details on D1,p

a (Rn, 0). We remark that when a = b = 0, we simply write D1,p(Rn).
In this case, (1.1) reduces to the critical p-Laplace equation{

−∆pu = |u|p
∗−2

u in Rn,

u ∈ D1,p(Rn),
(1.3)

where ∆pu := div
(
|∇u|p−2 ∇u

)
denotes the p-Laplacian, applied to a function u,

and p∗ is the critical Sobolev exponent. Should we further restrict to the case p = 2,
we recover the Yamabe problem, which is itself of important interest.

The existence of nodal solutions to these quasilinear elliptic critical equations has
been studied extensively. Addressing the literature on nodal solutions, we first and
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foremost mention the important work of Ding [34], which established the existence
of infinitely many sign-changing solutions of finite energy (i.e. solutions belonging
to D1,2(Rn)) when a = b = 0 and p = 2. Here, Ding exploited the invariance of
the unweighted critical Laplace problem under Möbius transformations. We should
also take a moment to mention that, for p = 2 and a = b = 0, other distinct
sign-changing solutions were found by Pino-Musso-Pacard-Pistoia [16] by utilizing
Lyapunov-Schmidt reduction. Other solutions were found by the same authors
in [17]. We refer the reader to the introduction of Clapp-Rios [14] for details on
why these approaches do not apply in the case p ̸= 2 and more information on
sign-changing solutions in this broad case. With regards to the case of the sphere,
we point to works of Fernández-Palmas-Petean [19], Fernández-Petean [20], and
Medina-Musso [25]. For further reference on the literature involving the existence
of nodal solutions in the context of the Yamabe problem, we direct the reader to
Premoselli-Vétois [27, §2].

With important regard to the critical p-Laplace equation (1.3), we mention that
Clapp-Rios [14] demonstrated the existence of sign-changing solutions to problem
(1.3) by studying the symmetries of test functions under the action of carefully
chosen subgroups of the orthogonal group O(n) (see also Clapp [10] for the case
with p = 2). An extension of this approach was recently used by Clapp-Faya-
Saldaña [13] for the Yamabe equation, and Clapp-Vicente-Beńıtez [12] to construct
solutions exhibiting new symmetries for (1.3) and associated competitive systems.
As for weighted equations of the Caffarelli-Kohn-Nirenberg type with subcritical
terms, we observe that Szulkin-Waliullah [31] constructed sign-changing solutions
when 0 ≤ a < b. Similar approaches have also been used in the fractional case (see,
for instance, Hernández-Santamaŕıa-Saldaña [22] and Zhang-Ma-Zheng [36]).

Our aim in this paper is twofold. First, we seek to extend the existence of sign-
changing solutions to the weighted problem (1.1) for the full range of parameters
(1.2). Second, we investigate distinct types of symmetries one might impose on a
sign-changing solution of (1.1), by generalizing the groups constructed by Clapp-
Rios [14] and Clapp-Vicente-Beńıtez [12]. To formally encode these symmetries, we
introduce the following notation. Given n ≥ 4, we write k = k(n) :=

⌊
n
2

⌋
− 1. We

will denote by m = (m1, . . . ,mk) a tuple of non-negative integers and, for an integer
α ≥ 0, we define the conditions

0 < 2χα +
∑k

j=1 mj(j + 1) ≤ n/2, (1.4)

2χα +
∑k

j=1 mj(j + 1) ̸= (n− 1)/2. (1.5)

Here, χα = 0 if α = 0 and χα = 1 otherwise. If α = 0, it is required that
m ̸= 0. As our approach relies upon the careful construction of symmetry groups, we
mention that this first technical condition (1.4) ensures that we are not prescribing
symmetries to more coordinate blocks than are available in Rn. On the other hand,
the technical requirement (1.5) ensures that every such symmetry group constructed
has sufficiently large (i.e. infinite) orbits at all non-zero x ∈ Rn with the origin as its
only fixed point. This will be a key detail in handling the balanced case a = b ̸= 0.
It should also be noted that (1.5) is the reason for the condition n ̸= 5 in Theorem
1.1. Indeed, if n = 5 then k = 1 and (1.4) can only be satisfied for α = 0 with and
m1 = 1 or α = 1 with and m = 0. However, neither configuration satisfies (1.5).

Roughly speaking, the tuple m will encode a precise symmetry configuration
describing symmetry under synchronous rotations in specified coordinate tuples,
anti-symmetry with respect to reflections and coordinate cycling, and symmetry
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under isometries of other coordinates. The jth entry mj of the tuple m will define
how many distinct actions occur on coordinate tuples of length 2(j + 1). The
parameter α ≥ 0 dictates the number of “pinwheel-type”-symmetries the function
will possess (see also Clapp-Vicente-Beńıtez [12]). We note that for each index j,
these prescribed symmetries act upon distinct and independent coordinate blocks,
and condition (1.4) serves only to ensure there are enough coordinates for these
symmetries to be well defined. The parameter α is responsible for bringing an
infinity of distinctive m-type symmetries to solutions of (1.1). We refer the reader
to §2 for the precise definition of an (α,m)-symmetric function. However, we point
out that the solutions of (1.3) obtained in Clapp-Rios [14] are all of (0,m)-type
symmetry for m = (j,0), with j ≥ 1. In the case of Clapp-Vicente-Beńıtez [12], no
information is available on the symmetries the solutions satisfy in the last (n− 4)-
coordinates, although the (α,m)-symmetric solutions we produce are certain to
include solutions with new symmetries.

Our main result states that there exist solutions with (α,m)-symmetry, corre-
sponding to every pair (α,m) satisfying (1.4) and, if a = b ̸= 0, condition (1.5).

Theorem 1.1. Fix a dimension n ≥ 4, let α ≥ 0 be an integer, and m be a tuple
of non-negative integers such that (α,m) satisfies (1.4).

(1) When a < b or a = b = 0, there exists a non-trivial sign-changing solution
uα,m to (1.1) which is (α,m)-symmetric.

(2) When a = b ̸= 0, n ̸= 5, and (α,m) satisfies condition (1.5), there exists a
non-trivial sign-changing solution uα,m to (1.1) which is (α,m)-symmetric.

Moreover, for any (β, n) satisfying (1.4):

(i) if α ̸= β then uα,m ̸= uβ,n,
(ii) if α = β and m ̸= n, then uα,m ̸= uβ,n provided gcd(m, n) = 1.

In this theorem, we are defining for m ̸= n satisfying (1.4)

gcd(m, n) :=

{
1 if m ≲ n or n ≲ m,

max {gcd(j + 1, ℓ+ 1) : mj ̸= 0, nℓ ̸= 0, ℓ ̸= j} otherwise.
(1.6)

In the above, we declare that m ≲ n if there exists an index ℓ such that mj = nj

for all j < ℓ, mℓ ≤ nℓ, and mj = 0 for all ℓ > j. Notice that if m ̸= n and the
coordinates of m and n are non-zero only on indices j for which (j + 1) is prime,
then automatically gcd(m, n) = 1.

To the best of the author’s knowledge, Theorem 1.1 is the first result giving
the existence of entire nodal solutions to the Caffarelli-Kohn-Nirenberg problem
(1.1) for the whole range of parameters (1.2). Aside from this important existence
question, the main strength of Theorem 1.1 is in its ability to prescribe various mu-
tually exclusive symmetry-types to solutions of (1.1). In fact, by varying α ≥ 0 for
each fixed tuple m, Theorem 1.1 guarantees the existence of (α,m)-symmetric entire
nodal solutions to (1.1) for an infinite number of distinct symmetry configurations.
We wish to emphasize that, without some condition such as (i)-(ii) in this last the-
orem, it is impossible to distinguish the constructed solutions by their symmetries
alone. We point the reader towards Remark 2.2 for an instance of a non-trivial func-
tion simultaneously satisfying a (0, (2,0))-symmetry and a (0, (0, 0, 1,0))-symmetry.
Notice that in this case, both (i) and (ii) fail to apply. As for the solutions con-
structed in Szulkin-Waliullah [31], we mention that the prescribed symmetries of
these solutions are exclusive to two coordinates only.
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We also observe that, to the author’s knowledge, Theorem 1.1 guarantees the
existence of new sign-changing solutions to the critical p-Laplace equation (1.3)
and, especially, the Yamabe problem. What is more, for fixed α ≥ 0, if we restrict
ourselves only to m such that mj ̸= 0 if and only if (j+1) is prime, then we automat-
ically obtain solutions with incompatible symmetries by Theorem 1.1-(ii). In the
case of symmetries acting exclusively on a prime number of complex coordinates,
the possible choices S(n) of m satisfying (1.4)-(1.5) is asymptotically in the order
of

S(n) ∼ exp

(
π
√
2n√

3 ln(n/2)

)
by Ramanujan [28, Page 260].

Next, we wish to acknowledge the presence of an additional requirement for
our construction of a non-trivial nodal solution to (1.1) when a = b ̸= 0. This
requirement is a direct consequence of the particularities present in the bubble
tree decomposition for Palais-Smale sequences established in Chernysh [6] for the
Caffarelli-Kohn-Nirenberg problem (1.1). It is the nature of this decomposition,
together with the inherent lack of translation invariance for (1.1), which contributes
this technical requirement. We note that this detail is further elaborated upon in
§1.1, where we discuss the proof aspects with greater precision.

Bringing our attention to positive solutions of (1.1), much can be said regarding
their classification. Firstly, when a = b = 0, all positive solutions to problem (1.1)
have been shown to be radially symmetric and an explicit form has been determined.
This was demonstrated by Caffarelli, Gidas and Spruck [2] in the case p = 2, by
Damascelli, Merchán, Montoro and Sciunzi [15] for 2n

n+2 ≤ p < 2, by Vétois [32]

for 1 < p < 2, and finally by Sciunzi [29] for 2 < p < n. We also observe that
significant work has been put forth in the direction of extending this classification to
positive solutions of (1.3), without the assumption that the solutions lie in D1,p(Rn).
Indeed, we point to the papers of Catino-Monticelli-Roncoroni [4], Ou [26], Vétois
[33] and Sun-Wang [30]. Recently, Ciraolo-Gatti [8] established such a classification
for positive local solutions of (1.3), under certain boundedness or growth conditions.

