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Abstract

In this thesis, we investigate critical Caffarelli-Kohn-Nirenberg problems in R", for

dimensions n > 2. That is, we study the problem
—div (|z| " |VulP* Vu) = 2] Ju" v in Q, (A)

where 1 < p < n,a < (n—p)/p, a < b < a+1, qis the critical Caffarelli-
Kohn-Nirenberg exponent, and 2 C R” is a domain containing the origin. More
precisely, we first establish a global compactness theory (also called a Struwe-type
decomposition) extending the result obtained by Mercuri-Willem [52] for the un-
weighted p-Laplacian (and originally by Struwe [63] for the unweighted Laplacian)
to the weighted Caffarelli-Kohn-Nirenberg regime, for the full range of admissi-
ble parameters. We show that, depending on the parameter ranges, the resulting
bubble-tree decomposition falls into three distinctive categories. First, if a < b,
then any loss of compactness must occur at the origin, exclusively. Especially,
we obtain a decomposition result which holds even in domains with non-smooth
boundary. In sharp contrast to both a = b =0 and a < b, when a = b # 0, we dis-
cover a unique bubbling configuration involving three potential limiting problems.
Of important note here is that these limiting problems include both weighted and
unweighted equations. In particular, for both a < b and a = b # 0, we give new
adapted rescaling laws to overcome the loss of translation invariance due to the
presence of weights.

Finally, by leveraging this global compactness theorem, we establish the exis-
tence of entire sign-changing solutions to the Caffarelli-Kohn-Nirenberg equation,
posed in R™ for dimensions n > 4. In fact, we demonstrate that for an infinite
number of mutually exclusive symmetry-types, there exists an entire sign-changing
solution to the Caffarelli-Kohn-Nirenberg problem respecting the aforementioned
symmetry-type. In particular, we give what we believe is the first result estab-
lishing the existence of entire nodal solutions in the full parameter range, and

especially, the range a < 0.



Abrégé

Dans cette these, nous étudions des problemes critiques de Caffarelli-Kohn-
Nirenberg dans R”, pour les dimensions n > 2. Autrement dit, nous étudions
le probleme (A) ou € est un domaine contenant l'origine, 1 < p < n, a <
(n—p)/p,a <b<a+1etqest 'exposant critique de Caffarelli-Kohn-Nirenberg.
Plus précisément, nous établissons d’abord une théorie de la compacité globale
(également appelée décomposition de type Struwe) généralisant le résultat obtenu
par Mercuri-Willem [52] pour le p-laplacien non pondéré (et initialement par
Struwe [63] pour le laplacien non pondéré) au régime de Caffarelli-Kohn-Nirenberg
pondéré, pour ’ensemble des valeurs admissibles des parametres. Nous montrons
que, selon les plages de valeurs des parametres, la décomposition en arbre a bulles
résultante se divise en trois catégories distinctes. Premierement, si a < b, alors
toute perte de compacité se produit exclusivement a l’origine. En particulier, nous
obtenons un résultat de décomposition valable méme dans les domaines a bord
non lisse. Contrairement aux cas a = b = 0 et a < b, lorsque a = b # 0, nous
découvrons une configuration de bulles unique impliquant trois problemes lim-
ites potentiels. Il est important de noter que ces problemes limites incluent des
équations pondérées et non pondérées. En particulier, pour a < b et a = b # 0,
nous proposons de nouvelles lois de rééchelonnement adaptées afin de compenser
la perte d’invariance par translation due a la présence de poids.

Enfin, en nous appuyant sur ce théoreme de compacité globale, nous établissons
I’existence de solutions changeant de signe entieres de ’équation de Caffarelli-
Kohn-Nirenberg, posée dans R" pour les dimensions n > 4. En fait, nous démontrons
que pour un nombre infini de types de symétrie mutuellement exclusifs, il existe une
solution changeant de signe entiere du probleme de Caffarelli-Kohn-Nirenberg re-
spectant le type de symétrie susmentionné. En particulier, nous présentons ce que
nous pensons étre le premier résultat établissant I'existence de solutions nodales
entieres pour ’ensemble des valeurs des parametres, et notamment, dans le cas
a < 0.
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Chapter 1
Background and Introduction

In this thesis, we address and investigate questions related to the analysis of crit-
ical quasilinear equations with weights in R™. More precisely, we are concerned
with the analysis and characterization of the possible lack of compactness, for
approximating sequences (Palais-Smale), associated to these equations, as well as
the questions of existence and multiplicity of entire solutions (i.e. solutions to
the Caffarelli-Kohn-Nirenberg problem posed in all of R") which are nodal (i.e.
solutions which change sign).

To be explicit, for dimensions n > 2, we study the critical Caffarelli-Kohn-

Nirenberg equation

—div (||~ [Vu|" " Vu) = |2 u|"Pu in Q,

(A)
u € DHP(Q,0)

where {2 C R" is a domain containing the origin. The parameters a, b, p in problem
(A) are subject to the constraints
n—p
l<p<n, a<—— anda<b<a+l. (1.0.1)
p
Here, ¢ denotes the critical Caffarelli-Kohn-Nirenberg (often abbreviated CKN)

exponent, given below by

np
= . 1.0.2
1 n—p(l+a—>) (10.2)

1



2 CHAPTER 1. BACKGROUND AND INTRODUCTION

We observe that, when a = b, one has ¢ = p*, with p* = np/(n — p) denoting
the usual critical Sobolev exponent. Finally, the ambient energy space DL?(£2,0)
is defined to be the completion of those smooth functions with compact support
2 — R, the space of which is written C°(Q2), under the weighted homogeneous

Sobolev norm

1/p
lellosrenn = 192l i agor) = ( [ 1vutay el dx) |

We shall discuss this specialized Sobolev space in greater detail, particularly within
Chapter 2, where we recall essential properties the space D}P(€,0) satisfies (e.g.
Rellich-Kondrachov and Riesz-representation theorems). Said properties will be
essential and liberally invoked within Chapter 2, and are required in order to accu-
rately characterize the possible loss of compactness one may encounter regarding

Palais-Smale sequences associated to the problem (A).

We should also explicitly acknowledge that the problem (A) is the Euler-
Lagrange equation associated to the Caffarelli-Kohn-Nirenberg inequality in a do-
main 2 C R", which asserts that there exists a constant C' > 0 such that

(/Q [u(w)[ |z~ dx) " <C (/Q V(2| 2] dx) v (CKN)

for all u € C°(Q) (see the famous paper of Caffarelli-Kohn-Nirenberg [9]).

For purposes of motivation, we should also take a moment to point out that
both sides of the Caffarelli-Kohn-Nirenberg inequality, and consequently it’s asso-
ciated Euler-Lagrange problem (A), are naturally invariant under an appropriate

rescaling. That is, defining the homogeneity exponent

n—>bg n—p(l+a)
q p

, (1.0.3)

and taking arbitrary A > 0, we have that v(z) := \u(\x) satisfies both

et ) = ([ e )
o Q



and

(f 1wt el a) " ([ vutor e ac) "

Moreover, if u is a solution to (A), then v solves the same problem, but posed in
the rescaled domain /.

In addition to being the Euler-Lagrange problem arising from an important in-
equality, the weighted problem (A) arises as a natural generalization of the critical
p-Laplace problem

—Ayu=|uf" Pu in Q,

u e W,P(Q).

(1.0.4)

Here, A, denotes the p-Laplacian, which is given by
Apu = div(|Vul["~* Vu)

when applied to a function u, and I/VO1 P(€) is the usual unweighted homogeneous
Sobolev space for the p-Laplacian. We remark that this purely critical p-Laplace
problem (1.0.4) has received considerable attention in recent years, particularly
with regards to questions of existence and multiplicity (notably Clapp-Rios [24]
and Clapp-Vicente-Benitez [21]), in addition to global compactness theorems (e.g.
Mercuri-Willem [52]). Furthermore, the positive solutions to (1.0.4) in Q = R”"
have been completely classified; as the history of this classification is lengthy and
delicate, we refer the reader to the end of this section for the precise details.

In the special case of the unweighted critical Laplace problem (i.e. a =b =0
with p = 2), the problem (1.0.4) reduces to

22 .
—Au = |u u in

u € Hy(Q).

(1.0.5)

In taking Q = R™, and replacing H}(R") with D"?(R™), this becomes the Yamabe
problem, for which there is an especially rich body of literature. We shall return
to this later, when we discuss nodal solutions.

The organization of this thesis is as follows. For what remains of this introduc-

tion we elaborate in greater detail upon the important literature related to (A)
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and the main results of this thesis, while providing the necessary variational frame-
work to communicate this history and the flagship theorems of this manuscript.
Concretely, in the next section of this chapter, we give an overview of Struwe-type
decompositions, with particular emphasis on known results for the unweighted
problems (1.0.4)-(1.0.5), and present our first two main results, which constitutes
a general Struwe-type decomposition for the weighted problem (A) in the full range
of parameters (1.0.1). In addition to an informal discussion of these results, we
will provide an overview of important theorems in the literature, relating to the
conclusions of our two theorems. In the subsequent section (i.e. §1.2), we present
our final main theorem, which instead addresses the question of existence and mul-
tiplicity of sign-changing solutions to (A) for the whole space = R"™. Of course,
we shall also describe important related results in the literature, particularly how

our nodal existence theorem improves conclusions drawn in the unweighted case.

1.1 Global Compactness

As mentioned earlier, our first two main results are generalizations of the Struwe-
type decomposition for the unweighted problem (1.0.4). Decomposition results
of this type, also known as global compactness theorems, completely describe the
possible loss of compactness for Palais-Smale sequences associated to the energy
functional describing a partial differential equation. In the context of the Caffarelli-
Kohn-Nirenberg problem (A), the corresponding energy functional is given below

explicitly by

() ::%/Q|Vu(x)|p|x|_apdx—é/ﬂ|u(x)]q 2 Mdr (1.11)

for u € D1P(Q,0). We reiterate for the sake of exposition that D1?(Q,0) is the
weighted homogeneous Sobolev space obtained by the completion of C2°(£2) with

respect to the weighted norm

1/p
g = [ [VutaP Lol a)
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A function u € DP(Q,0) is said to be a (weak) solution to (A) provided the
(Fréchet) derivative of J vanishes at u, i.e. if (J'(u),h) = 0 for all h € D:P(Q,0),

where
() = [ 19 (T ol e = [l o]
Q Q

In the above, we write (-, %) to represent the usual dot-product on R”, while the
symbol (-,*) denotes the duality pairing. We interpret the quantity J(u) as the
energy of a function in DIP(2,0), and the Sobolev space DI?(£2,0) to be the
vector space consisting of all “suitable” functions whose energy (with respect to
this energy functional J) is finite.

Since solutions of (A) are simply the critical points of the energy functional
J, it is natural to consider sequences of functions which naively approach a crit-
ical point. That is, in the hopes of exhibiting a non-trivial solution to (A), one
might attempt to build a sequence of functions (u,) belonging to the energy space
DLP(Q,0) for which J'(u,) — 0, with respect to the strong operator topology,
as a — oo. A particularly useful class of such sequences are the Palais-Smale
sequences (often abbreviated by(PS)-sequences), which we define below. These
are effectively the “approximating sequences” described loosely above, which have

uniformly bounded energy and which seek to approximate a critical point of J.

Definition 1.1.1. Let X be a Banach space over R or C and E be a C'-functional
defined on X. A sequence (z,) in X is said to be Palais-Smale, with respect to E,
provided

1. E(z,) is bounded independently of a € N,
2. E'(x4) — 0 strongly in the topological dual space E*, as & — c0.

Should the limit lim, ., F(z,) exist, then this quantity is called the energy level of
the (PS)-sequence (z,). In the case that E' is the energy functional corresponding
to a partial differential equation, we will allow ourselves to say that a sequence is
Palais-Smale with respect to the associated partial differential equation, provided
it is a (PS)-sequence for the functional E. We remark that the functional E is

said to satisfy the Palais-Smale condition if every Palais-Smale sequence has a
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subsequence converging strongly in X. More generally, given an energy level c,
we say that E satisfies the Palais-Smale condition at energy level ¢ (often written
as the (PS).-condition) if every Palais-Smale sequence at energy level ¢ has a

subsequence converging strongly in X.

Although it is often possible to construct non-trivial Palais-Smale sequences
for the energy functional .J, such a sequence can be tricky to work with concretely.
Certainly, given a Palais-Smale sequence (u,) in D}*(2,0) for J with non-zero
energy level, one might hope to utilize a suitable compact embedding theorem
(or verify the Palais-Smale condition) in order to ensure the existence of a sub-
sequence (ug) converging strongly, in an appropriate sense, to a function u and
proving this w is a solution to the problem (A). Unfortunately, guaranteeing the
existence of a subsequence (for a general (PS)-sequence) converging strongly in
DLP(,0), is impossible. Indeed, this difficulty is inherent to critical equations, as
there is a non-linearity involving the unknown function u for which the Sobolev
embeddings are continuous, but not compact. Nevertheless, there is much to be
gained from an understanding of the possible lack of compactness such a sequence
can possess. As a matter of fact, accurate descriptions of compactness failures
have a lengthy history, and a proven track record regarding mathematical utility.
For example, important works of Lions [48]-[49] (and other authors, for other oper-
ators and equations) describe the possible limit profiles of a Palais-Smale sequence
at the level of measures, in terms of weak and weak* convergence. Such results
can sometimes be used to demonstrate existence of solutions, but are not always
sufficient for these purposes. A powerful observation, first made by Struwe [63] in
1984, was that, in the limit, a Palais-Smale sequence for the unweighted critical
Laplace problem (1.0.5) (i.e. a (PS)-sequence for J with a = b = 0 and p = 2),
posed in a sufficiently well-behaved domain, decomposes into a solution of (1.0.5)
perturbed by finitely many translated and rescaled solutions to the same problem,
but in R™. Moreover, this decomposition takes place in both senses with respect
to the strong norm topology and the energy functional J. This result was the
first global compactness theorem, and as such, these results are often respectfully

called Struwe-type decompositions.