In the weighted setting (i.e. when (a, b) ̸= (0, 0)), the classification of positive
solutions to (1.1) has been established in certain special cases. For instance, when
b ̸= a = 0, Ghoussoub-Yuan [21] determined an explicit form for every positive ra-
dial solution of (1.1). In the case p = 2, Dolbeault-Esteban [18] provided an explicit
form (demonstrating, in particular, radial symmetry) for every positive solution to
(1.1) in the non-limiting case a < b, provided a and b satisfy certain conditions.
In dimensions n ≥ 3, Ciraolo-Corso [7] extended this classification to include all
1 < p < n when a = b ≥ 0, as well as a wider range of possible values for a, b
provided p < n/2. Additionally, Le-Le [24] later showed that, when a = 0, all pos-
itive solutions of (1.1) are radial and therefore classified by Ghoussoub-Yuan [21].
With regards to classifying positive local solutions of (1.1) (e.g. positive solutions
which, a priori, need not live in D1,p

a (Rn, 0)), we direct the reader to the paper of
Ciraolo-Polvara [9]. We refer the reader to §1.1.1 of [6] for further historical context
regarding the classification of solutions to (1.1).

1.1. Notation and Proof Discussions. Throughout this paper, G denotes a
closed subgroup of O(n). Given a point x ∈ Rn, we shall write OrbG(x) and
StabG(x) to denote the orbit of x and stabilizer of x, respectively, under the action
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of G. That is, given x ∈ Rn we define

OrbG(x) := {gx : g ∈ G} and StabG(x) := {g ∈ G : gx = x} .
A subset Ω ⊆ Rn is said to be G-invariant provided

OrbG(Ω) :=
⋃
x∈Ω

OrbG(x) ⊆ Ω.

Of course, this is equivalent to requiring that OrbG(Ω) = Ω. If Ω is a G-invariant
domain, a function u : Ω → R will be called G-invariant if

u(gx) = u(x), ∀g ∈ G, x ∈ Ω.

For the remainder of this paper, whenever a subgroup G of O(n) is present, Ω ⊆ Rn

will be assumed to be G-invariant containing the origin.
Given a subgroup G of O(n), a continuous group homomorphism ϕ : G → {±1},

and a G-invariant domain Ω ⊆ Rn, a test function u ∈ C∞
c (Ω) will be called ϕ-

equivariant if

u(gx) = ϕ(g)u(x), ∀g ∈ G, x ∈ Ω.

We shall denote by C∞
c (Ω)ϕ the vector space consisting of all ϕ-equivariant functions

in C∞
c (Ω). For the proof of Theorem 1.1, we construct suitable subgroups G of O(n)

along with continuous group homomorphisms ϕ : G → {±1} such that the following
important properties hold.

(P1) There exists ξ ∈ Rn such that StabG(ξ) ⊆ kerϕ.
(P2) ϕ is surjective.

These two properties follow those employed within Clapp-Rios [14]. Property (P1)
is crucial to the argument as it ensures that the space of ϕ-equivariant test func-
tions C∞

c (Ω)ϕ is non-trivial, and hence infinite dimensional; see Bracho-Clapp-
Marzantowicz [1, page 195]. For the limit case a = b ̸= 0 in the problem parameters,
we must impose the following additional constraint on the subgroup G:

(P3) For each x ∈ Rn \ {0}, the orbit OrbG(x) is infinite.

Condition (P3) is a subtle, and yet important, distinction from that present in
Clapp-Rios [14]. Indeed, within this paper, the authors allow the subgroup G to
satisfy either dim(OrbG(x)) > 0 or OrbG(x) = {x}, for every x ∈ Rn. However,
within the weighted case with a = b ̸= 0, it is crucial that we ensure the orbit
OrbG(x) be infinite for x ̸= 0. This is because, by the Struwe-type decomposition for
weighted critical p-Laplace equations from [6], solutions to (1.1) when a = b ̸= 0 are
produced precisely when concentration occurs at the origin at a sufficient rate (see
[6, Theorem 2]). Consequently, in order to ensure that our process yields solutions
to the weighted problem in Rn, we must enforce concentration at the origin by
requiring that the origin be the only point fixed by the action of G. Without the
strengthened condition (P3), there is the possibility that our procedure produces
solutions to an unweighted problem, either in Rn or a half-space. In sharp contrast,
however, when a < b, all concentration must automatically take place at the origin
(see [6, Theorem 1]) which renders condition (P3) superfluous, thereby allowing us
to construct more solutions.

The remainder of this paper is delegated to the proof of Theorem 1.1. In the
next section, we construct suitable subgroups G of O(n) along with associated
homomorphisms G → {±1}. Our construction generalizes that of Clapp-Rios [14]
and Clapp-Vicente-Beńıtez [12], most notably by considering combinations of group
actions on complex tuples whose length is any integer larger than 1, rather than
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only actions on pairs of complex coordinates. Following this, we prove that solutions
may be distinguished by their symmetry-types, i.e. we establish the second part
of Theorem 1.1. To achieve this, we utilize a binary coding scheme to encode the
coordinates with respect to which our equivariant solutions are rotationally invariant
in order to deduce that these solutions satisfy mutually exclusive symmetry-types.

Afterwards, in §3, we show that symmetric Palais-Smale sequences may be con-
structed at suitable energy levels which we shall exploit to demonstrate the exis-
tence of sign-changing solutions. Using these sequences, we employ a modified sym-
metrized analogue of the Struwe-type decomposition for weighted critical p-Laplace
equations to extract a non-trivial solution to a symmetrized version of (1.1). We
then show that this solution also solves the problem (1.1) itself.

2. Constructing Admissible Symmetry Groups

In this section, we construct the subgroups of O(n) needed to produce the sym-
metric Palais-Smale sequences required within §3-4 of this paper. As stated in the
introduction, our groups generalize those obtained by Clapp-Rios [14] and Clapp-
Vicente-Beńıtez [12] by incorporating actions involving non-trivial tuples of complex
coordinates of arbitrary length.

Henceforth, we fix a dimension n ≥ 4 and put k = k(n) := ⌊n/2⌋ − 1.

2.1. Building Groups of Prescribed Symmetry. For each integer j ≥ 1, we
define an R-linear isometry of R2(j+1) ∼= Cj+1 given by

ρj : Cj+1 → Cj+1, (z1, . . . , zj+1) 7→ (−zj+1, z1, . . . , zj). (2.1)

Clearly, ρℓj contains a non-trivial permutation of the coordinates (z1, . . . , zj+1) un-

less ℓ ≡ 0 mod (j + 1). Furthermore, when j + 1 is even, there holds for z ∈ Cj+1,

ρj+1
j (z) = −z and ρ

2(j+1)
j (z) = z

On the other hand, it is easily seen that if j + 1 is odd:

ρj+1
j (z1, . . . , zj+1) = (−z̄1,−z̄2, . . . ,−zj+1) and ρ

2(j+1)
j (z) = z.

Regardless, ρj has order 2(j + 1) for each j ≥ 1. Additionally, we allow rotations
to act upon the coordinates of Cj+1 in the synchronous coordinate-wise manner:

eiθ(z1, . . . , zj+1) := (eiθz1, . . . , e
iθzj+1),

for θ ∈ [0, 2π). Define Γj to be the subgroup of O(2(j + 1)), acting upon the

coordinates of R2(j+1) ∼= Cj+1, generated by these rotations and the map ρj . We
emphasize that, when j = 1, this idea comes from Clapp [10] and Clapp-Rios [14].

An easy calculation shows that, for each θ ∈ [0, 2π),

eiθρj(z1, . . . , zj+1) = eiθ(−zj+1, z̄1, . . . , zj) = (−eiθzj+1, e
iθ z̄1, . . . , e

iθzjj)

= (−e−iθzj+1, e−iθz1, . . . , e−iθzj)

= ρje
i(−θ)(z1, . . . , zj+1)

= ρje
i(2π−θ)(z1, . . . , zj+1).

Consequently, rotations permute with ρj up to a change in angle in the sense that

eiθρj = ρje
i(2π−θ). In the event that j + 1 is even, we have ρj+1

j (z) = −z whence

ρj+1
j = eiπ is a rotation. However, for all (j + 1)-odd, no composition of ρj can be

realized as a rotation (except the identity). It follows from these observations that
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Γj consists precisely of those linear isometries g ∈ O(2(j + 1)) uniquely expressible
in the form{

g = ρεje
iθ, ε ∈ {0, 1, . . . , j}, θ ∈ [0, 2π) if j + 1 is even,

g = ρεje
iθ, ε ∈ {0, 1, . . . , 2j + 1}, θ ∈ [0, 2π) if j + 1 is odd.

(2.2)

This representation allows us to define a mapping

ϕj : Γj → {±1}, g 7→ (−1)ε,

where g is expressed uniquely as in (2.2); clearly, this is a group homomorphism.
Moreover, ϕj is continuous being that it is a homomorphism of topological groups
that is continuous at the identity. Indeed, consider ηj := (1 + i, 1, 0 . . . , 0) ∈ Cj+1

and write g ∈ Γj according to (2.2). If (j+1) is even and ε > 0, then |gηj − ηj | ≥ 1
implying that any g sufficiently close to the identity belongs to the kernel of ϕj .
Similarly, when (j+1) is odd, we clearly have |gηj − ηj | ≥ 1 unless ε = 0 or ε = j+1.
When ε = j + 1, direct computation shows that

|gηj − ηj |2 = 6− 4 sin(θ) + 2 cos(θ) ≥ 6− 2
√
5.

Thus, again in this case, any g ∈ Γj sufficiently close to the identity lies in the
kernel of ϕj . This demonstrates the continuity of ϕj on Γj .

2.1.1. Incorporating Pinwheel-type Symmetries. In the following, we borrow ideas
from Clapp-Vicente-Beńıtez [12] (see also Clapp-Faya-Saldanã [13], and Clapp-
Saldaña-Soares-Beńıtez [11]) in order to produce solutions satisfying a “pinwheel-
type” symmetry within the weighted case. We remark that whether or not we
incorporate such a symmetry is encoded by the value of α from Theorem 1.1. More
precisely, α will determine the number of “pins” within the symmetry class of our
solution.