In other words, although a general (PS)-sequence for the unweighted critical
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problem (1.0.5) may not have a subsequence converging strongly in the energy
space, there does exist a subsequence that (in the limit) splits into a solution to
the problem itself, perturbed by a finite sum of translated rescalings of solutions
to a limiting problem in R"™. Furthermore, the energy level is conserved, in the
sense that the energy of the (PS)-sequence is precisely the sum of the respective
energies of all solutions. These rescaled translations which perturb the solution in
), are frequently called “bubbles”. Loosely speaking, Struwe’s theorem provides a
complete asymptotic expansion of the Palais-Smale sequence in the energy space
DY2(R™). Struwe’s groundbreaking theorem has found numerous applications in
questions of existence; we mention in particular the famous Bahri-Coron result [4],
which highlights the so called “effect of topology” in the domain (e.g. a sufficiently
thick annulus).

Of further relevance to our results, is the well known extension of Stuwe’s
decomposition to the p-Laplacian operator, established by Mercuri-Willem [52] in
2012. Within this paper, the authors demonstrate that a Palais-Smale sequence
for problem (1.0.4) whose negative part decays in LP (Q), posed in a sufficiently
smooth domain, possesses a subsequence which obeys the Struwe decomposition,
i.e. it splits asymptotically into a solution of the problem (1.0.4) perturbed by
finitely many rescaled translations of positive solutions to the same problem, but
posed in the entirety of R™. We also refer the reader to the work of Alves [2] for
related results for a similar problem involving the p-Laplacian.

Decomposition results of this type have been used to shed light on both the
existence and multiplicity of solutions, see for instance the important works of
[30, 22, 67, 5, 24]. In addition, we note that decompositions in spirit of Struwe’s
have been established in other contexts. Examples include Hebey-Robert [42] for
Paneitz type operators, Saintier [58] for p-Laplace operators on compact mani-
folds, El-Hamidi-Vétois [33] for anisotropic operators, Almaraz [1] for non-linear
boundary conditions and Mazumdar [50] for polyharmonic operators on compact
manifolds.

As an aside, we also emphasize that understanding the limit profile of a Palais-
Smale sequence itself provides valuable information on the partial differential equa-
tion. Indeed, should the Palais-Smale sequence be non-negative, in the sense that

every u, > 0, (or even if the negative part of u, decays in the appropriate sense)
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then any possible bubble appearing must be a positive solution to

—Au=|ul*"?u inR"

(1.1.2)
u € DM2(R"),

the positive solutions to which have been completely classified (we refer the reader
to this end of this section for further details regarding this classification).

Having now provided an informal high level discussion of Struwe-type decom-
positions, along with an imprecise treatment of the convergences it guarantees,
we are now in a position to state our first main results of this manuscript. The
Struwe-type decomposition for the Caffarelli-Kohn-Nirenberg problem (A) exhibits
distinctive phenomena in the cases a < b and a = b, and as such, for the clarity
of our exposition, we state these separately as two independent theorems. In ad-
dition, it will become readily apparent from the proofs that the case a = b # 0
is the most challenging, and features a new blow-up configuration, which occurs
only in this case. This new bubbling configuration is a result of the loss in trans-
lation invariance due to the weights and, in order to account for energy loss in
this regime, we develop a new rescaling law (which we shall denote o ,) capable
of exhaustively capturing this concentration phenomenon. We shall discuss this
new rescaling law in greater detail shortly, after having stated our Struwe-type
decomposition. Regarding our main results, we shall begin by presenting the de-
composition for a < b, which nonetheless exhibits deviations from the unweighted

model case.

Theorem 1.1.1 (Chernysh [12]). Let Q@ C R be a bounded domain containing
the origin and assume (1.0.1). Let (uy) be a Palais-Smale sequence for (1.1.1)
for which lim,_, J(u,) exists. Suppose a < b and let v > 0 be the homogeneity

exponent from (1.0.3). Then, there exists a subsequence (ug) of (u,) along with

(1) a solution vy of (A);

(2) finitely many non-trivial solutions wy, ..., wy for the weighted limiting prob-
lem

— div (|z[~* |VulP~? Vu) = 2|7 u"%u i R,

(B)
u € DLP(R™,0)
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and, for index each j = 1,...,k, a corresponding sequence ()\g)) in (0,00)

such that
)\g)—ﬂ), as 8 — oo.

Furthermore, as 8 — oo, there hold the following.

(i) Decomposition in the Enerqy Space:

k

A\ —Y . ) n
ug — Vg — Z ()\g)> w; (W) —0 in DYP(R™,0) (1.1.3)

j=1

(i) Norm Decomposition:

k

||U’ﬁ||%é7p(ﬂ70) — ||UO||%}17P(Q70) + Z ||wj||ppé7P(Rn70)
7j=1

(i1i) Energy Decomposition:

k
J(ug) = J(vo) + Y Joso(wy).

J=1

In the statement above, we write Jy o to denote the energy functional corre-
sponding to the weighted limiting problem arising in (B), i.e. for u € D}?(R",0)

we have

1 1

Jose(w) == [ |Vu(@)P |z| " dz — = [ |u()|?|z| ™ dz. (1.1.4)
p R™ Rn

Of course, a (weak) solution to (B) is a function u € D}P(R",0) for which there

holds (J) ,(u),h) = 0 for all h € DLP(R™,0), where

(Sooo(t), h) = i IVul" 2 (Vu, Vh) |z~ dz — i |2 uh 2| da.

We point out that, exactly as in the unweighted model case, whenever our

(PS)-sequence (u,) is non-negative, the resulting functions vy, w; are themselves
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non-negative. For certain parameter ranges (see below), these positive w;’s are

completely classified and their respective energies precisely understood.

In addition, we observe that in the conclusions of Theorem 1.1.1, every one of
the “bubbles” (i.e. the rescaled w;’s appearing in (1.1.3)) necessarily concentrate
at the origin. This stands in sharp contrast to the model case a = b = 0, considered
by Struwe [63] for p = 2 and later by Mercuri-Willem [52] for general 1 < p < n,
wherein the bubbles may concentrate at any point in €. In other words, if there is
any loss of compactness, it must take place at the origin. Being that the origin is an
interior point of the domain €2, this loss of compactness is far from the boundary,
and as such, we obtain a decomposition result that does not require any kind
of boundary regularity. In hindsight, this origin enforced bubbling is natural,
owing to the fact that in the a < b regime, the nonlinearity ¢ > p is strictly
smaller than the critical Sobolev exponent p*, and hence the natural embedding

DLP(Q,0) — L (Q\ {0}) is compact.

loc

Next we turn our attention to the balanced setting where a = b # 0 within
the parameters (1.0.1). In this regime, we have ¢ = p* and consequently, in
addition to the complexities imposed by the weight at the origin, we have the
critical nonlinearity on u to appease at all points of the domain 2. As a result,
the case a = b # 0 exhibits a new bubbling configuration, requiring an energy
space decomposition involving three distinct limiting problems. This new bubbling
configuration presents a strong deviation from the model unweighted case (1.0.4),
is unique to the a = b # 0 regime, and combines the difficulties introduced by both
the weights and a critical exponent. In fact, if we have concentration away from the
origin (or even slowly at the origin), the resulting bubble will not “feel” the weight,
and satisfies an unweighted critical equation, either in R™ or a half-space. Formally,
the unique bubbling configuration arising in the a = b # 0 case involves three
limiting problems, belonging to both critical weighted and unweighted categories.
First, we have the weighted problem (B) that we previously encountered within

the a < b case. The second, is an entire unweighted analogue given by

—Apu=|uf” ?u inR"

u € D' (R"),
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whose associated energy functional is given by

Js : DYP(R™) D DY?(H) — R,

Joo(ut) = /R ]Vu(ac)\pdx—/n u(z)

*

P de.

Furthermore, as one cannot generally rule out bubbling near or on the boundary
of €2, we are forced to also consider the unweighted limiting problem set in the
half-space H := {z € R" : z,, > 0},

—div (|Vu|p_2 Vu) = luf"?u in H

(D)
u € DY (H).

Naturally, the energy functional corresponding to this half-space problem is simply
the restriction of J,, to the subspace DF(H).

We remark, perhaps prematurely, that the typical Struwe-type argument in-
volving rescaled translations to extract concentration phenomena will not work
in the weighted regime. Indeed, translations are “forbidden” since the equation
(A), and its associated energy functional, lose the translation invariance we cov-
eted for a = b = 0. In addition, the fact that energy can “bubble away” into
unweighted solutions points to the necessity of a transformation, replacing the
standard broken rescaling/translation invariance used in the unweighted model
case, while accounting for the change in energy space. To this end, before formally
stating our decomposition theorem in the case a = b, we define a key transform
7~ in terms of a fixed function n € C°(R™; [0, 1]) for which n =1 in B(0,1/2) and
n = 0 outside B(0,1).

Given y € R™ \ {0} and A > 0, we define a transformation 7, , according to

Y

A 7h ifa=0b6=0

T,ah(z) = (%)—b/\vh (z;y)n (W) ifa=b+#0.

We point to the presence of an additional term, namely (ﬁ) , which presents

a striking deviation from the classical unweighted model case a = b = 0. We
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shall discuss this transformation in greater detail, following the statement of our
next main result, and within Chapter 2. Informally however, one may interpret
T, as being a transform that transfers unweighted information into weighted
information, while preserving the energy at the limit. We also note that 7., reduces
to the traditional bubbling transformation used by Struwe [63] and Mercuri-Willem
[52] in the unweighted regimes.

We may now state our next main result, which applies to the most difficult
case a = b # 0. Unlike the a < b case, bubbling is not exclusive to the origin, and
consequently we must impose a suitable smoothness condition on the boundary of

), which is consistent with the earlier results applying to the unweighted equation.

Theorem 1.1.2 (Chernysh [14]). Suppose Q@ C R"™ is a bounded C*-domain
containing the origin and let (u,) be a Palais-Smale sequence for J such that
limg o0 J () exists. Assume a = b (so that ¢ = p*) and let v > 0 be the homo-
geneity exponent from (1.0.3). Then, there exists a subsequence (ug) of (uq) along
with

1. A solution vy of (A).

2. Finitely many non-trivial functions wy, . .., wy for the weighted limiting prob-
lem (B) and, for each j = 1,...,k, a sequence </~L,(3j)> in (0,00) such that

,u(ﬁj)—>0asﬁ—>oo.

3. Finitely many non-trivial solutions vy, . .., v; for an unweighted limiting prob-
lem (C) in R™ (see below) and, for each j = 1,...,l, sequences (A?) in
B

(0,00) and <yéj))ﬁ in 0 satisfying, as B — oo,

) ,
() ‘yﬂ dist(yS”, 09)
S Bt ERIC
A A
4. Finitely many non-trivial solutions v ol for an unweighted limiting
1 l

problem (D) in the half-space H (see below) and, for each j = 1,... "

)



1.1. GLOBAL COMPACTNESS 13

sequences ()\]g’(j))ﬁ in (0,00) and (ygl’(j))g in Q satisfying, as B — 0o,

‘ H,(5) . H())
: Yg dist(y,’, 02
ALG) 0, — — 00, (yﬁ , ) 18 bounded.
B Ag(ﬁ ‘AHxﬁ
B

These are such that the following decompositions are true as [ — oo
(i) Decomposition in the Enerqy Space:

l

k M
() - z H
Uﬁ—vo_z (luﬁj ) W <,U(j)> _Z |: /\(] (J) J:| Z { ), H ) :| — 0

=1 8 =1
in DyP(R™,0). Here, Vi1 are translated rotations of v},

(i) Norm Decomposition:
k !
HUﬁlep 0,0 HUOHD}Z”’(Q,O)—{_Z ”ijD;vP(Rn’o)‘i‘Z ||Uj||D1,p(Rn)+Z HU]JHIHDM(H)
= j=1 =1
(iii) Energy Decomposition:
k l /A
T(ug) = J(00) + > Jowe(w) + > Joo(vj) + Y Juo(v])
j=1 j=1 j=1

Remark 1.1.1. It should be noted that whenever our (PS)-sequence (u,) is non-
negative the functions vy, wj, vj, U]JH are themselves non-negative. Such an ob-
servation is particularly powerful in this case. Indeed, in such a case, thanks to
a non-existence result of Mercuri-Willem [52], we may rule out the possibility of
solutions to the half-space problem (D). Moreover, the positive solutions to (C)

have been classified.

Remark 1.1.2 (The Impact of Symmetry and Boundary Singularities). In the event
where (2 is a ball centered at the origin and our (P.S)-sequence consists of functions
which are radially symmetric about the origin, any loss of compactness must result

from bubbles associated to radially symmetric solutions of the limiting weighted
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problem (B). Indeed, if a < b, this is automatic from Theorem 1.1.1. As for the
a = b # 0 regime in the case of radial (PS)-sequences, an adaptation of the proof
of Theorem 1.1.2 (see for example the argument in Proposition 3.4.2 of Chapter
3) shows that any loss of compactness must take place at the origin, in the form of
a weighted bubble (i.e. bubbles arising from solutions to (B)) and as such recover
the bubble tree decomposition from Theorem 1.1.1. Thus, in the case of a radial
(PS)-sequence, and for all valid parameters, we may dispense with the limiting
problems (C)-(D) in the statement of Theorem 1.1.2. More generally, if B denotes
an open ball centered at the origin, this bubble tree reduction remains true for any
(PS)-sequence (u,) in D1P(B,0) such that for almost all = € B:

|ta(g2) = [ua()]

for all @« € N and g € G, where G < O(n) is a subgroup such that |Orbg(x)| is
infinite for all x # 0.