As in the paper of Clapp-Vicente-Beńıtez [12], we begin by considering an action
on C2 ∼= R4. We allow the unit circle to act upon C2 via asynchronous rotation:

eiθ(z1, z2) := (eiθz1, e
−iθz2).

Next, given a non-negative integer α and β ∈ N, we adopt the transformation

ϱβα : C2 → C2, z 7→ cos

(
βπ

2α+1

)
z + sin

(
βπ

2α+1

)
ρ1(z).

For convenience, we write ϱα := ϱ1α. As illustrated in Clapp-Vicente-Beńıtez [12],
ϱα commutes with these rotations and, moreover, ϱα has order 2α+2. In fact, there
holds ϱβαϱ

β′

α = ϱβ+β′

α . If α = 0, let

Υα = {I}

where I denotes the identity of O(n). Otherwise, let Υα denote the copy in O(n)
of the O(4)-subgroup generated by ϱα and these rotations. Next, by the relations
above, the mapping

φα : Υα → {±1}
induced by the rules φα(e

iθ) := 1 and φα(ϱα) := −1 is a well defined group ho-
momorphism. If α = 0, we let φα be the trivial homomorphism. Notice (see, for
instance, Clapp-Vicente-Beńıtez [12]) that Υα is compact in O(n) and φα is contin-
uous. Furthermore, it is easy to see that the point (1, 0) ∈ C2 satisfies the condition
StabΥα

(1, 0) ⊆ kerφα.
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2.2. Group Construction. Fix now a dimension n ≥ 4 and a non-negative integer
α. Suppose we are given a tuple m := (m1, . . . ,mk) of non-negative integers and
define the following conditions:

Assume henceforth that (1.4) is satisfied. For each index j = 1, . . . , k, we denote
by Γj,ℓ, with ℓ = 1, . . . ,mj , the copy of Γj in O(n) acting upon the coordinates of
Rn indexed by {∑j−1

ι=1 2mι(ι+ 1) + 2(ℓ− 1)(j + 1) + 5 if α > 0,∑j−1
ι=1 2mι(ι+ 1) + 2(ℓ− 1)(j + 1) + 1 if α = 0,

through {∑j−1
ι=1 2mι(ι+ 1) + 2ℓ(j + 1) + 4 if α > 0,∑j−1
ι=1 2mι(ι+ 1) + 2ℓ(j + 1) if α = 0.

Since Γj,ℓ is an isomorphic copy of Γj , we may abuse notation and view ϕj as a
group homomorphism Γj,ℓ → {±1} in the natural way.

According to this scheme, given any non-negative integer α and m such that
(α,m) satisfies (1.4), we define a subgroup Gα,m of O(n) by putting

Gα,m := ΥαΛα,m

k∏
j=1

mj∏
ℓ=1

Γj,ℓ, (2.3)

where Λα,m is a copy of the orthogonal group:

Λα,m
∼=


O
(
n− 4− 2

∑k
j=1 mj(j + 1)

)
if α > 0 and (1.5) holds,

O
(
n− 2

∑k
j=1 mj(j + 1)

)
if α = 0 and (1.5) holds,

{I} if (1.5) fails

acting on the remaining coordinates of Rn, untouched by all of the Γj,ℓ and Υα.
Observe that Gα,m is indeed a well defined subgroup of O(n) since it is the product
of subgroups of O(n), with each subgroup commuting with the others.

It is apparent from the definition in (2.3) that each g ∈ Gα,m may be uniquely
expressed as a product of commutative factors belonging to the respective subgroups
appearing in the definition of Gα,m, in the sense that

g = υαg0

k∏
j=1

mj∏
ℓ=1

γj,ℓ, υα ∈ Υα, g0 ∈ Λα,m, γj,ℓ ∈ Γj,ℓ. (2.4)

Consequently, we define a group homomorphism ϕα,m : Gα,m → {±1} by allowing
each ϕj to act on the factors of g belonging to the copies of Γj , i.e.

ϕα,m(g) := φα(υα)

k∏
j=1

mj∏
ℓ=1

ϕj(γj,ℓ),

where g is expressed as in (2.4).
Before we proceed with some essential lemmas regarding the properties of the

pairs (Gα,m, ϕα,m) constructed above, let us formally encode some notation which
is utilized in the statement Theorem 1.1.

Definition 2.1. Maintaining the aforedescribed notation, a function u : Rn → R
will be said to be (α,m)-symmetric if it is ϕα,m-equivariant.
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Roughly speaking, an m-type symmetry describes in which ways the solution u,
with respect to the remaining coordinates not affected by Υα, may be synchronously
rotated, reflected, and coordinate swapped in relation to the function’s sign. Fur-
thermore, as we shall later demonstrate, these indeed give rise to distinct and in-
compatible symmetries, in contexts where the assumptions stated in the second part
of Theorem 1.1 hold.

Remark 2.2. It is natural to ask whether one must impose some condition on m
and n, as in Theorem 1.1-(ii), to distinguish the solutions when α = β. Without
any additional condition, there is no way, in general, to distinguish these solutions
using the symmetries alone. For instance, the mapping

R8 ∼= C4 → R, z 7→ ℑ (z1z2z3z4)

is an example of a non-trivial function which is both (0, (2,0))-symmetric and
(0, (0, 0, 1,0))-symmetric. Here, ℑ(z) denotes the imaginary part of a complex
number z. Consequently, if we allow for actions on a composite number of complex
coordinates, there is no way, in general, to distinguish the resulting symmetry-types.
In addition, to show that our imposed symmetries are mutually exclusive, we utilize
a binary coding scheme together with a gcd-argument requiring that we compare
symmetries on a coprime number coordinates. We refer the reader to Lemmas 2.5
and 2.6, as well as Proposition 2.7 for the concrete arguments.

Next, we show that the group and homomorphism pairs constructed above satisfy
(P1)-(P2) whenever condition (1.4) holds. In addition, we verify that (1.5) implies
property (P3).

Lemma 2.3. Let n ≥ 4, α ≥ 0 an integer, and m := (m1, . . . ,mk) be a tuple of non-
negative integers such that (α,m) satisfies (1.4). Then, the group Gα,m defined in
(2.3) is a closed subgroup of O(n), and (Gα,m, ϕα,m) satisfies conditions (P1)-(P2).
Furthermore, if (α,m) satisfies (1.5), then (P3) holds true.

Proof. We only explicitly treat the case α > 0, since a direct adaptation of this
argument applies in the special case α = 0 (see also the end of this proof for
comments on how the proof is adapted in this case).

First we demonstrate that Gα,m is a closed subgroup of O(n). Indeed, owing
to the fact that each ρj has finite order, and the set of actions by rotation form a
continuous copy of the unit circle in O(2(j+1)), it is easy to see that Γj is compact
in O(2(j+1)). It follows that each Γj,ℓ is compact in O(n). By Tychonoff’s theorem

and continuity of the group operation on O(n), we infer that Υα

∏k
j=1

∏mj

ℓ=1 Γj,ℓ is

compact in O(n). Then, since Λα,m is closed in O(n), it follows from standard
theory on topological groups (see Hewitt-Ross [23]) that Gα,m is closed in O(n),
which verifies our first assertion.

By construction, ϕα,m is surjective and hence criterion (P2) holds true. In
addition, it is easy to see that ϕα,m is continuous on Gα,m since, by our discus-
sions in §2.1-§2.1.1, φα and each ϕj are continuous. To see that the property
(P1) holds, let e = (1, 0) ∈ C2 and define for each index j = 1, . . . , k the point
ξj = (1 + i, 1, . . . , 1) ∈ Cj+1; consider

ξ = (e, ξ1, . . . , ξ1, . . . , ξk, . . . , ξk, w) ∈ C2 ×

(
k∏

j=1

Cmj(j+1)

)
× Rn−4−2

∑k
j=1 mj(j+1),

with w ∈ Rn−4−2
∑k

j=1 mj(j+1) arbitrary. Above, we emphasize that each ξj appears
exactly mj-times in the tuple defining ξ. We claim that StabGα,m(ξ) ⊆ kerϕα,m.
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Certainly, express any g ∈ StabGα,m
(ξ) according to (2.4) and observe that gξ = ξ

forces υαe = e and γj,ℓξj = ξj for all j = 1, . . . , k and ℓ = 1, . . . ,mj . By our
comments at the end of §2.1.1, we have υα ∈ kerφα. For each admissible pair j, ℓ,
write γj,ℓ in the form of (2.2). That is, γj,ℓ = ρ

εj,ℓ
j,ℓ eiθj,ℓ with εj,ℓ ∈ {0, 1, . . . , j} if

j + 1 is even and εj,ℓ ∈ {0, 1, . . . , 2j + 1} otherwise. Here, ρj,ℓ denotes the copy
of ρj acting upon the coordinates treated by Γj,ℓ

∼= Γj . Note that, because ρ
εj,ℓ
j,ℓ

shuffles coordinates unless εj,ℓ ≡ 0 mod (j + 1), we must have either εj,ℓ = 0 or
εj,ℓ = j + 1. If j + 1 is even, the only possibility is εj,ℓ = 0. If j + 1 is odd, then in
the event that εj,ℓ = j + 1, the equality ρ

εj,ℓ
j,ℓ eiθj,ℓξj = ξj reduces to(

−e−iθj,ℓ(1− i),−e−iθj,ℓ ,−e−iθj,ℓ , . . . ,−e−iθj,ℓ
)
= (1 + i, 1, 1, . . . , 1)

which admits no possible solutions. Consequently, each εj,ℓ = 0 whence g ∈ kerϕα,m

by construction. This verifies (P1).
It remains to establish (P3) when (α,m) satisfies the additional condition (1.5).

To this end, notice that for any

x = (z, ζ1,1, . . . , ζ1,m1 , . . . , ζk,1, . . . , ζk,mk , w) ∈ C2×

(
k∏

j=1

Cmj(j+1)

)
×Rn−4−2

∑k
j=1 mj(j+1)

there holds

OrbGα,m
(x) = Υαz ×

 k∏
j=1

mj∏
ℓ=1

Γj,ℓζj,ℓ

× Λα,mw. (2.5)

Thus, so long as x ̸= 0, the cardinality of OrbG(x) shall be infinite because condition

(1.5) ensures that Λα,m is infinite in the case n ̸= 4 + 2
∑k

j=1 mj(j + 1). This

demonstrates (P3) and concludes the proof.
In the case α = 0, we proceed in the same way as above. Indeed, by the same

reasoning as before, for α = 0 and m satisfying (1.4), the group Gα,m given by (2.3)
defines a closed subgroup of O(n). The corresponding homomorphism is obviously
surjective by construction. To verify the stabilizer condition (P1), we use the same
argument as in the case α = 0, but omitting the point e ∈ C2 and only including the
required copies of ξj ∈ Cj+1 within the definition of ξ. If (α,m) satisfies (1.4)-(1.5)
with α = 0, then the orbit of a point x = (ζ1,1, . . . , ζ1,m1

, . . . , ζk,1, . . . , ζk,mk
, w) is

given by

OrbGα,m
(x) =

 k∏
j=1

mj∏
ℓ=1

Γj,ℓζj,ℓ

× Λα,mw,

and hence (P3) holds true by the same logic as for the case α > 0. □

2.3. The Distinguishing of Symmetry Configurations. We now turn towards
the task of investigating when the symmetry-types (α,m) satisfying (1.4) are in-
compatible. To achieve this, we leverage a structure which we call a t-code.

For any positive integer t, given a binary vector c := (c1, . . . , ct) ∈ Zt
2, we shall

write c̃ to denote the cycle of c given by

c̃ := (ct, c1, . . . , ct−1).

Definition 2.4. A t-code is a subset C of the vector space Zt
2 such that

(1) If c, c′ ∈ C with c ≤ c′ (meaning cj ≤ c′j for all j = 1, . . . , t) then c+ c′ ∈ C.
(2) c̃ ∈ C for each c ∈ C.

An element c ∈ C is called a codeword (of C).
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Given an arbitrary integer 0 ≤ r ≤ t, it will be convenient to associate it with
the codeword

vr := (1, 1, . . . , 1, 0, 0, . . . , 0) ∈ Zt
2,

whose first r-coordinates are 1 and the remaining (t − r)-coordinates are 0. Note
that v0 is simply the zero codeword while vt is the codeword consisting entirely of
ones.

Before presenting the main lemma of this subsection, we make a simple obser-
vation. If r ≤ s ≤ t are non-negative integers and vr, vs ∈ C where C is a t-code,
then vs−r ∈ C. Indeed, if vr, vs ∈ C then vr + vs ∈ C and repeatedly cycling vr + vs
yields vs−r ∈ C.

Lemma 2.5. Let r < s ≤ t be positive integers such that gcd(r, s) = 1. Suppose
that C is a t-code containing both vr and vs. Then, C contains the standard basis of
Zt
2.

Proof. Since C is closed under cycling, it suffices to show that v1 = (1, 0, . . . , 0) ∈ C.
If r = 1 there is nothing to show. Otherwise, we write

s = k1r + r1

for a non-negative integer k1 and an integer remainder 0 < r1 < r. Then, since
vr, vs ∈ C we see that vs−k1r = vr1 ∈ C. If r1 = 1 then we are done. Otherwise, we
continue and write

r = k2r1 + r2

for a non-negative integer k2 and an integer remainder 0 < r2 < r1. Since vr ∈ C
and vr1 ∈ C, we also have that vr−k2r1 = vr2 ∈ C. Again, if r2 = 1 then we
are done. Otherwise, continuing this process, since gcd(r, s) = 1 the Euclidean
algorithm guarantees that, eventually, we have a remainder of 1. So v1 ∈ C and we
are done. □

2.4. Rotation Codewords. Keeping with the notation presented in this section,
let α ≥ 0 be an integer and m a tuple such that (α,m) satisfies (1.4). Let 1 ≤ j ≤ k
be such that mj > 0. Fix an index ℓ ∈ {1, . . . ,mj} and denote by (z1, z2, . . . , zj+1)
the (complex) coordinates the group Γj,ℓ ⊆ Gα,m acts upon. Then, any x ∈ Rn

may be expressed as x = (w1, z1, . . . , zj+1, w2), where w1 and w2 are real tuples
containing, respectively, the coordinates of x before and after (z1, . . . , zj+1).

Given a binary codeword c = (c1, . . . , cj+1) ∈ Zj+1
2 of length (j + 1), we define a

rotation operator

Rα,m,j,ℓ
c (θ) : Rn → Rn, (w1, z1, . . . , zj+1, w2) 7→ (w1, e

c1iθz1, . . . , e
cj+1iθzj+1, w2).

The key observation is that the set of all c ∈ Zj+1
2 such that u is invariant under

Rα,m,j,ℓ
c (θ) is itself a (j + 1)-code.

Lemma 2.6. Let n ≥ 4 and (α,m) be a pair for which (1.4) holds. Suppose 1 ≤
j ≤ k is an index such that mj > 0 and fix ℓ ∈ {1, . . . ,mj}. Assume u is (α,m)-

symmetric and let C be the set of all binary codewords c ∈ Zj+1
2 such that

u(Rα,m,j,ℓ
c (θ)x) = u(x)

for all x ∈ Rn and θ ∈ [0, 2π). Then, C is a (j + 1)-code.
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Proof. For concision, let us write Rc(θ) := Rα,m,j,ℓ
c (θ) for the duration of the proof.

Clearly, C contains (0, 0, . . . , 0) by definition. If c, c′ ∈ C with c ≤ c′ then c+ c′ ∈ C
since

Rc(−θ)Rc′(θ)(w1, z1, . . . , zj+1, w2) = (w1, e
(c′1−c1)iθz1, . . . , e

(c′j+1−cj+1)iθzj+1, w2)

= Rc+c′(θ)(w1, z1, . . . , zj+1, w2)

where c+ c′ is computed in Zj+1
2 . Next, to show C is closed under cycling, we write

ρjRc(−θ)ρ−1
j (w1, z1, . . . , zj+1, w2) = ρjRc(−θ)(w1, z2, . . . , zj+1,−z1, w2)

= ρj(w1, e
−iθc1z2, . . . , e

−iθcjzj+1,−e−iθcj+1z1, w2)

= (w1, e
iθcj+1z1, e

iθc1z2, . . . , e
iθcjzj+1, w2)

= Rc̃(θ)x.

In the above, ρj = ρj,ℓ is the copy of ρj ∈ Γj appearing in Γj,ℓ. Thus, c̃ ∈ C and we
are done. □

Proposition 2.7. Fix a dimension n ≥ 4. Let (α,m) and (β, n) be pairs such that
each satisfies condition (1.4). Assume that u : Rn → R is (α,m)-symmetric and
(β, n)-symmetric. If α = β and m ̸= n, then u vanishes identically if gcd(m, n) = 1.

Proof. We may assume without harm to the proof that α = β = 0 (otherwise we
consider only the coordinates (x5, x6, . . . , xn) of x). By hypothesis, m ̸= n. Thus,
there exists a minimal index j ∈ {1, . . . , k} such that nj ̸= mj . Without loss of
generality, suppose we are in the case mj < nj . We now distinguish two possible
settings.

(1) If mℓ = 0 for all indices ℓ > j then, owing to the fact that mj < nj , there
exists a copy of ρj acting on 2(j + 1)-coordinates such that

u(ρjx) = u(x) and u(ρjx) = −u(x), ∀x ∈ Rn,

where the first identity arises from the ϕα,m-equivariance of u and the second
comes from the ϕβ,n-equivariance. We conclude that u ≡ 0.

(2) Otherwise, let ℓ > j be the minimal index for which mℓ > 0. In this case,
there exists a tuple consisting of 2(ℓ+1)-coordinates on which a copy of Γℓ

acts, but for which the first 2(j + 1)-coordinates are acted upon by a copy
of Γj .

Let now C denote the set of all binary codewords c ∈ Zℓ+1
2 such that

u(Rα,m,ℓ,1
c (θ)x) = u(x), ∀θ ∈ [0, 2π)

and all x ∈ Rn. By Lemma 2.6, C is a (ℓ + 1)-code. From the isomorphic
copies of Γℓ and Γj , it is automatic that vj+1, vℓ+1 ∈ C. Observe that the
condition gcd(m, n) = 1 enforces gcd(ℓ + 1, j + 1) = 1. An application

of Lemma 2.5 implies that C contains the standard basis of Zℓ+1
2 , thereby

ensuring that u is invariant under rotations in each individual (complex)
coordinate acted upon by the aforementioned copy of Γℓ.

By the aforementioned gcd-condition, at least one of ℓ+ 1 or j + 1 must
be odd. Thus, we are reduced to two cases.
(a) If (ℓ+ 1) is odd, then

u(w1, z1, . . . , zℓ+1, w2) = −u(ρℓ+1
ℓ (w1, z1, . . . , zℓ+1, w2))

= −u(w1,−z1, . . . ,−zℓ+1, w2)
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for any (w1, z1, . . . , zℓ+1, w2) ∈ Rn. But then, since u is invariant under
rotations in each of the (complex) coordinates z1, . . . , zℓ+1, it follows
that

u(w1,−z1, . . . ,−zℓ+1, w2) = u(w1, z1, . . . , zℓ+1, w2).

Combining the last two equations, we get

u(w1, z1, . . . , zℓ+1, w2) = −u(w1, z1, . . . , zℓ+1, w2).

We conclude that u ≡ 0.
(b) If (j + 1) is odd then, by the same argument,

u(w1, z1, . . . , zj+1, w2) = −u(ρj+1
j (w1, z1, . . . , zj+1, w2))

= −u(w1,−z1, . . . ,−zj+1, w2)

for any (w1, z1, . . . , zℓ+1, w2) ∈ Rn. Using that u is rotation invariant
in each of the coordinates z1, . . . , zj+1, . . . , zℓ+1, we again find that

u(w1,−z1, . . . ,−zj+1, w2) = u(w1, z1, . . . , zj+1, w2).

As before, we obtain

u(w1, z1, . . . , zj+1, w2) = −u(w1, z1, . . . , zj+1, w2).

Ergo, u ≡ 0.
In any case, we deduce that u ≡ 0 which completes the proof.

□

Proposition 2.8. Let n ≥ 4 and suppose (α,m) and (β, n) are two tuples, each
satisfying (1.4). Let u : Rn → R be (α,m)-symmetric and (β, n)-symmetric. If
α ̸= β, then u vanishes identically.