Finally, although our main results are stated for bounded domains €2 containing
the origin, we expect that Theorems 1.1.1-1.1.2 extend (after an adaptation of their
proofs) to the case 0 € 0f), provided we replace the weighted problem (B) with
its analogue posed in a half-space. Note that, even in the case a < b, we would
require that 9Q be at least C! near the point 0. We remark that our assertion
regarding the decomposition in this case, and the regularity assumption on 0f)
near 0, is entirely consistent with the results obtained by Ghoussoub-Kang [40] for

the Hardy-Sobolev case p =2 and a = 0.

Restricting ourselves to the special case where p = 2 and a = b = 0, Theorem
1.1.2 reduces to precisely the result first obtained by Struwe [63]. Indeed, in the
unweighted case with the Laplacian, a Pohozaev identity shows that the half-space
problem (D) admits no non-trivial solutions, and consequently we may only find
bubbles solving the problem (1.1.2). For general 1 < p < n with a = b = 0,
Theorem 1.1.2 reduces to the result established by Mercuri-Willem [52] for Palais-
Smale sequence whose negative part converges strongly to 0 in LP" ().

However, we should observe that the weighted regime a = b # 0 carries sur-
prising caveats, some of which are strikingly different from the unweighted model

cases. As we emphasized earlier, Theorem 1.1.2, in contrast to Theorem 1.1.1 and
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the unweighted cases studied by Struwe [63] and Mercuri-Willem [52], may produce
bubbles corresponding to three problems, specifically (B), (C), (D). Nevertheless,
it is Theorem 1.1.2 that generalizes the model case a = b = 0.

Perhaps an even more notable facet of Theorem 1.1.2 is not simply the fact that
we have three possible limiting problems, but rather the surprising property that
bubbles may arise in both weighted and in unweighted energy spaces. In truth, it
is the presence of bubbles that “feel” the weight, while others remain unaffected,
along with the broken translation invariance of the problem, that contributes the
most significant difficulty of the proof when a = b # 0 in the parameters. What
is more, it is precisely due to this interplay between weighted and unweighted
energies that we require a transform 7\, which enables the ‘transfer of informa-
tion” between the unweighted energy space D'?(R") and its weighted counterpart
DLP(R™,0). In said transform, we observe the presence of a concentration factor
which vanishes in the unweighted model case a = b = 0: a power of \/|y| ac-
counting for the effect of the weighted measures |z|~* dz and |z| ™" dz, which are
controlled via a cutoff function. Of course, it is important to observe that the A/ |y|
ratio vanishes when a = b = 0 and the cutoff is unnecessary in this unweighted

case, at which point we recover the classical transform used by Struwe [63] and
Mercuri-Willem [52].

Parameter: | Core Problem Case Possible Limit Problems
a=b=0 Critical p-Laplace problem (C), (D)

a<b CKN problem (A) with a < b (B)

a=b#0 CKN problem (A) witha=0b+#0 | (B), (C), (D)

Table 1.1: Compactness profile by weight parameters.

Classification of Solutions. Our understanding of the loss of compactness phe-
nomenon presented in Theorems 1.1.1, 1.1.2 may be improved by characterizing
solutions to problems (B), (C) and (D). As such, we provide some historical con-
text and recent results, particularly with regards to classifications of solutions to
problem (B) and its unweighted analogue (C). In fact, early classifications were
for extremal functions of (CKN) with Q = R™. Without the weights (i.e. for
a = b = 0), this reduces to the Gagliardo-Nirenberg-Sobolev inequality, and the

best constant is known by works of Aubin [3] and Talenti [66]; though computations
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of this constant date as far back as Rodemich’s seminar [57]. In this unweighted
case, Talenti [66] exhibited a family of (radially symmetric) functions achieving
the Caffarelli-Kohn-Nirenberg inequality in R”. For p = 2 and n > 3, the exis-
tence of radially symmetric functions minimizing (CKN) in R" was determined
by Lieb [47] when @ = 0. In addition, an explicit form for said best constant
was established therein. Furthermore, for p = 2, Chou and Chu [16] determined
the best constant in the Caffarelli-Kohn-Nirenberg inequality when a > 0 and
categorized the minimizing functions when a > 0. Considering instead a < 0,
Horiuchi [45] showed that, when p = 2,n > 3 and a = b < 0, the best constant
in the Caffarelli-Kohn-Nirenberg inequality is precisely the Sobolev constant, and
equality cannot be achieved by any function in D}P(R" xy). In this same pa-
per, Horiuchi also determined the best constant of the Caffarelli-Kohn-Nirenberg
inequality for 1 <p <n/(1+a—b), provided a > 0 and b < n/q.

In recent years, positive solutions to the unweighted entire problem (C) have

been fully classified and have the form

(m(=)")

Bt |z — 7T

_p_
1/P q—p

, > 0,29 € R"™ (1.1.5)

This classification was obtained in the case p = 2 by Obata [53] and Caffarelli,
Gidas and Spruck [8]; they showed, via the method of moving planes, that all
positive solutions to (C) are radial and thus determined an explicit form for said
solutions. Furthermore, Damascelli, Merchan, Montoro and Sciunzi [25] utilized
a previous classification due to Guedda and Veron [41] to extend this result to
the range nz—f:z < p < 2. Similarly, Vétois [68] improved the range to 1 < p < 2
by exploiting a decay result of Damascelli-Ramaswamy [26]. Finally, the case
2 < p < n was handled by Sciunzi [59] using an a-priori estimate of Vétois [68].
We mention that, for ranges of p depending on n, this classification is also known
for solutions that are not assumed to have finite energy (i.e. u need not belong
to DMP(R™) a priori), see Catino, Monticelli and Roncoroni [10], Ou [54] and

Vétois [69] for more detail. Furthermore, we note that Farina-Mercuri-Willem [34]
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extended these classifications to (possibly sign-changing, a priori) radial solutions
by showing that any non-trivial radial solution to (C) is necessarily of the form

(1.1.5), up to multiplication by +1.
Similar classification results are known for the weighted analog of (C), i.e.

problem (B). Indeed, in some cases, positive solutions to problem (B) are known
to be of the form

(o tnin=pl s o)y )”p o
(= p(0 +a—D)p— 1

(n—p(1+a)) p(lt+a—b) )
/J“ + I ’x| (n—p(1+a—b)) p—1

T >0 (1.1.6)

We note that, if @ = b = 0, the weighted measures |z| " dz and |z| " dz are
translation invariant; in particular the functions in (1.1.6) cover all possible so-
lutions of (B), up to translation. Put otherwise, in the case a = b = 0 there is
no distinction between problems (B) and (C) so all positive solutions are given
by equation (1.1.5); we omit this case from the reminder of our discussion. When
a = 0, generalizing a result of Guedda-Veron [41] to allow for b # 0, Ghoussoub
and Yuan [39] showed that every positive radial solutions of (B) is of the form
(1.1.6). Considering only p = 2, Dolbeault and Esteban [31] show that all positive
(not a-priori assumed radial) solutions in the non-limiting case a < b are as in (B),

provided either a > 0 or

a<0 and b<vy I C——
VY +n—1

Moreover, for dimensions n > 3, Ciraolo and Corso [17], utilizing a-priori
asymptotic estimates of Shakerian-Vétois [60], demonstrated that this classification
extends to the whole range 1 < p < n in the limit case a = b > 0 as well as a
wider range of possible values for a, b provided p < n/2. Building upon the result
of Ciraolo-Corso [17] and again utilizing estimates from Shakerian-Vétois [60], Le
and Le [46] showed that, when a = 0, all positive solutions of (B) are radial and
therefore classified by Ghoussoub-Yuan [39].

We remark that all classification results (for positive solutions) discussed thus
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far yield radial solutions. However, certain minimizers of the Caffarelli-Kohn-
Nirenberg inequality are known to break symmetry for some values of a, b, p; see
[11, 7, 35, 62, 32, 15] for details.

Finally, we also point out that the stability of the Caffarelli-Kohn-Nirenberg
inequality, which has close relation to quantitative versions of Struwe decompo-
sitions, has received significant attention recently. Indeed, questions of this type
have been studied in the papers of Ciraolo-Figalli-Maggi [18], Figalli-Glaudo [38],
Deng-Sun-Wei [29], and Wei-Wu [70].

1.2 Nodal Solutions with Prescribed Symmetry

The remainder of this thesis delves into questions of existence, multiplicity, and
symmetry prescription for nodal solutions of the entire Caffarelli-Kohn-Nirenberg
problem

— div (|z|~* |VulP~? Vu) = 2| " u|" ?u  in R™,

1 (B)
u € DyP(R™,0)

Questions of this type for quasilinear critical elliptic equations have a long standing
and rich history. In fact, recently in 2025, Clapp-Vicente-Benitez [21] constructed
entire nodal solutions for the critical p-Laplace equation (C) for an infinite number
of distinctive symmetry types. As far as the author of this thesis can tell, this
paper of Clapp-Vicente-Benitez [21] contains the first such result for the pure
critical problem (C) (alongside an investigation of associated competitive systems).
We also remark that, through a similar methodology, Clapp-Rios [24] found (in
2017) the first nodal solutions for (C), by considering a finite number of distinct
symmetry types. In both these aforementioned works, the symmetries considered
act exclusively on four real coordinates.

It should also be observed that, when taking p = 2 and a = b = 0, the weighted
problem (B) reduces to the Yamabe problem (1.1.2). Not only does this problem
have important geometric significance, it arises as the natural limit profile bubbles
satisfy when p = 2 and @ = b = 0 (Struwe [63]). In this particular setting, there
has also been a great deal of continued interest in the existence of nodal solutions,

particularly when it comes to exhibiting those satisfying new symmetries. In this
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Yamabe context, a key reference is the seminal work of Ding [71], wherein it was
proven that the critical problem (1.1.2) admits infinitely many distinct solutions
which change sign. In fact, to be more precise, Ding constructed a sequence of
functions (u,) in DY2(R™), each solving (1.1.2), for which

HUQHQDLQ(Rn) == /R |Vua\2dx — 00,

as o« — 00. In his proof, Ding exploited the invariance of the Yamabe problem
under Mobius transformations, an approach that is not appropriate for even the
unweighted p-Laplacian since this operator is not conformally invariant. Further
significant attention has also been given to finding new solutions to the Yamabe
problem which change sign, i.e. nodal solutions to (1.1.2) which do not arise
from Ding’s procedure in [71]. For important references on such questions, we
mention the papers of Pino-Musso-Pacard-Pistoia [27]-[28]. Further highlighting
the difficulties presented by even the unweighted p-Laplacian, we observe that the
authors of [27] utilize the Lyapunov-Schmidt reduction method within their paper,
an approach which does not readily generalize to the weighted p-Laplacian, being
that the resulting linearized operator is poorly understood for even the unweighted
p-Laplace operator. With regards to the case of the sphere, we point to works of
Fernandez-Palmas-Petean [36], Ferndndez-Petean [37], and Medina-Musso [51]. It
should be noted that Ding’s result was not anticipated by all; in fact, there had
been some who had previously attempted to prove that every solution of (1.0.5)
with finite energy (i.e. belonging to D}?(IR")) was radial and hence classified by the
Talenti bubbles. Of course, we now know this to be an impossibility. Recent work
in finding new solutions to the Yamabe problem has also been done by Clapp-Faya-
Saldana [23]. As for weighted equations of the Caffarelli-Kohn-Nirenberg type
with subcritical terms, the literature is much more sparse. However, we observe
that Szulkin-Waliullah [64] constructed entire sign-changing solutions when the
parameters in (1.0.1) satisfy 0 < @ < b. Similar approaches have also been used
in the fractional case (see, for instance, Herndndez-Santamaria-Saldana [43] and
Zhang-Ma-Zheng [75]).

In much of the literature addressing questions of existence for nodal solutions to

these equations, the potential symmetries such functions can satisfy are a central
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and recurring theme, both in terms of qualitative analysis and proof techniques.
For example, the solutions constructed by Ding [71] are invariant under the action
of an O(k) x O(¢) subgroup of O(n), while the solutions constructed by Clapp-Rios
[24] and Clapp-Vicente-Benitez [21] satisfy carefully selected rotation, reflection,

and cycling (anti)-symmetries.

Our aim, both in this section and in Chapter 3, is to establish the existence of

sign-changing solutions to the entire critical Caffarelli-Kohn-Nirenberg problem

—div (|| [Vu[" > Vu) = [u[" *u  in R",

(1.2.1)
u € DIP(R",0)

across the full range of parameters described by (1.0.1). In addition, we seek to
put forth a broad, formal category, of symmetries for which there exists a sign-
changing solution of (1.2.1) belonging to the aforementioned symmetry class. This
symmetry category will extend those introduced by Clapp-Rios [24] and Clapp-
Vicente-Benitez [21]. We point out that our category of symmetries is selected for
two specific reasons: first, it provides a framework under which one may distinguish
the solutions by their symmetry types, while being broad enough to enable the

prescription of an infinite variety of symmetry types to sign-changing solutions.

In order to present our main result, we must first define some conditions.

n

4
ger a > 0, and denote by m = (my,...,my) a tuple of non-negative integers. We

Henceforth, given a dimension n > 4, we shall write k := L J — 1, fix an inte-

define the conditions:

0<2xa+ Y my(j+1) <n/2, (1.2.2)
W+ Y mi(j+1) # (n—1)/2. (1.2.3)

j=1

Here, xo = 0 if @« = 0 and x, = 1 otherwise. If a = 0, we require that m # 0.
It should be noted that (1.2.3) is important to the case a = b # 0 and is the
reason for the condition n # 5 in Theorem 1.2.1 stated below. The pair (a, m)

will serve as a barcode identifying a precise symmetry configuration. However,
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speaking informally, one can interpret an (o, m)-symmetric function as an entire
function R® — R, vanishing at the origin, for which o > 0 describes the number
of “pins” or “pinwheels” the function possesses in R*, while m dictates a more
complex symmetry structure, involving invariance under certain synchronous ro-
tations, and sign-changes with respect to special reflections and coordinate cycling.
We refer the reader to Chapter 3 for a precise definition of an («, m)-symmetric
function. However, to help ground the notion of an («, m)-symmetry in the current
body of literature, we point out that every solution obtained by Clapp-Rios [24]
has an (0, (7,0))-symmetry. Furthermore, although the construction implemented
by Clapp-Vicente-Benitez [21] provides no information on the symmetries of the
solutions beyond 4-real coordinates, we are certain to produce solutions different
from theirs.

Fix a dimension n > 4. Given two tuplesm = (mq,...,my) andn = (ny,...,ng),
we say that m < n provided there exists £ € {1,...,k} such that

mj=n;if j <€, my<mng, and my=01if j >/

It is not hard to check that m = nif and only if m < nand n < m. In fact, if m €n
and n € m, then there exist distinct indices 7,7 € {1,..., k} such that m;, n; # 0.

Therefore, we are free to define

1 fm<SnornSm
ged(m,n) = (1.2.4)
max {ged(i+ 1,7+ 1) : my,n; # 0} otherwise.

The main theorem of our second chapter is the following existence result for

nodal solutions of (1.2.1).

Theorem 1.2.1 (Chernysh [13], 2025). Fiz a dimension n > 4, let « > 0 an

integer, and m be a tuple of non-negative integers such that (o, m) satisfies (1.2.2).

1. When a < b or a = b = 0, there exists a non-trivial sign-changing solution

Ugm to (1.2.1) which is (o, m)-symmetric.

2. Whena=0b+#0,n#5, and (o, m) satisfies condition (1.2.3), there exists a

non-trivial sign-changing solution g to (1.2.1) which is (o, m)-symmetric.
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Moreover, for any (B,n) satisfying (1.2.2):

(1) if a # B then tugm 7 Ugn,
(i1) if « = B and m # n, then uam # ug, provided ged(m,n) = 1.

A few brief remarks are in order regarding the contents of Theorem 1.2.1. First,
to the best of the author’s knowledge, Theorem 1.2.1 is the first result providing
the existence of entire nodal solutions to (1.2.1) for the full parameter range (1.0.1).
In fact, Theorem 1.2.1 seems to be the first result establishing the existence of even
a single sign-changing solution to (1.2.1) when p # 2 and a < 0. What is more,
this result is established using a single approach, which applies to the full range
of parameters (1.0.1).

Aside from the importance of answering the question of existence, the main
strength of Theorem 1.2.1 is its ability to generate a plethora of nodal solutions
to (1.2.1), while providing a wide class of symmetries one can prescribe to nodal
solutions, in such a way that the resulting functions are readily and systematically
distinguishable by their symmetry-types. In fact, by fixing m and allowing o > 0 to
vary, we see that there exist sign-changing solutions to (1.2.1) for an infinite number
of distinct symmetry configurations. Additionally, for a fixed integer o > 0, there
is a multitude of admissible tuples m for which (a, m) satisfies (1.2.2) for which the
resulting symmetry classes are distinct. Certainly, if we restrict ourselves to tuples
m = (my,...,my) for which m; # 0 only when (j+ 1) is prime, then the resulting
(cr, m)-symmetry classes are automatically mutually exclusive by the second part
of Theorem 1.2.1. In such cases, we shall say that m is prime, i.e. that m; =0
only when (j + 1) is prime. Famously, a beautiful result of Ramanujan [56] then
asserts that, for a fixed a > 0, the possible admissible choices prime m such that

(a, m) satisfies (1.2.2)-(1.2.3) is asymptotically in the order of

™ 2n
exp <\/W> . (1.2.5)

Returning briefly to the topic of symmetry prescription, we point out that, as
far as the author is aware, Theorem 1.2.1 provides new solutions to the critical

p-Laplace problem (C) and, also, to the Yamabe problem (1.1.2).
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Before we discuss any of the proof elements, we ought to acknowledge the
interesting distinctions between the cases a < b,a =b=0, and a = b # 0. As one
can observe from the first part of the theorem, in the casesa < band a = b =0, we
can guarantee the existence of an («, m)-symmetric nodal solution for any (o, m)
satisfying condition (1.2.2). On the other hand, for a = b # 0, we require that
(e, m) satisfies the auxiliary condition (1.2.3), which is precisely what gives rise to
the exclusion of dimension n = 5 in this case. The condition (1.2.3) is effectively
a group symmetry constraint which serves to handle the complex concentration
phenomena exhibited by the Struwe-type decomposition in the case a = b # 0 (see
Theorem 1.1.2). Informally, its purpose is to prohibit the formation of bubbles
solving the unweighted limiting problem, ensuring that our variational methods
produce a solution to the weighted problem of interest. In the unweighted regime
a = b = 0, a weaker condition (see Clapp-Rios [24]) is sufficient because of the
translation invariance of the problem, which is broken by the presence of weights.
As for the case a < b, we need no such condition at all by virtue of the Struwe-
type decomposition forcing all loss of compactness to take place at the origin (see
Theorem 1.1.1), thereby automatically locking potential bubbling into the category
of weighted solutions. We will elaborate more on these technical points in Chapter

3, where we produce the proof of Theorem 1.2.1.

1.3 Thesis Organization

Following this chapter, we devote the entirety of Chapter 2 to the proof of our
Struwe-type decompositions. Here, we will recall important properties regarding
the weighted homogeneous Sobolev space D1?(,0), and set up the problem (A)
from a variational standpoint. This Chapter is largely technical, as it requires a
detailed blow-up analysis and a new rescaling law, to handle the complex balanced
setting a = b # 0, where the presence of a weight at the origin competes with the
“criticality” introduced by the critical exponent ¢ = p*. Of particular note here
is the fact that loss of compactness looks very different in each of the three cases
a<b,a=b=0and a =b# 0.

Briefly addressing the proofs of Theorems 1.1.1-1.1.2, it is instructive to observe

that the transformation rules employed within our strategy deviate significantly
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from those used by Struwe [63] and Mercuri-Willem [52]. Speaking informally, in
the case a < b, we require a transform that accounts for the lack of translation
invariance introduced by the aforementioned weighted measures. We also note
that the proof of Theorem 1.1.1 coincides with a sub-argument in the a = b case
and, on that account, constitutes a key facet of the global picture. In addition
to this, since when a = b we obtain bubbles derived from solutions belonging to
distinct energy spaces, we shall also requires a transform 7, \ from the weighted
space D,?(R",0) to D"(R"), which acts as a “pseudo-inverse” to 7, appearing
in Theorem 1.1.2; both 7,y and 7, will be discussed in greater depth within §2.
We note that 7, will also be central in the proof of Theorem 1.1.1, where it is
used to rule out bubbling away from the origin.

Chapter 3 turns instead towards the construction of nodal (i.e. sign-changing)
solutions to the problem (A), for 2 = R™. Here, we combine the conclusions of the
Struwe-type decomposition results, obtained in Chapter 2, together with carefully
chosen subgroups of O(n), to build non-trivial sign-changing solutions across the
full range of parameters (1.0.1). Furthermore, we exhibit a symmetry category
where one can systematically prescribe certain symmetries, and distinguish the
resulting functions according to a “barcode”-scheme. Of particular note here is
that, to the best of the author’s knowledge, the main result of Chapter 3 is the
first theorem guaranteeing the existence of entire sign-changing solutions to (A)

(for Q2 = R™) for the full range of parameters.



Chapter 2
A Struwe-type Decomposition

The purpose of this chapter is to develop the generalized Struwe-type decomposi-
tions described in Chapter 1, for the Caffarelli-Kohn-Nirenberg problem (A). As
mentioned previously, such an endeavour requires a basic theory of the homoge-
neous weighted Sobolev space D2P(€,0). We shall first discuss this Sobolev space,
and related weighted Lebesgue spaces. Being that the purpose of this chapter is
to prove Theorems 1.1.1-1.1.2, we merely recall, without providing any proofs, the
statements of important topological properties (e.g. Rellich-Kondrachov and Riesz
representation analogues) about the energy space D!P(€,0) that will be invoked
liberally during the remainder of this chapter. We point the reader towards Chap-
ter 2 of the author’s masters thesis Chernysh [12] for proofs, and a more elaborate
discussion of DLP(Q,0).

Following this, we introduce technical tools used to obtain the asymptotic
energy expansions present within the statements of Theorems 1.1.1-1.1.2. This
includes a truncation operator introduced to obtain the almost everywhere con-
vergence of the gradients, as well as the new rescaling laws used to handle concen-
tration phenomena in the weighted regime. In this a < b regime, this rescaling law
takes the form of a pure rescaling centered at a “displaced singularity”. However,
in the critical regime a = b # 0, even this rescaling law is insufficient, as the
“displaced singularity” may slide off to infinity. In such a case, we require an ad-
ditional conditional rescaling law (this transform 7, ) appearing in the statement

of Theorem 1.1.2), which serves to pass information between the unweighted space
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D'P(R™) and the weighted Sobolev space D1?(R™, 0). As these adapted rescaling
laws are fundamental to the analysis we conduct, we devote the first few sections
of this chapter to studying the properties of Palais-Smale sequences (for the en-
ergy functional J) and produce estimates for our rescaling laws. Following this, we
briefly analyze the convergence of rescaled domains in R™, in order to rigorously
handle the possibility of bubbles solving the half-space problem (D). We remark
that this theory is nothing special or new; in fact, considering the possibility of
an unweighted half-space problem is a necessary component of the proof even in
the model case a = b =0 (i.e. such an argument appears in both Struwe [63] and
Mercuri-Willem [52]). For the sake of completeness and the quality of exposition,
we nonetheless opt to precisely develop the required notions to handle this case.

Finally, we establish key lemmas providing the necessary convergence condi-
tions required for the energy decomposition, after which we address the proofs of
Theorems 1.1.1-1.1.2, beginning with the former. Although the a < b case (The-
orem 1.1.1) was first established during the author’s masters thesis (see Chernysh
[12]), omitting the proof would not serve to shorten the length of this manuscript.
Indeed, the proof of the a < b case arises as a natural sub-argument within the
proof of the critical regime a = b (Theorem 1.1.2). In fact, because the proof
when a = b # 0 is even more technical than the a < b regime, it is the author’s
belief that separating the argument into two portions (as we do) significantly im-
proves the quality of exposition. Moreover, presenting it in this manner provides a
more accurate description of the global problem, as it highlights the key differences
between the three cases a < b, a=b=0, and a =b # 0.

For the remainder of this chapter, unless stated otherwise, we assume that
) C R" is a bounded domain containing the origin. Furthermore, we always

assume n > 2 and that the parameters p, a, b satisfy (1.0.1).

2.1 Homogeneous CKN-Sobolev Spaces

The focus of this section is to provide a concrete framework for the weighted
homogeneous Sobolev space D}P(Q,0). Although we have already defined this
space in the introduction, it will be convenient to consider the same space with

a “shifted singularity”. In addition, our definition involved a completion process,
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which one might naturally wish to replace with an explicit identification.

To this end, let U C R™ be an open set and fix a point xq € U. We define
DLP(U, zo) to be the completion of C°(U) under the norm

1/p
lellps o grmny = ( / V(@) |z — 20|~ dx) |

The base-point xy will be called the singularity point. We also introduce the
following notation for weighted Lebesgue spaces, which are intrinsic to the space

D7 (U, xp):

_b _
[l = [ Pl =20l ol = [ [ b= 20l

These expressions induce norms on the weighted Lebesgue spaces, denoted by
LU, xo) and L2(U, xy), consisting (respectively) of (Lebsegue measurable) func-
tions u,v : U — R such that

/ lu(z)|? | — 0| ™ dx < 0o, and / [v(z)|” |x — x| dz < o0.

U U

In this notation, the Caffarelli-Kohn-Nirenberg inequality (CKN) is thus given by
Cun 101y g gy < IV 0y V0 € DRV, 20)  (21.1)

where C, = Cop(n,p) denotes the sharp constant that will henceforth be called
a CKN-constant.

Remark 2.1.1. As mentioned in Chapter 1, when a = b = 0, we shall omit the
presence of weight terms entirely and only write DY(U). In this case, with U =
R™, available literature includes, for instance, Willem [74, §7.2], wherein it is shown

that this homogeneous Sobolev space is precisely
D'P(R™) {u c LF"(R™) : Vu € LP(R”)} :

For the purposes of this monograph, we shall require results from Sobolev

theory in the context of the weighted space D1P(U, xq), which we recall below.
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The reader may consult Chernysh [12, Chapter 2] for more details on these results.
Descriptively, every function u € DiP(U, x4) belongs to Li(U, xg), whereas Vu
exists in the weak sense on U\ {2} such that Vu € LP(U\ {x¢}, zo) (see Chernysh
[12, Theorem 2.3.1]). Moreover, when a > 0, we can assert that Vu exists in the
weak sense on the whole of U ([12, Corollary 2.3.3]). We further note that weak

gradients vanish on level sets. That is, for every ¢ € R,
Vu = 0 almost everywhere on {x € R" : u(x) = c}.

We also recall that, under condition (1.0.1), DEP(U, z,) is always a reflexive Ba-
nach space. In fact, every bounded sequence in D}P(U, xy) admits a subsequence

converging weakly and almost everywhere on the set U (see [12, Theorem 2.5.1]).

Fortunately, several key analytic results for traditional Sobolev spaces have
known analogues in D}P(U, zy), e.g. the Rellich-Kondrachov embedding theorem.

In particular, the natural embeddings

Dy?(U, x0) < L} (R", z9)

Di7p(U7 Io) — LT(Uu |l’ - x0|_6>7 1 S r <g, 0 S (—OO,bQ]

are compact (see [12]).