Proof. Since α ̸= β, we may assume without loss of generality that α < β. In this
case, we must distinguish between α = 0 and α > 0. In the latter case, we have

ϱα = ϱ2
β−α

β implying that, for all x ∈ Rn,

u(x) = u(ϱ2
β−α

β (x)) = u(ϱα(x)) = −u(x),

where the first equality uses the (β, n)-symmetry of u and the final equality invokes
the (α,m)-symmetry. Consequently, we infer that u ≡ 0.

If instead α = 0, then observing that ϱ2
β

β = ρ1 yields a similar contradiction
provided m1 ̸= 0. Indeed,

u(x) = u(ϱ2
β

β (x)) = u(ρ1(x)) = −u(x)

whence u ≡ 0. It remains to treat the setting where 0 = α < β and m1 = 0. In
this case, let j > 1 be minimal such that mj ̸= 0. Denote by (z1, z2, . . . , zj+1) the
complex coordinates acted upon by the first copy of Γj in Gα,m. Then, for any

x = (z1, . . . , zj+1, w) ∈ Rn ∼= Cj+1 × Rn−2(j+1), there holds

u(x) = u(eiθz1, . . . , e
iθzj+1, w) (2.6)

for any θ ∈ R, by virtue of the (α,m)-symmetry. Owing to the (β, n)-symmetry, we
also have

u(x) = u(eiθz1, e
−iθz2, z3, . . . , zj+1, w)
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for all angles θ ∈ R. By following the argument in Lemma 2.6 (i.e. conjugating the
above rotations by the copy of ρj in Gα,m acting on the coordinates (z1, . . . , zj+1)),
we see that

u(x) = u(eiθz1, e
−iθz2, z3, . . . , zj , zj+1, w) (E.1)

= u(z1, e
iθz2, e

−iθz3, z4, . . . , zj , zj+1, w) (E.2)

= u(z1, z2, e
iθz3, e

−iθz4, . . . , zj , zj+1, w) (E.3)

...

= u(z1, z2, z3, z4, . . . , e
iθzj , e

−iθzj+1, w) (E.j)

Now, given θ, we sequentially apply (E.1) with θ/(j + 1), (E.2) with 2θ/(j + 1),
(E.3) with 3θ/(j+1), and so forth, until we apply (E.j) with jθ/(j+1). Each such
rotation preserves the sign of u, whence

u(x) = u(eiθ/(j+1)z1, e
iθ/(j+1)z2, . . . , e

iθ/(j+1)zj , e
−ijθ/(j+1)zj+1, w).

Then, applying (2.6) with −θ/(j + 1), we obtain

u(x) = u(z1, z2, . . . , zj , e
−iθzj+1, w).

Consequently, u is rotation invariant in the complex coordinate zj+1. Following
once more the conjugation argument from Lemma 2.6, it follows that u is rotation
invariant in each complex coordinate of (z1, . . . , zj+1).

Next, by using that u is (β, n)-symmetric with β > 0, we obtain for every point
x = (z, w) ∈ Rn ∼= Cj+1 × Rn−2(j+1) that

u(x) = u(ϱ2
β

β (x)) = u(−z̄2, z̄1, z3, z4, . . . , zj , zj+1, w)

= u(z2, z1, z3, z4, . . . , zj , zj+1, w),

where we have used that u is invariant under rotation in each coordinate of z for this
last step. Again, by conjugation with respect to ρj , the same argument as before
(see also Lemma 2.6) implies that any two adjacent coordinates of z = (z1, . . . , zj+1)
may be swapped while preserving the value of u(z). Iterating this principle yields
the identity

u(x) = u(zj+1, z1, z2, . . . , zj , w). (2.7)

On the other hand, the (α,m)-symmetry of u together with the rotational invariance
in each coordinate of z ensures that

−u(x) = u(ρj(x)) = u(−zj+1, z̄1, . . . , z̄j , w)

= u(zj+1, z1, . . . , zj , w).

Combining this last equation with (2.7), we conclude that u(x) = 0.
In all cases we have shown that u ≡ 0, which is what had to be shown. □

Next, we aim to verify that the symmetry incompatibilities we have established
in Propositions 2.7-2.8 also ensure that the solutions we will produce in Theorem 1.1
remain distinct even with regards to translations and dilations. This is of important
relevance to our problem (1.1) since, if a function u is a solution to (1.1), then so
is the dilated function x 7→ λγu(λx), for λ > 0, where γ > 0 is the homogeneity
exponent given by

γ :=
n− bq

q
=

n− p(1 + a)

p
. (2.8)
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If a = b = 0, then translation is allowed in the sense that

x 7→ λγu(λx+ y), y ∈ Rn,

is also a solution to (1.1). As a first step in this direction, we show that a non-trivial
solution of (1.1) with (α,m)-symmetry cannot be a translation of a (β, n)-symmetric
solution, provided (α,m) and (β, n) satisfy one of the conditions dictated by the
second part of Theorem 1.1.

Lemma 2.9. Fix a dimension n ≥ 4. Suppose that (α,m) and (β, n) are two pairs,
each of which satisfies condition (1.4). Let u, v : Rn → R be non-trivial solutions to
(1.1) which are (α,m)-symmetric and (β, n)-symmetric, respectively. Assume that
one of the following conditions hold:

(1) α ̸= β;
(2) α = β and m ̸= n with gcd(m, n) = 1.

Then, u is not a translation of v.

Proof. Suppose for a contradiction that there exists a non-zero x0 ∈ Rn for which
there holds u(x) = v(x− x0) for all x ∈ Rn. We distinguish two cases.

(1) If both (α,m) and (β, n) satisfy (1.5), then the transformation

ς : Rn → Rn, x 7→ −x

satisfies the rules

u(ς(x)) = u(x) and v(ς(x)) = v(x)

for all x ∈ Rn. Notice that ς is R-linear. Consequently, for each x ∈ Rn, we
have that

u(−x) = u(x) = v(x− x0) = v(ς(x− x0)) = v(−x+ x0)

= u(−x+ 2x0).

As x ∈ Rn was arbitrary, we infer that u is periodic and non-trivial; this
contradicts u being a non-vanishing solution of (1.1).

(2) Consider next the case where (α,m) and (β, n) do not both satisfy (1.5),
and assume without loss of generality that (α,m) fails this condition. In
particular, n must be odd. Then, we consider the transformation

ς : Rn → Rn, (x1, . . . , xn−1, xn) 7→ (−x1, . . . ,−xn−1, xn).

Again, ς ∈ Gα,m is an R-linear isometry of Rn. Furthermore, u(ςx) = u(x)
for all x ∈ Rn because ς is composed of sign-preserving components of Gα,m.
In fact, we can say the same for v because
(a) If (β, n) does not satisfy (1.5) we get v(ςx) = v(x) by the same reason-

ing as for u.
(b) If (β, n) satisfies (1.5) there is a non-trivial copy of an orthogonal group

acting upon the final coordinates not touched by any sign-changing
action from Gβ,n whence ς is a sign-preserving transformation in Gβ,n

with respect to ϕβ,n.
Now, ς2 = I and so

u(x) = u(ς(x)) = v(ς(x)− x0) = v(x− ς(x0))

= v(x− ς(x0) + x0 − x0)

= u(x− ς(x0) + x0).
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Hence, we have periodicity of u provided ς(x0) ̸= x0. Of course, by the
same reasoning as earlier, this would be a contradiction. If ς(x0) = x0, this
means that all but the last coordinate of x0 is 0, at which point we have
OrbGα,m

(x0) = {x0} by (1.5). But then, v(x) = u(x + x0) is a translation
of u by a Gα,m-invariant point in space. Thus, v is ϕα,m-equivariant and
must be trivial by Propositions 2.7-2.8.

□

The next corollary verifies the distinctness of our solutions under the previously
mentioned translations and dilations.

Corollary 2.10. Fix a dimension n ≥ 4. Suppose that (α,m) and (β, n) are two
pairs, each of which satisfies condition (1.4). Let u, v : Rn → R be non-trivial
solutions to (1.1) which are (α,m)-symmetric and (β, n)-symmetric, respectively.
Assume one of the following hold true:

(1) α ̸= β;
(2) α = β and m ̸= n with gcd(m, n) = 1.

Then, u is not a translated rescaling of v, in the sense that there does not exist
λ > 0 and y ∈ Rn such that

u(x) = λγv(λx+ y).

Here, γ > 0 is the homogeneity exponent given by (2.8).

Proof. By way of contradiction, suppose we can write

u(x) = λγv(λx+ y)

for some λ > 0 and y ∈ Rn. Since u is non-trivial, we must have λ ̸= 0. If y = 0,
then u(x) = w(x) where w(x) := λγv(λx) is itself ϕβ,n-equivariant. Notice also that
w is a solution of (1.1). Consequently, Propositions 2.7-2.8 imply that u is trivial
which contradicts our assumptions. If instead y ̸= 0, we observe that

u(x) = λγv(λx+ y) = λγv
(
λ
[
x+

y

λ

])
= w

(
x+

y

λ

)
,

meaning that u is a translation of a ϕβ,n-equivariant solution of (1.1). Ergo, we are
in contradiction with Lemma 2.9. □

3. Existence of Symmetric Palais-Smale Sequences

In this section, we construct Palais-Smale sequences at suitable energy levels for
the extraction of non-trivial solutions to (1.1). Although our approach here closely
mimics that found in Clapp-Rios [14], we include the details here for the sake of
completeness due to the presence of weights and the modified group conditions.

Recall that, given an open set Ω ⊆ Rn containing the origin, we let D1,p
a (U, 0) de-

note the weighted homogenous Sobolev space obtained by the completion of C∞
c (Ω)

under the weighted norm

∥u∥D1,p
a (Ω,0) := ∥∇u∥Lp(Ω,|x|−ap) =

(∫
Ω

|∇u|p |x|−ap
dx

)1/p

.

As mentioned briefly within the introduction, the Sobolev space D1,p
a (Ω, 0) possesses

the expected properties; we refer the reader to [5, Chapter 2] for more detail.
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The energy functional associated to the weighted critical p-Laplace problem in
(1.1) is the C1-functional J : D1,p

a (Rn, 0) → R given by

J(u) =
1

p

∫
Rn

|∇u|p |x|−ap
dx− 1

q

∫
Rn

|u|q |x|−bq
dx .

A function u ∈ D1,p
a (Rn, 0) is said to be a solution to problem (1.1) if the Fréchet

derivative of J vanishes on D1,p
a (Rn, 0) at u, i.e. if

⟨J ′(u), h⟩ = 0, ∀h ∈ D1,p
a (Rn, 0)

where ⟨·, ∗⟩ denotes the duality pairing and

⟨J ′(u), h⟩ =
∫
Rn

|∇u|p−2 ∇u · ∇h |x|−ap
dx−

∫
Rn

|u|q−2
uh |x|−bq

dx.

Recall that, given a Banach space V together with a C1-functional E on V , a
Palais-Smale sequence (henceforth abbreviated (PS)-sequence) for E is a sequence
(vα) in V such that

(1) E(vα) converges as α → ∞,
(2) E′(vα) → 0 in the strong operator topology of the dual space V ∗.

The limit value limα→∞ E(vα) is often called the energy level of the (PS)-sequence.
Henceforth throughout this section, unless stated otherwise, G will denote a

closed subgroup of O(n), Ω ⊆ Rn a G-invariant domain containing the origin, and
ϕ : G → {±1} a continuous homomorphism of groups satisfying (P1).

We defineD1,p
a (Ω, 0)ϕ to be the topological closure of C∞

c (Ω)ϕ within the weighted
homogeneous Sobolev space D1,p

a (Ω, 0). Naturally, as the space D1,p
a (Ω, 0) is a re-

flexive Banach space for 1 < p < n, the symmetrized space D1,p
a (Ω, 0)ϕ inherits

these properties. We refer the reader to [5, Chapter 2] and [6] for a more detailed
description of D1,p

a (Ω, 0) and for analogues of well known foundational results from
classical Sobolev theory (e.g. standard embedding theorems, Rellich-Kondrachov,
and Riesz-Representation results). As an intermediary step for Theorem 1.1, we
shall be forced to consider solutions to a “symmetrized” version of problem (1.1)
related to the subgroups G and corresponding homomorphisms ϕ constructed in the
previous section. Formally, we shall say that u ∈ D1,p

a (Ω, 0)ϕ is a solution to{
−div

(
|x|−ap |∇u|p−2 ∇u

)
= |x|−bq |u|q−2

u in Ω,

u ∈ D1,p
a (Ω, 0)ϕ,

(3.1)

provided ⟨J ′(u), h⟩ = 0 for all h ∈ D1,p
a (Ω, 0)ϕ. We also point out that, by extension

by 0 outside Ω, it is automatic that D1,p
a (Ω, 0)ϕ ⊆ D1,p

a (Rn, 0)ϕ ⊆ D1,p
a (Rn, 0).

We shall also explicitly introduce an entire analogue of this symmetrized problem
in Rn. Namely, we say that a function u ∈ D1,p

a (Rn, 0)ϕ is a solution to{
−div

(
|x|−ap |∇u|p−2 ∇u

)
= |x|−bq |u|q−2

u in Rn,

u ∈ D1,p
a (Rn, 0)ϕ,

(3.2)

if ⟨J ′(u), h⟩ = 0 for all h ∈ D1,p
a (Rn, 0)ϕ.

Definition 3.1. We define N ϕ(Ω) to be the Nehari manifold

N ϕ(Ω) :=
{
u ∈ D1,p

a (Ω, 0)ϕ \ {0} : ∥u∥pD1,p
a (Ω,0)

= ∥u∥q
Lq(Ω,|x|−bq)

}
.
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Subsequently, we set

cϕ(Ω) := inf
u∈Nϕ(Ω)

J(u) = inf
u∈Nϕ(Ω)

(
1

p
− 1

q

)∫
Ω

|∇u|p |x|−ap
dx ≥ 0. (3.3)

By testing a solution u of (3.1) against itself, it is easy to see that the Nehari
manifold N ϕ(Ω) contains all non-trivial solutions of (3.1), should one exist. We
also point out that N ϕ(Ω) is non-empty; this is verified in this next lemma which
compiles several important properties relating to this Nehari manifold and the min-
imal energy level cϕ(Ω). We emphasize that the results in this section are standard
(see, for instance, Clapp-Rios [14] and Clapp-Vicente-Beńıtez [12]), but choose to
include certain details for the sake of completeness.

Lemma 3.2. There hold the following.

(1) The Nehari manifold N ϕ(Ω) is non-empty.
(2) There exists µ0 > 0 such that ∥u∥D1,p

a (Ω,0) ≥ µ0 for all u ∈ N ϕ(Ω). Conse-

quently, cϕ(Ω) > 0.
(3) We have

cϕ(Ω) = inf
γ∈Γ

max
t∈[0,1]

J(γ(t))

where Γ ⊆ C
(
[0, 1],D1,p

a (Ω, 0)ϕ
)
consists of those continuous paths

γ : [0, 1] → D1,p
a (Ω, 0)ϕ

beginning at 0 with non-trivial endpoint of non-positive energy, i.e.

Γ :=
{
γ ∈ C

(
[0, 1],D1,p

a (Ω, 0)ϕ
)
: γ(0) = 0, γ(1) ̸= 0, J(γ(1)) ≤ 0

}
.

(4) C∞
c (Ω)ϕ ∩N ϕ(Ω) is dense in N ϕ(Ω).

(5) The Nehari manifold N ϕ(Ω) is a closed C1-Banach submanifold of D1,p
a (Ω, 0)ϕ,

and a natural constraint for the energy functional J .

Proof.

(1) Certainly, since C∞
c (Ω)ϕ is non-trivial (it is infinite dimensional) we may

choose u ∈ C∞
c (Ω)ϕ such that u ̸= 0. Consider the mapping

ℓ : R → R, t 7→ ∥tu∥pD1,p
a (Ω,0)

− ∥tu∥q
Lq(Ω,|x|−bq)

which is clearly continuous. By inspection, it is easy to see that ℓ(t) > 0 for t
near 0 whilst ℓ(t) < 0 for all |t| sufficiently large. By the Intermediate Value
Theorem, it follows that ℓ(t0u) = 0 for some t0 ̸= 0 whence t0u ∈ N ϕ(Ω)
since, of course, t0u ̸= 0.

(2) By the CKN inequality, given u ∈ N ϕ(Ω), we have

0 = ∥u∥pD1,p
a (Ω,0)

− ∥u∥q
Lq(Ω,|x|−bq)

≥ ∥u∥pD1,p
a (Ω,0)

− S ∥u∥qD1,p
a (Ω,0)

= ∥u∥pD1,p
a (Ω,0)

(
1− S ∥u∥q−p

D1,p
a (Ω,0)

)
for a suitable constant S > 0. Since q > p, this is only possible if the
D1,p

a (Ω, 0)-norms of u ∈ N ϕ(Ω) cannot be made arbitrarily close to 0. Thus,
there exists µ0 > 0 such that ∥u∥D1,p

a (Ω,0) ≥ µ0 for all u ∈ N ϕ(Ω), as was

asserted.
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(3) First, given u ∈ N ϕ(Ω) we have that u ̸= 0 and ∥u∥pD1,p
a (Ω,0)

= ∥u∥q
Lq(Ω,|x|−bq)

whence, for t > 1 sufficiently large,

J(tu) =
∥tu∥pD1,p

a (Ω,0)

p
−

∥tu∥q
Lq(Ω,|x|−bq)

q

=

(
tp

p
− tq

q

)
∥u∥D1,p

a (Ω,0)

< 0.

Furthermore, by the first derivative test, it is easy to see that J(tu) (with
t > 0) achieves its maximum at t = 1. Let s0 > 1 be such that J(s0u) < 0
and consider the path

γ0 : [0, 1] → D1,p
a (Ω, 0)ϕ

given by γ0(t) := ts0u. Then, γ0(0) = 0, γ0(1) = s0u ̸= 0, and J(γ0(1)) < 0.
Thus, γ0 ∈ Γ. Observing also that

max
t∈[0,1]

J(γ0(t)) = max
t∈[0,1]

J(ts0u) = J(u),

we infer that

inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) ≤ max
t∈[0,1]

J(γ0(t)) = J(u).

Since u ∈ N ϕ(Ω) was arbitrary, it follows that

inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) ≤ inf
u∈Nϕ(Ω)

J(u) = cϕ(Ω).

To establish the reverse inequality, consider the function

κ : D1,p
a (Ω, 0) → R, u 7→


∥u∥q

Lq(Ω,|x|−bq)

∥u∥pD1,p
a (Ω,0)

if u ̸= 0,

0 if u = 0.

By appealing to the CKN inequality, this mapping is easily seen to be
continuous: indeed, for all u ∈ D1,p

a (Ω, 0)ϕ \ {0} we have

|κ(u)| =
∥u∥q

Lq(Ω,|x|−bq)

∥u∥pD1,p
a (Ω,0)

≤ S ∥u∥q−p

D1,p
a (Ω,0)

.

Obviously, κ(0) = 0 while, if u ∈ D1,p
a (Ω, 0)ϕ has non-positive energy (i.e.

if J(u) ≤ 0), then

κ(u) =
∥u∥q

Lq(Ω,|x|−bq)

∥u∥pD1,p
a (Ω,0)

≥ q

p
> 1.

Consequently, for all paths γ ∈ Γ, we have κ(γ(0)) = 0 and κ(γ(1)) > 1 so
that (by the Intermediate Value Theorem) there exists t1 ∈ (0, 1) with the
property that κ(γ(t1)) = 1. Then, γ(t1) ∈ N ϕ(Ω) and

max
t∈[0,1]

J(γ(t)) ≥ J(γ(t1)) ≥ cϕ(Ω).