Finally, we require a complete description of the continuous linear function-
als on DLP(U, ) for the proofs of our Struwe-type decompositions (specifically,
to show the bubbles are non-trivial). Henceforth, we shall write D; ' (U, x(),
with p’ := p/(p — 1) being the Hélder conjugate exponent of p, to denote the
topological dual of D}?(U, zy). An extension of the Riesz-type representation the-
orem (see Chernysh [12, Theorem 2.5.3]) asserts that continuous linear functionals
¢ € D7V (U, x4) are of the form

p(u) = / (Vu,g) |z — x| " dz,  Yue DP(U,x0) (2.1.2)
U

for some R™-valued function g € L¥' (R", 24). We reiterate once more that, (-, *)
denotes the usual inner-product on R"™. As is convention, if a = b = 0, the
topological dual of D'?(U) is simply denoted D~"# (U).
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2.1.1 Pointwise Convergence of the Gradients

We have noted that bounded sequences in D1 (U, z,) have subsequences that con-
verge weakly and almost everywhere on U. In this subsection, we give conditions
under which we can find a subsequence whose gradients converge pointwise. In
short, we establish a weighted generalization of Theorem 3.3 in Mercuri-Willem
[52].
Let us first define the Lipschitz continuous function 7' : R — R by the rule
z if |x] <1,

T(z) := (2.1.3)

a i |z| > 1.

By considering suitable mollifications of T, it is straightforward to see that, given

u € DLP(U, x0), T(u) € DLP(U, xy).

Proposition 2.1.1. Let (u,) be a bounded sequence in DYP(U, zy) converging
pointwise almost everywhere to u € DYP(U,xy) as o — oo. Let T be given by
(2.1.3) and assume that (Uy) is an increasing sequence of open subsets of U such
that .~ Up = U. Assume further that

lim ([|Vua|p_2 Vg — |[VuP~™ Vu ,V [T(uq —w)]) dp =0 (2.1.4)

a—0o0 Uk

for each k > 1, where du = |x — xo|” " dx. Then, there exists a subsequence (ug)

such that Vug — Vu almost everywhere on U.

Proof. We adapt an argument from Szulkin-Willem [65], to show that, given k € N,
up to a subsequence, Vu, — Vu almost everywhere on Uy.

Fix k£ € N and, for each o € N, consider the set
E® = {2 € Uy : |ug(z) —u(z)| < 1}.
Then, (2.1.4) can be written as

1i_>m o ([[Vua\p_z Vg — |[VulP~™> V], [Vu, — Vul) |z — zo| " dz = 0.
a—0o0 Ea
(2.1.5)



30 CHAPTER 2. A STRUWE-TYPE DECOMPOSITION

Since the integrand is non-negative and 1) () — 1 for almost every z € Uy,

passing to a subsequence if necessary, we see that
([[Vual’? Ve — |VulP 2 Va] , [Vua — Vu]) = 0

pointwise almost everywhere on Uy. Appealing classical results (see, for instance,
Szulkin-Willem [65, Lemma 2.1}), it follows that Vu, — Vu pointwise a.e. on U.

Finally, a diagonal argument completes the proof. O

Corollary 2.1.2. Let (u,) be a bounded sequence in DYP(U, zo) converging point-
wise almost everywhere to uw € DXP(U, xg) as o — oo. Under the assumptions of

Proposition 2.1.1, there ezists a subsequence (ug) with the following properties:

(1) Vug — Vu pointwise almost everywhere on U;

(&) Jim (Nsllpogr oy = s = @l o)) = Nl

(3) and
Vg’ Vug — |Vug — Vul’ > (Vug — Vu) = |Vul|' > Vu

strongly in L1 (U, |z — x| ™)

(4) and

ug|* g — Jug — u|*? (ug — u) = [u|"u
B B B B
strongly in La-1(U, |z — x| ).

Proof. The first item is the conclusion of Proposition 2.1.1 whence (2) is a direct
consequence of the Brézis-Lieb Lemma. Finally, (3) and (4) follows from straight-
forward adaptations of Alves [2, Lemma 3] and Mercuri-Willem [52, Lemma 3.2].

O

2.2 Palais-Smale Sequences and Energies of Crit-

ical Points

We now begin to treat Palais-Smale sequences for the Caffarelli-Kohn-Nirenberg

problem directly. Here, we shall establish essential properties such a sequence must
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satisfy: e.g. boundedness in the energy space and non-negative limiting energy.
In addition, we shall show that any non-trivial solution to the Caffarelli-Kohn-
Nirenberg equation, in any open set, has uniformly strictly positive energy. This
last detail is crucial; indeed, is it precisely this fact that ensures our iteration

process in the proofs of Theorems 3.1.1-3.1.2 terminates.

Proposition 2.2.1. A Palais-Smale sequence (uy) in DLP(2,0) for the energy
functional J given in (1.1.1) is bounded.

Proof. We follow the argument used in Struwe [63, Lemma 2.3], which is typical
for showing such sequences are bounded. To this end, let (u,) be a Palais-Smale

sequence for J. A simple calculation shows that, for some C' > 0,

p [ |ual® p [ |ual®
Ua|” :pJua—i-—/ dx§C+—/ dx
Iy = 70 + 2 [ 1] R

where we have used that J(u,) is bounded in a. Next, observe that

p |ua|q
(1-2) | Eefts = ) = ). < € + 000 Bl g

It then follows that, for a suitable C' > 0,

lu

| 5
qu de < C+o(1) HuaHD;P(Q,O)

P p
el < O+ 2 [

whence (u,) is bounded in D}?(Q,0). O

Note that, owing to the reflexivity of D}P(R",0), an immediate by product
of this last proposition is the ability to pass to a subsequence (which preserves
the Palais-Smale property), guaranteeing the existence of a weak limit. In fact,
by our earlier discussion on DP(€,0), we may also assume convergence almost
everywhere on 2.

Next, we show that (in the limit) Palais-Smale sequences for J are uniformly
bounded from below by zero in energy. Thus, no Palais-Smale sequence may

approach negative energies. More precisely, we have the following:
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Lemma 2.2.2. Let (u,) be a Palais-Smale sequence for the energy functional J

corresponding to (A). Then, (u,) has non-negative limiting energy. More precisely,

liminf J(us) > 0.

a—00

Proof. Since (u,) is bounded and a Palais-Smale sequence, it is readily seen that

/ Vetal? 2] do - / ol 2™ do = (J' (), ua) = o(1)
Q Q

as a — o0o. Consequently, as a — o0,

HVUO&HZT’(QO) ||u04||%q(§2(]) 1 1
J(ug) = s — b = (—-—-—) Uq /] +o(1
(1) = q L 2 g + o0
asSs11 O € 111mi1t 1nrerior, we conclude € Prootr.
Passing to the limit inferi lude the proof L]

Proposition 2.2.3. Let C,;, > 0 be the CKN-constant, in particular Cyp > 0 is
such that (2.1.1) holds. Let U C R™ be an open set and suppose u € D1P(U,0) is a
non-trivial critical point of Jooo in U, i.e. (J§ (u),h) =0 for all h € D}*(U,0).

Then,
l4+a-5b
n

0< (C’mb)P(lﬁl—b) ( ) < Jooo(1).

In particular,

1. The constant (C’a’b)P(lﬁl—b) (1%‘_1’) 15 a lower bound for the energy of non-

trivial solutions to problems (A) and (B).

2. If a = b, then (Co,o)% (%) s a lower bound for the energy of non-trivial
solutions to problems (C) and (D).

Proof. Since u € DLP(U,0) is a critical point of Jy o in U, after extending u by 0

outside of U, we have

0:<J5m(u),u>:4ﬂ\vu|P|x|—“pdx—An ul? |~ dar (2.2.1)
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Therefore,

1 1 1
o) = ¥l = g = (3= ) Iy

l+a—05
= (=) el e

On the other hand, by (2.1.1) and using again (2.2.1),
ab ||u||Lq R7) < ||Vu||LP R7) HUHL‘I(Rn)

whence
0< (Ca, )q/(q P) < HUHL‘I(Rn .

We conclude that,

14+a— n(1l+a—-0D
et = (22 gy 2 (Cop?o? (22)
:(Cm)m (L‘”_b>

n

2.3 Homogeneity and Rescaling Laws

Let u € DYP(R™ 0) be given and fix an arbitrary point zy € R" along with some

scaling factor A > 0. We consider the following rescaling of w:

v(x) == Nu(Nx + x0)), (2.3.1)

=

where 4 > 0 is the homogeneity exponent given by equation (3.5.8). With this

rescaling, an easy calculation yields that

||U||Lg(Rn,—x0) = ||U||Lg(Rn,o) and ||VU||Lg(Rn,—xo) = ||VU||L§(RH,0)

whence it follows that v € D2P(R", —xy).
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2.3.1 DModifying the Rescaling: A New Transform

Let u € D2P(R™,0) and consider an arbitrary point y € R™\ {0} along with some
A > 0. We also fix a smooth function n € C2°(R") satisfying

0<n<l1
n=1 in B(0,1/2) (2.3.2)
n=0 outside B(0,1).

Define the transform
Tyt DP(R™,0) — DYP(R™)

via the rule

Nu(Az +y) ifa=b=0

Tyau(x) = b 9
! (ﬁ) Nu(Ax+y)n (%) otherwise
Y Y

(2.3.3)

It turns out, that this transform defined is the correct tool to both test a Palais-
Smale sequence (associated to the energy functional J) for unweighted bubbling,
and for the extraction of said bubble. With this in mind, we now examine how this
transformation behaves with respect to operator bounds relative to the Sobolev

and Lebesgue norms.

Lemma 2.3.1. There exists a constant C > 0 such that, given a pointy € R"\{0}
along with some A > 0, there holds

HTy,AUHLq(Rn) <C HUHLZ(R",O)
)\ b—a
Iy sl sy < C (m) lellps o o

for all u € DYP(R™,0).

Proof. The case a = b = 0 follows directly from homogeneity. Otherwise, we begin

with a simple observation. Suppose x € R” is such that [2Az| < |y|. Then, by the
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triangle and reverse-triangle inequalities, we then have

|/\x|<|/\x+y|§1+M§;

yl =yl Y|

IN

1—

1
2

Therefore, there exists a constant C' = C(ap, bq) > 0 independent of A, y such that

ap bq
(M“y‘) < (M) <C (2.3.4)

Y| Y|

for all x € R” such that 2X|z| < |y|. In particular, these last equations hold
whenever 2\z/|y| is in the support of 7.

Given u € D2P(R™,0), we use inequality (2.3.4) in order to bound the L? and

D' norms of v := 7, yu. Since 0 < 1 < 1, observe that

Pl = [ e (2) 200 [ o
2 |z|<[y]

Y / Az + )| [y da
Alzl <[y

< C/\”/ lu( Az +y)|? | Mz +y| " da
Azl <ly]

:c/ lu (2)]? |2 dz
2|z—y[<|yl

< C HUH%Z(R’I,O)

which establishes the first inequality. In order to bound the D'*P-norm of v, we

will consider two separate terms obtained via the product rule:

(- / Vol? d

< 9P~ 1(/\> s a))\”
- Y|

()
Y n

=: Il + IQ.

p
ly|~" dx
Y|

(2]

<2M> Vu(Az + y)

|7 dx




36 CHAPTER 2. A STRUWE-TYPE DECOMPOSITION

Here, we have used that p > 1 so that convexity implies (k + ¢)P < 2271 (kP + /P)
for all k,¢ > 0. We bound I; following the procedure used to bound the L?-norm
of v. This yields

(b—a)
I, <ot A |||
- v DirEn)

For the second term, with C; > 0 such that 2!72PC} is an upper bound of |Vn|?,

we have

)\ p
I, <y <—> )\”P/Q/ lu(Az +y)|” |y|_bp dz
Az <[yl

A\ ? - P/q p(1+a—b)/n
<G (—) ()\"/ lu(hz +y)|? [y dx) </ 1dx>
|yl 2X[z|<|y| 2\|z[<[y|

by Holder’s inequality (with Holder exponent ¢/p and Holder-conjugate exponent
n/[p(1 + a —b)]). Then, up to a modification of the constant C' > 0, we see that

by p(b—a) P/q
C <—) ()\"/ u(Az + )| [ A + |7 dx)
|l 2] <ly|

A p(b—a) b p/a
C (—) (/ lu(2)|? 2| qdiE)
i 2|z—y|<ly|
A p(b—a)
<c(0) Nl

Finally, by the CKN inequality (CKN), up to another modification of the constant

C > 0, we deduce that
by p(b—a) v
G

Combining this with our inequality for I, we deduce that (possibly adjusting

C > 0 again)
A p(b—a) »
e () I

which completes our proof since C' is independent of u, y, . n

I

IA

Remark 2.3.1. Inspecting the proof of Lemma 2.3.1, it is easy to see that we may
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instead bound the norms on an arbitrary measurable set U C R"™. Indeed, the
very same argument shows that the same constant C' > 0 (which is independent
of y, A\, U) satisfies

HTy)\uHLq < C||u”Lq(/\U+y0)

A

b—a (235)
19 sl <€ () (I90hziursgor + Ilsgosno)

for all uw € DP(R™,0).

In line with what we have done thus far, we shall also require a suitable “re-

verse” transform which will serve as a pseudoinverse for 7, 5. Formally, we define
7.\ : D"P(R") — DyP(R™,0)

via the rule

A v z;y) fa=b=0

Tow(z) = ( % ) o (2 - y) . (%) otherwise.

Obviously, by inspection, it is easy to check that 7. is the proper inverse of 7, »

(2.3.6)

when a = b = 0. With this in mind, let us now establish a partial analog of

Lemma 2.3.1, thereby providing operator bounds related to this pseudo-inversion
mapping.

Lemma 2.3.2. There exists a constant C > 0 such that, given a pointy € R™\ {0}
along with some X\ > 0, there holds

||T )\UHL‘I R™,0) CHUHLQ(]R"

p(b—a)
|| AUH 4P (R™,0) §C<|§/\’> HUHDLP(R")

for all v € DMP(R™).

Proof. Once again, the case a = b = 0 is trivial since it follows from homogeneity.