As this holds for all paths γ ∈ Γ, we deduce that

inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) ≥ cϕ(Ω),
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whence

inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) = cϕ(Ω),

as was asserted.
(4) For this point, let u ∈ N ϕ(Ω) be given. Then, u ̸= 0, u ∈ D1,p

a (Ω, 0)ϕ,
and ∥u∥pD1,p

a (Ω,0)
= ∥u∥p

Lq(Ω,|x|−bq)
. Since C∞

c (Ω)ϕ is dense in D1,p
a (Ω, 0)ϕ

by definition, we may select a sequence (uα) in C∞
c (Ω)ϕ such that uα → u

in D1,p
a (Ω, 0), as α → ∞. Without loss of generality, we may assume that

each uα ̸= 0. For each index α ∈ N, we define

tα :=

(
∥uα∥pD1,p

a (Ω,0)

∥uα∥qLq(Ω,|x|−bq)

) 1
q−p

> 0

and set vα := tαuα. Then, vα ∈ C∞
c (Ω)ϕ ⊂ D1,p

a (Ω, 0)ϕ for each α ∈ N and
vα ∈ N ϕ(Ω) since

∥vα∥pD1,p
a (Ω,0)

= ∥tαuα∥pD1,p
a (Ω,0)

= tpα ∥uα∥pD1,p
a (Ω,0)

=

[ ∥uα∥pD1,p
a (Ω,0)

∥uα∥qLq(Ω,|x|−bq)

] p
q−p

∥uα∥pD1,p
a (Ω,0)

=

[ ∥uα∥pD1,p
a (Ω,0)

∥uα∥qLq(Ω,|x|−bq)

] q
q−p

[ ∥uα∥pD1,p
a (Ω,0)

∥uα∥qLq(Ω,|x|−bq)

] p−q
q−p

∥uα∥pD1,p
a (Ω,0)

= tqα

[
∥uα∥qLq(Ω,|x|−bq)

∥uα∥pD1,p
a (Ω,0)

] q−p
q−p

∥uα∥pD1,p
a (Ω,0)

= tqα ∥uα∥qLq(Ω,|x|−bq)

= ∥vα∥qLq(Ω,|x|−bq)
.

In addition, by continuity of the D1,p
a (Ω, 0)-norm and the CKN inequality,

it follows from uα → u in D1,p
a (Ω, 0) that tα → 1, as α → ∞. Consequently,

∥vα − u∥D1,p
a (Ω,0) ≤ ∥vα − uα∥D1,p

a (Ω,0) + ∥uα − u∥D1,p
a (Ω,0)

= ∥tαuα − uα∥D1,p
a (Ω,0) + o(1)

= (tα − 1) ∥uα∥D1,p
a (Ω,0) + o(1)

= o(1)

whence we infer that vα → u strongly in D1,p
a (Ω, 0).

(5) This follows by a verbatim extension of the argument used within Clapp-
Rios [14, Lemma 2.3]. □

As an important point, we now verify that this minimal energy level cϕ(Ω) is
independent of our choice of G-invariant domain Ω. It is precisely this energy
invariance that will ultimately allow us to conclude that our extracted function
indeed solves the entire problem posed in (1.1).

Lemma 3.3. We have cϕ(Ω) = cϕ, where we define cϕ := cϕ(Rn).

Proof. Because D1,p
a (Ω, 0)ϕ ⊆ D1,p

a (Rn, 0)ϕ after an extension by 0 outside Ω, it
is automatic that cϕ ≤ cϕ(Ω). In order to establish the reverse inequality, let
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u ∈ N ϕ(Rn) and select a sequence (uα) in C∞
c (Rn)ϕ ∩ N ϕ(Rn) converging to u in

D1,p
a (Rn, 0) as α → ∞. Since each uα has compact support and Ω contains the

origin, we may select for each index α ∈ N some λα > 0 such that the rescaled
function

vα(x) := λ−γ
α uα

(
x

λα

)
is compactly supported in Ω. Here, γ > 0 is the homogeneity exponent, asso-
ciated to the CKN-inequality, defined in (2.8). By this homogeneity property,
∥vα∥D1,p

a (Rn,0) = ∥uα∥D1,p
a (Rn,0) and ∥uα∥Lq(Rn,0) = ∥vα∥Lq(Rn,0) which implies that

J(vα) = J(uα) and vα ∈ N ϕ(Ω). Finally, observe that

cϕ(Ω) ≤ J(vα), ∀α ∈ N

whence cϕ(Ω) ≤ limα→∞ J(vα) = limα→∞ J(uα) = J(u). As u ∈ N ϕ(Rn) is
arbitrary, it follows that cϕ(Ω) ≤ cϕ. □

Corollary 3.4 (Existence of (PS)-Sequence at the minimal energy level cϕ). There
exists a (PS)-sequence in D1,p

a (Ω, 0)ϕ at energy level cϕ. Namely, there exists a
sequence (uα) in D1,p

a (Ω, 0)ϕ such that

lim
α→∞

J(uα) = cϕ and J ′(uα) → 0 in D−1,p′

a (Ω, 0)ϕ.

Proof. By Lemma 3.3, it suffices to construct such a (PS)-sequence at the energy
level cϕ(Ω). Letting Γ be as in Lemma 3.2, notice that given any path γ ∈ Γ,
the composition t 7→ J(γ(t)) is a continuous mapping [0, 1] → R and is therefore
bounded. Consequently,

cϕ(Ω) = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) < ∞.

Next, there exists by Lemma 3.2 a constant µ0 > 0 such that for all u ∈ N ϕ(Ω)
there holds ∥u∥D1,p

a (Ω,0) ≥ µ0. It follows that

J(u) =
∥u∥D1,p

a (Ω,0)

p
−

∥u∥Lq(Ω,|x|−bq)

q

= ∥u∥pD1,p
a (Ω,0)

(
1

p
− 1

q

)
≥ µp

0

(
1

p
− 1

q

)
> 0

uniformly over u ∈ N ϕ(Ω). Thus,

inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) = cϕ(Ω) ≥ µp
0

(
1

p
− 1

q

)
> 0

whilst J(γ(0)) = 0 and J(γ(1)) ≤ 0 for all γ ∈ Γ. Consequently, the assertion
follows after an application of Theorems 2.8-2.9 from Willem [35]. □

4. Palais-Smale Symmetric Criticality

For this section, G ⊆ O(n) is a closed subgroup and ϕ : G → {±1} a continuous
group homomorphism such that (P1) holds. Moreover, we let Ω ⊆ Rn be a G-
invariant domain containing the origin. The next proposition asserts that Palais-
Smale sequences in the symmetric subspace D1,p

a (Ω, 0)ϕ are also Palais-Smale within
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the global space D1,p
a (Ω, 0). The proof of this proposition utilizes a calculation

from Clapp-Rios [14, Lemma A.1], together with a straightforward application of
Minkowski’s inequality for integrals to make the duality connection. We note that
this observation allows for a more direct application of the known Struwe-type
decomposition for weighted equations of this type.

Proposition 4.1. Suppose (uα) ⊂ D1,p
a (Ω, 0)ϕ is a Palais-Smale sequence for J in

D1,p
a (Ω, 0)ϕ. That is, as α → ∞, J(uα) converges to some real number and

J ′(uα) → 0 in D−1,p′

a (Ω, 0)ϕ.

Then, (uα) is a Palais-Smale sequence for J in the non-symmetrized space D1,p
a (Ω, 0).

That is,

J ′(uα) → 0 in D−1,p′

a (Ω, 0).

Moreover, if u ∈ D1,p
a (Ω, 0)ϕ solves (3.1), then ⟨J ′(u), h⟩ = 0 for all h ∈ D1,p

a (Ω, 0).

Proof. Let h ∈ C∞
c (Ω) be an arbitrary test function. Let µ denote the normalized

Haar measure on G, so that µ(G) = 1, and define

ϑ(x) =

∫
G

ϕ(g)h(gx) dµ.

This rule clearly defines a function ϑ ∈ C∞
c (Ω)ϕ. Moreover, by Minkowski’s in-

equality for integrals

∥ϑ∥D1,p
a (Ω,0) =

(∫
Ω

∣∣∣∣∫
G

ϕ(g)g−1∇h(gx) dµ

∣∣∣∣p |x|−ap
dx

)1/p

≤
∫
G

(∫
Ω

∣∣ϕ(g)g−1∇h(gx)
∣∣p |x|−ap

dx

)1/p

dµ.

Then, simplifying, using that g, g−1 are linear isometries, and performing a change
of variables, we obtain

∥ϑ∥D1,p
a (Ω,0) ≤

∫
G

(∫
Ω

|∇h(gx)|p |gx|−ap
dx

)1/p

dµ

=

∫
G

(∫
Ω

|∇h(y)|p |y|−ap
dy

)1/p

dµ

= ∥h∥D1,p
a (Ω,0) (4.1)

Next, as in Clapp-Rios [14, Lemma A.1], if u ∈ D1,p
a (Ω, 0)ϕ then u(gx) = ϕ(g)u(x)

and ϕ(g)∇u(x) = g−1∇u(gx) so

⟨J ′(u), ϑ⟩

=

∫
Ω

|∇u(x)|p−2 ∇u(x) · ∇ϑ(x) |x|−ap
dx−

∫
Ω

|u(x)|q−2
u(x)ϑ(x) |x|−bq

dx

=

∫
Ω

∫
G

|∇u(x)|p−2
ϕ(g)∇u(x) · (g−1∇h(gx)) |x|−ap

dµdx

−
∫
Ω

∫
G

|u(x)|q−2
ϕ(g)u(x)h(gx) |x|−bq

dµdx

=

∫
Ω

∫
G

|∇u(gx)|p−2
(g−1∇u(gx)) · (g−1∇h(gx)) |x|−ap

dµdx

−
∫
Ω

∫
G

|u(x)|q−2
u(gx)h(gx) |x|−bq

dµdx.
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Then, using that g−1 is a linear isometry and applying Fubini’s Theorem, we get

⟨J ′(u), ϑ⟩

=

∫
G

∫
Ω

|∇u(gx)|p−2 ∇u(gx) · ∇h(gx) |gx|−ap
dxdµ

−
∫
G

∫
Ω

|u(gx)|q−2
u(gx)h(gx) |gx|−bq

dxdµ

=

∫
G

∫
Ω

|∇u(y)|p−2 ∇u(y) · ∇h(y) |y|−ap
dydµ

−
∫
G

∫
Ω

|u(y)|q−2
u(y)h(y) |y|−bq

dydµ

= ⟨J ′(u), h⟩ .
In particular,

⟨J ′(uα), h⟩ = ⟨J ′(uα), ϑ⟩ .
Consequently, if u solves (3.1), then ⟨J ′(u), h⟩ = 0 for all h ∈ D1,p

a (Ω, 0). Finally,
combining this with (4.1) and recalling that ϑ ∈ C∞

c (Ω)ϕ ⊆ D1,p
a (Ω, 0)ϕ, we see that

|⟨J ′(uα), h⟩| = |⟨J ′(uα), ϑ⟩| ≤ ∥J ′(uα)∥D−1,p′
a (Ω,0)ϕ

∥ϑ∥D1,p
a (Ω,0)

≤ ∥J ′(uα)∥D−1,p′
a (Ω,0)ϕ

∥h∥D1,p
a (Ω,0) .