Otherwise, as in the proof of Lemma 2.3.1 with equation (2.3.4), we see that there
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exists a constant C' > 0 independent of y, A such that

—ap —bq
<|Ax+y|> <C, (Wﬂ”) <C (2.3.7)

ly| Y|

for all x € R” satisfying 2\ |z| < |y|. In particular, (2.3.7) is valid for all = such
that 2A\z/ |y| is in the support of 7.

For an arbitrary v € DVP(R"™), set u := 7,V Using that 0 <7 <1 we see that

- / ()] [
_ q
- (| |> mq/ v(szM 2 de
Y 2|z—y|<|y|
—b
:/ lo(z)|* (M) qu
oAzl <ly] |yl

< Clloll 7@ -

Next, in order to bound the D!* norm of u, we once again apply the product rule

to obtain two terms:
A / Vu(2)? | dz
—b
< op—1 (i) p)\—n-i—ap/ n (2(2 - y)) Vo ( )
- ly| n |y A
—b
e () e [ e (552) e (35|
y n

=. Il + [2
where we have used that (k + ¢)? < 2P~ (kP + ) for all k,0 > 0. Then, after a

change of variables, observe that

P
|2~ dz

Pz

A\
I < 2vt (—) )\a”/ |Vo(x)|” Az +y|~ " de
Alz|<ly|

b—a
< ool (@Y( ) v]|”
- )\ ’Dlp Rn)
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Similarly, with C; > 0 such that 2'72’C} is an upper bound of |Vn|? we see that

A\
&§a<—) WWMﬂ/ v (@) Aa + g~ da
Y 2)\|z|<|y|

A p(1+a—b)
<CCy (—) / v (2)|" da.
[yl 22a/<ly]

Then, by Holder’s inequality (with exponent p*/p and Holder-conjugate exponent

n/p),
necow (2 e (1)
Y| 22[2|<]yl

[\
gc(xj -

up to an adjustment of the constant C' in the second inequality. We then conclude
our proof via an application of the Gagliardo-Nirenberg-Sobolev inequality (i.e.
the CKN inequality (CKN) with a = b = 0) and combining our bounds for /; and
L. O

Remark 2.3.2. Let now U C R" be Lebesgue measurable. As was noted for the
forward transform, we observe that an identical argument exhibits the existence
of a constant C' > 0 (independent of y, A, U) such that

HTyfA“”ng,o) < Cloll zoqu—yny

|y’ p(b—a) (238)
IV [7x0) | gy <€ <7) <H“”Lq<[wyl/x> + HV“”L?([UWA))

for all v € DYP(R™).

Transformations and the L%-norm

As was shown, the transform 7, ) is particularly well behaved with respect to the
Li-norm. It turns out that when |y| /A is large, the Li-norm of the transform
remains almost unchanged on a set where n acts as the identity. More precisely,

we have the following result:
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Lemma 2.3.3. There exists a constant C > 0 such that, for any u € DLP(R™,0)
and y € R"\ {0}, A > 0 such that |y| > 4\, the remainder R in

17y 2l Las0.)) = ”u”qLZ(B(y’A)’O) o
satisfies
A
|R| < Cm ||U||qLZ(B(y,>\)70)

Before presenting the proof, we recall that Lemma 2.3.1 and 2.3.2 relied on
7 in order to restrict our support; then, on this set, we utilized uniform bounds.
Estimates of this form will be of repeated use and are thus presented independently

as follows:
Lemma 2.3.4. There exists a constant C' > 0 such that
(a) Giveny € R"\ {0} and A > 0,

|y

1
< Az +y] < C  forall x € R" such that |x| < o

c~

(b) Giveny € R™\ {0}, A > 0 and any bounded set K such that p := sup,x ||
satisfies 4\p < |y|, there holds

—b -b

[y~ = e +y ™| _ A W Pel A
—ap S T 1 —bg SC,O_

ly| |y| ly| ly|

forallz € K.

Proof. The first inequality follows from the reverse and usual triangle inequalities.
Next, let y, A\, K, p be as in (b). Given an arbitrary z € K write z := Az + y and

observe that \
P
2] < Iyl + el < (1+m) .

Using also the reverse triangle inequality, we see that

(I—e)lyl <z < (1 +2)lyl
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where € := \p/ |y| < 1/4. From this, we further deduce that
[yl ™ = 17| < 1= (L ex) ™|y~
where . is either € or —e. It then follows from the Mean Value Theorem that
[yl ™" = |21~| < lap| (1+6)""" ey

for some § in [—¢,¢]. From this last equation and recalling that [6] < e < 1/4, we
see that there exists a constant C' > 0 independent of y, A such that

[y~ — |z]
ly|

< (e, Vz e AK +y.

Analogously, modifying C' > 0 if necessary, we may establish that

g1 75 = 1217

|y|_bq < (¥, Vz e AK +y.

With this, we are ready to prove Lemma 2.3.3

Proof of Lemma 2.5.5. Let u € D:P(R™,0), y € R™\ {0}, and A > 0 such that
ly| > 4\. Properties of n imply that

/ 7l dz = A" / Az + )| [y| ™ da
B(0,1) B(0,1)

— [ e
B(yA)

where we have used a change of variables in this last equality. Therefore,

()17 (Il ™ = 127 dz.

Iyl ~all, - /
Y La (B(O,l)) Lb(B(y,)\),O) B(y,)\)

Then, using both parts of Lemma 2.3.4, we infer that there is a constant C' > 0
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independent of y, A\, u such that

—b
It oy = Nl = / NICIRERE
y

which concludes our proof. n

2.3.2 Locality

A useful property of the transforms we introduced is, when a = b, the ability to

restrict domains. More specifically, we have the following technical result.

Lemma 2.3.5. Given v € D'?(R"), if a = b then

—0, and ||V [Tg/_,)\v} HLﬂ(R”\B(y7|yV4)) — 0

|7 A“HLq (R™\B(y,ly|/4))
as |yl /A — oo.

Proof. This result follows almost immediately from Remark 2.3.2. Indeed, there

is a constant C' > 0 independent of A, y, v such that

< C ol

H )\UHL" (R™M\B(y,|y|/4)) RR\B( %‘)) .

Now, since a = b we note that the Sobolev exponent is

Therefore, v € LY(R") and, as |y| /A — oo, the dominated convergence theorem

implies that

VAN

H /\UHL‘I(Rn\By‘yW;) C”U”Lq(Rn\B( u\))—>0~

Similarly, since a = b, Remark 2.3.2 allows us to write

19 [yt ey < € (12lagamm(o ) + 1V o gam ol

for some C' > 0 independent of y, A\,v. Once again, the dominated convergence
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theorem implies that the right-hand side tends to 0 as |y| /A — oo. O

2.4 Convergence of Domains

In the discussion surrounding our preliminary statement of Theorem 1.1.2, we
noted the possibility that a bubble solving the unweighted half-space problem (D)
arises. It is important to realize that bubbles supported in a half-space is not
at all a new phenomenon, and that what is special in our case is the presence
of both weighted and unweighted limiting problems. In fact, although their final
statements

As in the previous sections, we continue to assume that  C R™ denotes a
bounded domain containing the origin. Throughout this section, we fix sequences

(yo) in Q and ), in (0, 00) satisfying some combination of the following properties:
(P1) Ay — 0;

(P2) The ratio converges in the sense that, for some zy € R",

(P3) The ratio diverges:

(P4) The sequence (y,) approaches the boundary at rate no less than the rescaling

factor; i.e. the following ratio is bounded:

dist (Y, 0)
Ao

(P5) The sequence (y,) approaches the boundary at a rate slower than the rescal-

ing factor; i.e.

dist(yq, 0N2) e
Aa

The goal of this section is to study the limiting behaviour of specific sequences

of sets. First, we describe the sense in which we consider the convergence of sets.
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Definition 2.4.1. Let (U,) be a sequence of subsets of R". We say that (U,)
converges to U C R™ and write U, — U provided

(a) Any compact subset of U is contained in U, for all « large.
L. S S
(b) Any compact subset of (U)" is contained in (U,)" C Uy for all « large.

Now, suppose condition (P2) holds. Then we consider the following deforma-
tions of €2 0
Qa = )\—a — Xg.

Clearly, these sets are approximations of (2 — y,)/A,. Furthermore, we have the

following result:

Proposition 2.4.1. Suppose the sequence (\,) converges. Then, we have 0, —

Q. where

N R™ if condition (P1) holds, i.e. Ay — 0

X_IO if Aa > A >0.

Proof. We first treat the case where A\, — 0. Since () is an open set containing
the origin, we have B(0,d) C Q for some § > 0. It readily follows that

)
Bl —x9,— ) CQ
< Lo, )\a> = S

for every index a. Then, for an arbitrary compact set K, using A\, — 0 we see
that

K g B (_'I()a)\i) g Qa

for all a large. Hence, 2, — R™.

Let us now assume that we are in the case A, — A > 0 and fix a compact
set K C Q.. Then, A(K + x¢) is a compact subset of 2. Since (2 is open, the
Lebesgue Number Lemma guarantees the existence of ¢ > 0 such that B(x,e) C 2
for all € A\(K + ). Put otherwise, for all z € K there holds

A €

B (A—a(era:o) — Zo, )\—a) C Q.
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On the other hand, since K + z( is compact, it is bounded by some M > 0. Then,
for any z € K, if « is such that

£

|)\°‘_)\|<M

then

A 1 €
z— (A—a(z—l—xo)—xo)‘:A—a\)\—)\aHz+x0]<)\—a.

Since A\, — A > 0, it follows that for all « sufficiently large we have

A €
KCcB ()\—a(2+$0) —$07>\—a) C Q,.

. . ——C —C
Finally, given a compact set K C (QOO) , the same argument shows that K C €,
for all a large. We once again conclude that €, — Q. O

Next, suppose condition (P3) holds. Then we will be interested in the following

deformations of : Q
— ya
Q, = )
Aa

In this case, if condition (P1) holds then we have the following result:

Proposition 2.4.2. Suppose Q has C' boundary. If (P1) holds, i.e. Ay — 0,
then, up to a subsequence, Qy := (2 — ya) /Ao tends to a set Qe T R™.

1. If the distance between y, and the boundary tends to 0 no slower than (),
i.e. if condition (PJ) holds, then Qs is a half-space.

2. On the other hand, if condition (P5) holds then Q. = R™.

The proof is a direct adaption of El-Hamidi-Vétois [33, Proposition 2.4], de-
scribing the convergence of domains. We have chosen to include the precise state-
ment to ensure a rigorous treatment of the half-space case.

Next, having identified the limiting domains we might encounter when ex-
tracting our bubbling information, we verify that the appropriate limit solves the

expected problem. Intuitively, this is quite clear but nonetheless requires a proof.
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Lemma 2.4.3. Suppose 2, — Qo, with Q. being either R™ or a half space. Let
(va) in DYP(R™) be a sequence converging to some v € DYP(R™) pointwise almost
everywhere. If v, € DYP(Q,) for each a then v € DVP(Qy,).

Proof. If Q. = R™ there is nothing to show. Otherwise, up to a translation, there

exists a unit vector v such that
Qoo ={z€R":2-v>0}.

Now, observe that J.(z) := v(z — ev) converges to v in D'(R") as € \, 0 by
standard results. Therefore, if we can show that J. € D" (Q,,) for each ¢ > 0
then we must have v € D'?(Q,) which completes the proof.

To this end, we first show that v vanishes outside of Q. by showing that v
vanishes on every compact set K such that K N Q. = @. Indeed, if K is compact
and does not intersect (), then, since 2, — Q. we see that K N Q, = @ for all
a large. Thus, v, vanishes on K for each « large. Since v, — v pointwise almost
everywhere, it follows that v vanishes on K.

Having shown that v is supported on Q., it readily follows that, every J. is
supported on

{reR":z-v>e}.

Now, in order to prove that J. € D'P(2,,) we show that, for any § > 0, we may
find a function in C>°(Q.,) whose DP-distance to J. is less than §. With this in
mind, let § > 0 be given and set ¢ € C°(R"; [0, 1]) to be a smooth function of
compact support with ( =1 on B(0,1). Then, for any h; > 0, define

Cny () := (M)

so that J.(, € D*P(R"). By the product rule and using that (:+x)? < 2P~ (1P4£P)
for all ¢,k > 0,

VI[P da;+2p—1/ | .V, |P d. (2.4.1)

lz[>1/h1

[PARA NS /

lz|>1/h1

The first term on the right-hand side tends to 0 as h; N\ 0. As for the second term,
by Holder’s inequality with exponent ¢/p and conjugate exponent n/[p(1 + a —b)]
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we may write

p/a p(1+a—b)/n
[ ouwapas ([ ra) ([ walme)
|| >h1 |z|>1/h1 ||>1/h1
p/q n_ . p(1+a—b)/n
:( / \Je\qu) <h;+” / |vql+a—bdy)
lz21/ha lyl>1

by a change of variables. Thus, we see that the right-hand side tends to 0 as h; 0.
Assembling, we deduce that both terms on the right-hand side of equation (2.4.1)
tend to 0 as hy N\ 0. Thus, we may select hy > 0 sufficiently small so that

|

HJE - Chl JEHDl,p(Rn) <

Now, for any 0 < h < ¢, observe that the mollification (s, Jz), is in C2°(Qx).
Then, by standard mollification results, we may select h > 0 sufficiently small so
that

J

(| Chy e — (Cmt]a)h”Dl,p(Rn) < 5
By the triangle inequality, [|.J; — (Cn, J)all progny < 0 and we may conclude that
J. € DM(Q), as desired. O

2.5 Energy and the New Transforms

We continue to assume that 2 C R"™ denotes a bounded domain containing the
origin and fix sequences (y,) in © and )\, in (0,00). As in the previous section,
the sequences (ya), (Aa) Will satisfy some combination of properties (P1)-(P5).