The assertion now follows by a density argument. □

5. Symmetric Global Compactness

We now establish a symmetric global compactness result for Palais-Smale se-
quences in the symmetrized space. Throughout this section, G denotes a closed
subgroup of the orthogonal group O(n) acting on a G-invariant bounded domain
Ω ⊂ Rn, containing the origin, and ϕ : G → {±1} is a continuous homomorphism
of groups. Furthermore, (G,ϕ) are assumed to satisfy (P1)-(P2).

Proposition 5.1. Assume a < b. Suppose there exists a Palais-Smale sequence
(uα) ⊂ D1,p

a (Ω, 0)ϕ for J such that, as α → ∞,

J(uα) → cϕ, J ′(uα) → 0 in D−1,p′

a (Ω, 0)ϕ.

Then, there exists a non-trivial solution to (3.2).

Proof. By an application of Proposition 4.1, the sequence (uα) is Palais-Smale in
D1,p

a (Ω, 0) with strictly positive energy level cϕ. The next step is to apply the
Struwe-type decomposition in Chernysh [6, Theorem 1]. This yields v0 ∈ D1,p

a (Ω, 0),
an integer k ≥ 0 (the case k = 0 is that of relative compactness) along with non-

trivial functions w1, . . . , wk ∈ D1,p
a (Rn, 0) and sequences of radii (λ

(j)
α ) such that

(1) uα ⇀ v0 in D1,p
a (Ω, 0) and J ′(v0) = 0 on D1,p

a (Ω, 0),
(2) for each index j = 1, . . . , k the function wj ∈ D1,p

a (Rn, 0) is a solution to
(1.1) (i.e. J ′(wj) = 0 on D1,p

a (Rn, 0) for every index j = 1, . . . , k,

(3) the following energy decomposition holds: cϕ = J(v0) +
∑k

j=1 J(wj) with

J(v0) ≥ 0 and J(wj) > 0 for all admissible indices j = 1, . . . , k.

Moreover, as α → ∞,

uα − v0 −
k∑

j=1

(
λ(j)
α

)−γ

wj(·/λ(j)
α ) → 0 in D1,p

a (Rn, 0). (5.1)
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We now have two possible cases to consider.

(1) We first treat the case v0 ̸= 0. Owing to the fact that v0 is the weak limit of
the sequence (uα) belonging to the closed subspaceD1,p

a (Ω, 0)ϕ ofD1,p
a (Ω, 0),

it is automatic that v0 ∈ D1,p
a (Ω, 0)ϕ. As v0 ̸= 0 satisfies J ′(v0) = 0 in

D1,p
a (Ω, 0)ϕ, we have v0 ∈ N ϕ(Ω) whence J(v0) ≥ cϕ. Consequently, it

follows from the energy expansion above that k = 0 and cϕ = J(v0). After
an extension by 0, we have v0 ∈ N ϕ(Rn) and so (3.2) has a non-trivial
solution.

(2) Next we consider the case v0 = 0 so that J(v0) = 0. By the energy ex-
pansion, k > 0. However, since any admissible wj belongs to N ϕ(Rn) and
necessarily satisfies J(wj) ≥ cϕ, we must have k = 1. Examining Step
5 of Chernysh [6, Theorem 1] shows that this w1 is, by construction, the

weak limit of the rescaled sequence x 7→
(
λ
(1)
α

)γ
uα(λ

(1)
α x) and therefore

w1 ∈ D1,p
a (Ω, 0)ϕ is a solution to (3.2).

□

Proposition 5.2. Assume a = b ̸= 0 and (G,ϕ) is such that (P3) holds true.
Suppose there exists a Palais-Smale sequence (uα) ⊂ D1,p

a (Ω, 0)ϕ for J such that,
as α → ∞,

J(uα) → cϕ, J ′(uα) → 0 in D−1,p′

a (Ω, 0)ϕ.

Then, there exists non-trivial solution to (3.2).

Proof. As before, Proposition 4.1 implies that the given (PS)-sequence is also Palais-
Smale when considered within the larger space D1,p

a (Ω, 0). As in the proof of Propo-
sition 5.1, we proceed one more by applying a Struwe-type decomposition (Chernysh
[6, Theorem 2]). The only difference here is that we invoke property (P3) to reduce
the bubble-tree to that we encountered in Proposition 5.1.

By [6, Lemma 6.1], after passing to a subsequence, there exists a weak limit
v0 ∈ D1,p

a (Ω, 0) such that uα ⇀ v0 in D1,p
a (Ω, 0) and pointwise a.e. on Ω, as

α → ∞. Moreover,

(1) ∇u → ∇v0 pointwise a.e. on Ω,
(2) J ′(v0) = 0 on D1,p

a (Ω, 0),
(3) J(uα − v0) → cϕ − J(v0),

(4) J ′(uα − v0) → 0 in D−1,p′

a (Ω, 0).

Of course, being the weak limit of a sequence in D1,p
a (Ω, 0)ϕ, we must have that v0 is

ϕ-equivariant, i.e. v0 ∈ D1,p
a (Ω, 0)ϕ. We now distinguish two possible cases. First,

if v0 ̸= 0, then we proceed exactly as in the first part of Proposition 5.1. If instead
v0 = 0, the sequence (uα) has a failure of compactness. Then, as in [6, Equation
8.1], we select sequences (yα) in Ω and (λα) in (0,∞) such that

sup
y∈Ω

∫
B(y,λα)

|uα|q |x|−bq
dx =

∫
B(yα,λα)

|uα|q |x|−bq
dx = δ

where δ > 0 is chosen sufficiently small. By leveraging (P3), we can show that (up
to a subsequence)

yα
λα

→ x0 (5.2)



ENTIRE NODAL SOLUTIONS OF PRESCRIBED SYMMETRY 25

for some x0 ∈ Rn. Indeed, should this sequence be unbounded, we may pass to a
subsequence in such a way that

|yα|
λα

→ ∞, |yα| > 4λα.

Then, each yα ̸= 0 so yα/ |yα| is a sequence on the unit sphere. Passing to yet
another subsequence, we may assume that

yα
|yα|

→ y, as α → ∞.

Appealing to condition (P3) and borrowing ideas from Clapp-Rios [14], given any
m ∈ N, we may select elements g1, . . . , gm ∈ G such that giy ̸= gjy, for all i ̸= j.
Consequently, there exists ε > 0 so that

|giy − gjy| ≥ 2ε > 0, ∀i ̸= j.

Using then that yα

|yα| → y, it follows from this last identity that∣∣∣∣gi yα
|yα|

− gj
yα
|yα|

∣∣∣∣ ≥ ε (5.3)

for all α ∈ N sufficiently large. Hence, for all such α,

|giyα − gjyα|
λα

≥ ε
|yα|
λα

. (5.4)

Because the right hand side tends to +∞, we infer that

B(giyα, λα) ∩B(gjyα, λα) = ∅,

for all i ̸= j and α large. But,

δ =

∫
B(yα,λα)

|uα|q |x|−bq
dx

=

∫
B(giyα,λα)

∣∣uα(g
−1
i z)

∣∣q ∣∣g−1
i z

∣∣−bq
dz, (z := gix)

=

∫
B(giyα,λα)

∣∣ϕ(g−1
i )uα(z)

∣∣q |z|−bq
dz

=

∫
B(giyα,λα)

|uα(z)|q |z|−bq
dz

It thereby follows that, for all α sufficiently large,∫
Rn

|uα|q |x|−bq
dx ≥

m∑
i=1

∫
B(giyα,λα)

|uα(z)|q |z|−bq
dz = mδ,

which contradicts the fact that (uα) is a bounded sequence in D1,p
a (Rn, 0). In short:

we have proven that yα/λα is bounded and thus, passing to a subsequence, we may
assume (5.2). It follows from [6, Theorem 2] that the bubble-tree decomposition of
the sequence (uα) is of the form (5.1). From here, we complete the argument by
following the second part of the proof from Proposition 5.1. □

We are now ready to supply the proof of our main result.
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Proof of Theorem 1.1. Let n ≥ 4 and put k = k(n) :=
⌊
n
2

⌋
− 1. For each α ≥ 0

and every tuple m = (m1, . . . ,mk) such that (α,m) satisfies condition (1.4), the
construction detailed in §2 yields a group and homomorphism pair (Gα,m, ϕα,m)
satisfying properties (P1)-(P2) by virtue of Lemma 2.3.

If a < b in the problem parameters of (1.1), an application of Corollary 3.4
together with Proposition 5.1, for Ω equal to the unit ball in Rn, produces, for
any such pair (α,m), a non-trivial solution uα,m to problem (3.2) which is (α,m)-
symmetric. Since ϕα,m is surjective and uα,m is non-trivial, it is automatic that
uα,m is sign-changing. Then, Proposition 4.1 applied with Ω = Rn ensures that
uα,m solves the unrestricted problem (1.1).

If we are instead in the case a = b ̸= 0, and the pair (α,m) satisfies the additional
condition (1.5), the argument proceeds exactly as in the case a < b, but replaces
Proposition 5.1 with Proposition 5.2.

Finally, we treat the case a = b = 0. Although condition (P3) will not hold
unless (1.5) is satisfied, it is easy to see from the definition of Gα,m and (2.5) that
the weaker condition

dim
(
OrbGα,m

(x)
)
> 0 or OrbGα,m

(x) = {x}
is valid for all x ∈ Rn. Consequently, an application of Clapp-Rios [14, Theorem
3.1] with Ω equal to the unit ball ensures the existence of a non-trivial solution
uα,m of the problem (1.3) that is (α,m)-symmetric. Furthermore, being that ϕα,m

is surjective by construction, each uα,m is sign-changing.
The second part of the theorem follows by combining Propositions 2.7-2.8.

□
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