In this section, we investigate how the new transforms 7y, T, interact with
the energy functionals J and J,. First, observe that if a = b = 0, a change of

variables shows that
(o (Tyau), h)y = (J'(u), 7, \h) -

for any h € D'P(R™). More generally, when a = b, the difference between terms on
either side of the equality will be negligible provided |y| /A is large. This is made

precise via the following result:
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Lemma 2.5.1. Ifa = b (so ¢ = p*), there exists a constant C' > 0 such that the
remainder
R = (J, (ryau), h) = (J'(u), 7, \])

satisfies
171 < Corr (Il 1oy + Ty 1)

for any uw € DP(Q,0), y € R*\ {0}, A > 0 and h € D'?(R") with support K

satisfying o
K C %y (2.5.1)

lyl
— <
pi=supla| < 5,

zeK

In particular, suppose Qs C R™ is such that Q o = Qy = Qo Let (uy) be a
bounded sequence in D1P(Q,0) and assume property (P3) holds (i.e. |ya| /Ao —
o0 ). Then, given a fized compact set K C Qe

(oo (Tyaratia), ) — {J' (ua), Ty h)y =0

uniformly over h € {D'?(R") : supp(h) C K} as a — oo.

Proof. Let uw € D}P(Q,0), y € R*\ {0}, A > 0 and suppose h € D'P(R") has
support K satisfying (2.5.1). First, notice that the inclusion AK + y C € implies
that

R = (J. (tyau), <J/ ,T;)\h>

is well-defined since 7,,h € D,?(Q,0). Moreover, because p < [y[ /(4)), any
x € K = supp(h) satisfies

2 \x
Y|

1 2
<5 = (ﬁ) _1 (2.5.2)

|y
Using this , we see that
A b(p—1)
(L (), B = (m) A [ Fu(ha 4 )2 (Vu(he +y), Vh(z)) d
Rn

/\ b(g—1)
— (m) AED L ly(a + )| 2w + y)h(z)de
Rn
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Then, by a change of variables,

(T (7ytt), h) = <i)b(p_1) A [ () (Vu(z), vh (Z S y)) dz

|yl

A b(g—1) _
_ <ﬂ> \(@—1)—n ’u(z)|q—2 u(z)h (Z N y) ds.
Yy R

Using equation (2.5.2), but with z = (2 — y)/A, yields that

ety = () X [ Tu) P2 (T, 9 [r0] ) d
A\ Yg—n q-2 -
(o) 2 [ ) ) (s

where u is extended by 0 outside of 2. Simplifying and re-arranging, we obtain

(Lo (). ) = (wil

— [ @) ulz) [r,0] (2) [yl dz

R

p(b—a)
) . |Vu(z) P~ (Vu(z),V [Ty_)\h] (2)) ly|""d=

With this, observe that since a = b

R = (J. (tyu), h) — (J'(u) _/\h>

. |Vu(z)|p_2 (Vu(z),v [T;/\h] (z)) (|y|_ap — \z|_ap) dz

= [ 1) ulz) [rah] () (Jy7 = 1277 d

Rn

Then, using Lemma 2.3.4, we see that there is a constant C' > 0 independent of
Y, A\, u, K such that

|IR| < Ce /Rn |Vu(z)|p_1 ’V [T;Ah} (z)} 2| """ dz
+Ce | |u(2)" | [r,h] (2)] 2] d2

R

< Ce (Jlullys,

D70 + ||U||Lq Q,0) ”Ty_,)\h”Lg(Q,o))

y,>\
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where € := Ap/ |y| and the second inequalities follows from Hélder’s inequality.
We note that, for the last line, we have implicitly used that u and 7, are in
DLr(Q,0) and extended by 0 to the rest of R”. Then, by Lemma 2.3.2, with a
possible modification of the constant C' > 0 we deduce that

—1 —1
[RI < Ce (lullh g 1ellon ey + 1l Egtes gy Wl e

where we have once again used that a = b. Finally,the second part of the Lemma
follows from this last inequality and the Gagliardo-Nirenberg-Sobolev inequality.
O

In this last lemma, we studied how the composition J_ o7, y behaves by testing
against a fixed function h. In a similar vein, with the aims of recovering a (P5S)-
sequence after subtracting bubbles, let us now analyze the behaviour of J/ when

tested against transformed functions:

Lemma 2.5.2. Suppose Q = (Q — ya)/Aa tends to Qu, with Qo being either a
half-space or all of R™. If a = b, (P3) holds and v € D'"*(Q,) is a critical point
of Joo in Qoo t.e. {J (v),h) =0 for all h € D'P(Qy,), then

<Jc,>o(v)’ Tya,Aag> =0 <||g||'D(11»P(Q70)) as o — OQ.
over g € DP(Q,0).

Proof. By way of contradiction, suppose the lemma is false. Then there exists
e > 0 and a subsequence such that, for each «, we may select g, € D}P(Q,0)
satisfying

(S5 (0); Tyara9a)| > € l9all prr a0

Relabeling each g, to be the rescaled ga/ [|gallprr( ), We obtain

[{Soe (V) Tya )| > € (2.5.3)

for all & where g, € D:P(Q,0) has unit norm.
On the other hand, since a = b, it follows from Lemma 2.3.1 that 7, ), 0a

is a bounded sequence in D'P(R"). Therefore, a subsequence of (7,, \.da) cOn-
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verges weakly in D'?(R") and pointwise almost everywhere to some function
h € D'?(R"). By Lemma 2.4.3, in fact, h € D*P(2,.). Then, by weak convergence

and using that v is a critical point of J, in €2, we have

(Jo (V) Tyaraba) = (S (v), h) =0

However, this contradicts equation (2.5.3). O

2.5.1 Locality

Due to the nature of the transform 7, ), restricting domains may have negligible
effect on norms (recall Lemma 2.3.5). In relation to the energy functional J., a

similar phenomenon can be observed:

Lemma 2.5.3. Fizv € D'?(R"™). Ifa = b and property (P3) holds (i.e. |ya| /Ao —
o0 ) then

ly

/ - Ao + Yol \ 77
Ry (Yas Aa) = (Joo (), Tyapa9) = </| | Vo™ (Y0, V [7,0.9]) (| ) |> dz
z|<

Do | Yo ‘

—bq
q—2 |)‘ocx+yo¢|>
— v 0 Ty | ———— dx
/|a;<y°‘|| | [y A ]( |ya|

4o
tends to 0 uniformly over g € DIP(2,0) as a — oo.

Proof. For any g € D2P(2,0), observe that

—ap —ap
- Yol = Xa + Yo
Ry(ya: o) = /|<ya Vo' (V0, V [Ty 0a9) (\ i | )dx

|ya|_ap

+/ Ve (Y0, Y na9]) da
|$‘> Yo

e

—bq —bq
-2 1Yol — Ao + Y|
J}_ﬁ fe%

— |v|q72v [Tyarag] dz
|z|>LyTaa‘

=W 4 1™ [ _ @)
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For all « sufficiently large (so that|y,| /e > 16), we may split

Yol ™™ = [Aa + yal ™
M= /|m|< = Wi *(Vo, V [Tyarad ])( o dx

— ’ya|7ap_ |/\o¢$+ya|7ap
/ ol s |Vol? Q(VU,V[TyW\ag])( o dx
ya <$< ya o

11)—|—]12)

It follows from Lemma 2.3.4-(b) with K = B <0, Vel /)\a> that, for a constant
C > 0 independent of «, there holds

o ‘?/al
|y ‘ |< ‘ya |V'U|p | [Tya7>\ag]|dx

(r—1)/p
< C | | HTya AagHblp(R”) </|| Iya ‘V,U|p dSU) .

by Holder’s inequality. Applying Lemma 2.3.1 with ¢ = b and using that v €

DUP(R™) is fixed we have, up to a modification of the constant C,

‘Ic(zl'l)’ <C 19llprry =0 (HQHD};IU(Q,O))

!a|

(1.2)

as a — 00. By the same procedure applied to I; ~’ we instead obtain

(»-1)/p
‘Ic(bm)| <C HQHD};P(Q) ( |VU’pd95)

=0 <H9HD;4’(Q))

by the dominated convergence theorem. Combining, we deduce that

J

19 = o (lgllpgre (2:5.4)
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Similarly, using also the CKN inequality (CKN), we have

g

=0 (llgllptrey) (2.5.5)

Moreover, using Holder’s inequality, Lemma 2.3.1, and the CKN inequality (CKN),
we also have
I® 4 IISQ) =0 (HgHD;,p(Q)) as a — 0.

by the dominated convergence theorem. Combining the last three equations con-

cludes our proof. O

2.6 Iterative results and Solution Extraction

Maintaining the notation of the previous section, {2 C R" denotes a bounded
domain containing the origin and y, in 2, A, in (0, 00) are sequences that will be

assumed to satisfy some combination of properties (P1)-(P5).

2.6.1 Extracting a Solution

To establish Theorems 1.1.1-1.1.2, the first step is to extract a (possibly trivial) so-
lution to (A) from a given Palais-Smale sequence. We recall that (u,) in D?(Q,0)
is called a (PS)-sequence for problem (A) provided it has bounded energy (mean-
ing J(u,) is bounded) and J'(uq) — 0 strongly in D, (Q,0). The following
result borrows ideas from the unweighted proof presented by Mercuri-Willem [52,

Lemma 3.5].

Lemma 2.6.1. Let (u,) in DIP(Q,0) be a Palais-Smale sequence for the energy
functional J such that,

(i) uq — u in D2P(Q,0);
(ii) uo — u a.e. on §);
(1ii) J(uq) — ¢

as o — 00. Passing to a subsequence if necessary, there holds
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(a) Vu, = Vu a.e. onQ and J'(u) = 0;

(0) N[wallpre e = e = wlipeq e = Nulprege +0(1);
(¢c) J(ug —u) = c— J(u) as a — 0.
(d) J'(ug —u) — 0 strongly in D77 (Q,0).

Proof. Let us define T' by equation the equation (2.1.3). Using that (u,) is a
bounded sequence in D}?(£2,0), we see that (T (u, —u)) is also a bounded sequence
in D}P(Q,0). In particular, up to a subsequence, (T'(u, —u)) converges weakly in
DLP(Q,0) and pointwise almost everywhere to some function in DLP(,0). Since
Uq — u pointwise a.e., this function must be the trivial function. That is, T'(u, —
u) — 0 weakly in D}P(2,0) and pointwise almost everywhere.

With this, let us write

Foz = / ([|Vuoc|p72 VU’Oé - |vu|l’*2 VU} 7VT(UOZ - U,)) |x|7ap dz
Q

= (J"(ua), T(ug — u)) + /Q (\ua]q_z U, T(Ug — u)) ]a:|_bq dx

—/ (|Vu]p_2 Vu, VT (ug — u)) |z|~* d.
Q

Since J'(uq) — 0 strongly in the dual of D}?(Q,0) and (T'(u, — u)) is bounded
in D1P(Q,0), the first term after the last equality tends to 0. Next, observe that,
T (ug — u)] 10,0 — 0 by the dominated convergence theorem and, by the CKN-
inequality, (uq) in L{(£2,0) is a bounded sequence. Therefore, an application of
Holder’s inequality shows that the second term also tends to 0. Finally, the third
term tends to 0 since (T'(uy — u)) — 0 weakly in D1P(Q,0).

We conclude that I'y, — 0 as a — oco. Thus, we may apply Corollary 2.1.2 to

see that, up to a subsequence,

1. Vu, — Vu almost everywhere on (2,

= [Jull?

- HuOé - qu Dé’p(Q,O) + O<1)?

2. Hua”gé,p 'D;’p(Q,O)

(€,0)

3. and
(Vg |”* Vg — Vg — Vul’ > (Vug — Vu) = [VulP > Vu
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strongly in LP'(Q, |z| ™), where p' = p/(p — 1),
4. and
| g — Jtta — u|"? (Ug —u) — |u|* P u
strongly in L#/(@=1(Q, |z]|~").

as a — oo. In particular, we have established (a) and (b).

Conclusion (c) follows from the Brézis-Lieb lemma. Indeed,

1
J(ug — 1) = = ||ug — ul|? — ~Nlug —u
( ) pH [ qH I

q
o (2,0) L4(Q,]z| ")

Next, let h € DLP(Q,0) be arbitrary. By Holder’s inequality followed by (3)

and (4), we have

(J' (uq —u) — J'(ug) + J'(u),h) =0 (HhHDé’p(Q,O)>

as @ — 0o. On the other hand, by standard convergence results in Lebesgue
spaces,
(J'(u),h) = lim (J'(uy),h) =0

a—0o0

where the second equality holds since J'(u,) — 0 strongly in D; ' (2,0). Com-

bining the last two equations, we see tha

(J' (ug —u),h) = (J'(us), h) + o0 (HhHD;’p(Q,O)>

as a — 0o. Since J'(u,) — 0 strongly in DLP(9,0), we deduce (d). O

2.6.2 Iterative Results

The proof of the main results, namely Theorems 1.1.1-1.1.2 is iterative. Therefore,
central to the proof of the main results of this paper are two iteration results which

will enable us to proceed to the next iteration stage.
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The first handles weighted bubbles and, in the main theorem, will be used
provided condition (P2) holds. In this case, we introduce notation for a translated

analog of problem (B),

—div (|2 + 20|~ |V’ ? V) = |z + 20| ™ [u|" P u in R

(2.6.1)
u € Di’p (Rn’ —J,'()) .

In relation, we define the associated energy functional J,, o : DAP(R", —z0) — R

given by
Jg.00(U) := IVul? |z + 20| P dz — [ |u|?|z + xo| " dz,
Rn Rn
We note that a function v € D2P(R", —x,) is a (weak) solution to (2.6.1) provided
Jl o(v) =0.

0,00

The second iteration result treats unweighted bubbling phenomena in the case
(P3) holds. We note that the proofs of the iterative results are very similar.
However, due to the presence of a non-homogeneous transform, the latter presents

more technical challenges.

Proposition 2.6.2. Let (u,) in D1P(Q,0) be a bounded sequence and fix some
zo € R™ along with v € DYP(R™, —x). For each o € N, put

Vo) 1= Nua (Aa(T + 20))
and suppose that
(i) Ao = 0, i.e. (P1) holds,
(ii) J(uy) — ¢ and J'(uy) — 0 strongly in the dual of D2P(Q,0),
(iii) vo — v weakly in DMP(R", —x0) and pointwise almost everywhere,

as a — oo. Then, passing to a subsequence if necessary, Vv, — Vv almost

everywhere and J,,, (v) = 0. Finally, the sequence in Dy?(R™,0) given by

Wa(2) = ta(2) — AT (Aia - x0>
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satisfies

() Tl = [y = 01 ooy & 1),
(b) Jo.0o(Wa) = ¢ — Jpy00(v),
(¢) Jboo(wa) — O strongly in the dual of DyP(€2,0),

as a — 00.

When a < bin the problem parameters, this last proposition is the only iterative
result required to establish the conclusions of Theorem 1.1.1. In the general setting,

we shall further require the following:

Proposition 2.6.3. Suppose we are given a bounded sequence (u,) in D1P(€,0)
along with a set Qu,, which is either R™ or a half-space, and v € DY (R") such
that the following hold as o — oo:

(i) J(ua) — ¢ and J'(uy) — 0 strongly in the dual of D}P(,0),
(71) Qo = (Q — Ya)/Aa tends to Q,

iii) vy — v weakly in DYP(R™) and pointwise almost everywhere,
(i) y Y

where Vo = Ty, A Ua- If a =b (so ¢ = p*) and (P3) holds (i.e. |yo| /Ao — 00)
then, v € DY (Qy) and, up to a subsequence, Vv, — Vv almost everywhere.
Moreover, J._(v) =0 in Qu; i.e.

(J)(v),h)y =0  VheD"P,).
Finally, wo :=uq — 7, v satisfies

(@) 1wallss gn ) = 1allpre g o) = 011y + o(1),
(b) Jooo(wa) = ¢ — Jo(v),
(¢) J§oo(wa) — O strongly in the dual of Dy?(9,0).

as o — OQ.
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Notice that the inference J!_(v) = 0 in Q. amounts to stating that v solves a
PDE in Q.. Specifically, if Q,, = R", then v solves (C), whilst v satisfies (D) if
Qo = H.

Proof of Proposition 2.6.2. We adapt the argument from Mercuri-Willem [52]. Given
k € N, let By denote the open ball B(0,k) C R™. As a first step, we claim that
J'(vy) — 0 strongly in D, (By, —x0) as a — oo. Indeed, fix h € C°(By)

0,00

and define

Observe that, since h, is supported in \,B(zo, k), for all « large h, € C°(2).

Now, by a change of variables,

<J:::0,oo(va)7 h> = <J/(ua)a ha)

for all a large (so that the right-hand side is defined). In particular, using homo-

geneity, we see that
[(Tag.00 (Va), )| = [T (ta), ha)l < N1 (wa) gt .0 1Pl pegay0)
= 11ty Il 5y ey -

so J. . (vy) — 0 strongly in D; "' (By, —x0). Using this, we will extract a subse-

Z,00

quence such that Vv, — Vv pointwise on R”, almost everywhere. Let p € C°(R")

be a bump function such that

0<p<1 onR7"
p=1 in By,
p=0 outside Bj1.

Consider the vector-valued map
fo = Vo' Vg — [V~ Vo,

which satisfies f, - (Vv, — Vv) > 0 almost everywhere (see Szulkin-Willem [65]).
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Let T be as in (2.1.3). For each fixed k € N, an easy computation shows that

OS/B (fo, V[T (vo — v)]) |x + x| " dx
< [ Uuop¥ [T =) o+ o]

- <J;O’oo(va), pT (vq — v)> + / |va|q_2 VapT (Vo — ) |2 + x0|_bq dx

n
(& J/

::I,(J,l)

= [ T = )9 4 ] 7

(& J/

=:I((12)

- Vo’ (Vo, V [pT (v — 0)]) |2 + 20| dzz .

Rn

J/

=:IC(¥3)

First, since (v,) is a bounded sequence in D2P(R™, —xy), we see that (T'(vy — v))
is also a bounded sequence in DYP(R™, —xq). Becasue p € C°(Byy1), it follows
that (pT'(vq — v)) is a bounded sequence in D}P(Byy1, —x¢). Since J,  (va) — 0

strongly in D, "' (Bj,1, —x0), we deduce that

(Trg.00(Va); PT (v — v)) — 0

as o — 0Q.

Next, by the CKN inequality, (v,) is also a bounded sequence in L{(R™, —x).
Therefore, by Holder’s inequality followed by the dominated convergence theorem,

)

we see that IC(,2 — 0 as a — 0.

Next, using again that (v,) is a bounded sequence in DIP(R™, —z4), we see
that the sequence (f,) is bounded in L¥ (R", |z + 24| ). Therefore, using also
Holder’s inequality and the fact that supp(p) C By, it is easily seen that

1/p
o <c / (T (v — V)P |2 + 2| da
Bt

for some constant C' > 0. By the Dominated Convergence Theorem, we conclude
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that the right-hand side tends to 0 so 1Y = 0as a— .

Finally, observe that we can decompose

19 = [ V0P (Y0, 90) T(wa — ) o + 20| dz
Rn

" / p IVl (V0,V [vg — v]) |2 + 20| ™ d

—/ p|Vv]p_2 (Vu,V [vg — v]) |z + x| " dx.
{lva—v[>1}

On the right-hand side, the first term converges to by Holder’s inequality and the
Dominated Convergence Theorem. The second integral converges to zero since
vy — v weakly in DYP(R", —z). Finally, the third integral also converges to
zero by Holder’s inequality and the dominated convergence theorem. Indeed, in

absolute value, the third integral is bounded above by

(p—1)/p
v = Vllogon, 2o ( J dx) 0.
{lva—v[>1}

Therefore, we have also found that I 5 0asa— .

Combining our work, we conclude that

lim ([[Vval’? Vua = [VoP 2 Vo],V [T(va — v)]) |2 + 20| P dz =0
a—r00 By,
for each £ € N. Citing Proposition 2.1.1, we may assume after passing to a
subsequence that Vv, — Vv pointwise almost everywhere on R"™. Therefore,
using also that v, — v almost everywhere, it follows from standard convergence
results that

<Ja/ro,oo(v)7 h> = lim <Ja/cO,oo<Ua)7 h>

a—0o0

for any h € C2°(R™). Since h must be supported in By, for some k and J.,  (v,) —

0,00

0 strongly in D; ¥ (B},), we conclude that

(Trgo(v), 1) = 0

Since h € C°(R") was arbitrary, we conclude that J;, _(v) = 0.
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By Corollary 2.1.2, up to a subsequence, we have

(1) Noa = 0oy = I0alopingg oy = Nolsgon s + 000

(2) and
V[P 2 Vo — |V, — VolP 72 (Vg — Vo) = [Vol/ > Vo

in Lp/(R”, |z + 20| ™™);

(3) and

\va|q_2 Vo — |V — v\q_Z (Vg — V) = ]U]q_Qu

strongly in L#(R", |z + x| ")

as a — 00.

By a simple change of variables; it is clear that (1) implies (a) directly. Next,

using the same change of variables, we see that

JO,oo(wa) = Jxo,oo(va - U)

Then, the Brézis-Lieb lemma ensures that

Jo.00(Wa) = Jig.00(Va) = Jg,00(v) +0(1) = J(ta) — Jug,00(v) + 0(1)
= e Jaya(0) + o{1)

where the second equality follows from another change of variables. Thus, we have

established (D).
Finally, in order to prove claim (c) we fix an arbitrary g € D2P(Q,0). After

rescaling, we see that

<‘]Ooo wa > < zooo ga>

where g, () = A2g(Ao(x + z¢)). Then, applying Holder’s inequality together with
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(2) and a change of variables,

<‘](/),oo(w01)7g> < xgoo 9a>
= (T oo(t)s 0a) = (T (), 90) + 0 (I9llpgri))
= (J'(ua),9) + 0 (||gHD;p(Q,O))

as a — 00, overg € DLP(€,0). We infer that Jj . (wa) — 0 strongly in D, #'(Q,0)
and the proof is complete. n

We now turn towards results involved in the proof of Proposition 2.6.3, begin-

ning with the following lemma.

Lemma 2.6.4. Suppose (uy) in D2P(Q,0) is a given bounded sequence and there
is v € DYP(R™) such that

(i) Tyoralla — v weakly in D'YP(R™) and pointwise almost everywhere.

(11) V [Tyo rata) = Vv almost everywhere in R™.

Ifa="b (so q=p*) and (P3) holds (i.e. |ya| /Ao — 00) then wy = uy — T
satisfies

(@) Nwallpregn gy = [tallprs g 0 = 1V IDregn + o(1) and

(b) ||wa||Lq R 0 = ||uoc||LlI QO ||v||%q(Rn) + 0(1)
as o — 0o

Proof. For convenience, let us write 7, := 7, , and extend each (uq) by 0 to all
of R™. In order to establish (a), we split

HwaH%lpRn) / |Vwe (2 )\p|z]apdz+/ Vwa(2)[P 2] "dz (2.6.2)
“ R7\ B,

where B, := B(Ya, |Ua| /4). The idea is that in the ball B,, the n term is neutral-

ized and, due to Lemma 2.3.5, we expect 7, v to be negligible outside of B,.
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In order to handle the first term on the right-hand side of equation (2.6.2), we

add and subtract terms to obtain
/ |Vwe (2)[7 2| dz :/ (]Vwa(z)lp + |V [7'071)} (z)‘p — \Vua(z)]p) 12| dz
Ba Ba

+/ |Vue(2)| 2| dz —/ |V [TC:U} (z)}p 2]~ dz.
Ba Bao

(2.6.3)
Now, observe that observe that since a = b, properties of  and a change of

variables yields

o
/ |V [ra o] ()] [ dz =/ V() (M) "
Fe o< el

Yol

as a — oo by the dominated convergence theorem (use Lemma 2.3.4-(a) and that

|Ya| /Aa — 00). Returning to equation (2.6.3), we see that, as o — o0,

/ywa(z)\p\zrf‘pdz:/ (IVwa()? + |V [r20] () = [Vua(2)) |27 dz

+/ (Vo (2)[P 2] dz — [ |Vo(z)|"dz + o(1).
Ba Rn
(2.6.4)

Moreover, it is easy to show that there exists a constant C' > 0 such that
lal” + [y = |z +yl"| < C (|«l" "yl + |2l lyP™")  Va,y eR™ (26.5)
Therefore, we may bound
/B ‘|Vwa(z)|p + ‘V [TQ_U] (z)’p — |Vua(z)|p| || """ dz
<c /B (IV o] G 1Vwal)] + |V [r0] ()] [Vaa(2) P ) 1217 d

< C’/ ‘ (|Vv|p_1 |Vve —v]| + [V| |[V[vg — v]|p_1) dx
lz| < 5

4N

where, with a possible modification of the constant C', the last inequality follows
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from a change of variables. Leveraging pointwise convergence and boundedness in
appropriate Lebesgue spaces, it follows from standard results that this last term

is 0o(1) as @ — oo. Therefore, returning to (2.6.4), we have
/ (Vwa(2)7 2] dz :/ (Vo (2)[P 2| dz— [ |Vu(z)[Pdz+o(1). (2.6.6)
[e3 [e3 R’ﬂ

Next, to handle the second term on the right-hand side of equation (2.6.2), we

once again add and subtract terms to obtain, as a — oo,

/ Va(2)? |2~ d=
R"\ By,

= [ (T0a@P =V = |9 o] () 27 0 267
+ /Rn\Ba ]Vua(z)‘?’ ‘Z|_ap dz + /Rn\Ba }v [T(;U] (2)‘17 ‘Z|—ap ds.

By Lemma 2.3.5, the last term on the right-hand side tends to 0 as a — oo.

Furthermore, using once again inequality (2.6.5), we bound
[ IVwa@P = Fua)l = |9 [rz 0] ()P o1 d
R\ Ba
< C/ |Vuoé(z)|p_1 ‘V [T;U] (z)’ ||~ dz
R\ Ba
+C Vua(2)| |V [rov] ()7 |27 2

R™\ B,

< O (Juallyh g 19 0] Tae)

LE(R"\By) + Hua”Dé’p(Q,O) Hv [TO?U] ’

by Holder’s inequality. Since (u,) is a bounded sequence in D}P(Q,0), it follows

from Lemma 2.3.5 that the last equation tends to 0 as a« — oo. Thus, returning

to (2.6.7), we see that

/ |Vwa (2)[7 2| dz :/ |Vua(2)F |2]| " dz + o(1) (2.6.8)
R"\ Ba R™\ Bq
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Combining equations (2.6.6) and (2.6.8), we obtain

/n Vwa(2)|F |z]” " dz = /n |Vue(2)| 2| P dz — /n |Vou(z)|P dz + o(1)

which is precisely (a). We may deduce (b) via a similar argument. O

Lemma 2.6.5. Suppose (u,) in DLP(Q,0) is a given bounded sequence and there
is v € DYP(R™) such that

(i) vo — v weakly in DP(R™) and pointwise almost everywhere.
(i) Vv, — Vv almost everywhere in R",

(iii) with p' = p/(p — 1) denoting the Hélder conjugate of p,
V[P Vg — |Voa — VolP 72 (Vo, — Vo) — |[VolP > Vo

in LP (R™),

(iv) with ¢ = q/(q — 1) denoting the Holder conjugate of q,

|va|q_2 Vo — |V — v|q_2 (Vo — V) = |U|q_2 v

in L7 (R™),

where Vo = Ty, A\ Ua- If a =b (so ¢ =p*) and (P3) holds (i.e. |yo| /A — 00)

then, with wy = Uy — Toata s

(o oo(00), 6) = (7' (), 6) = (a0, er8) + 0 (19lp3 (00

as a — 0o over g € DEP(,0).

Proof. Let g € D}P(Q,0) and define B, := B(Ya, |ya| /4) as in Lemma 2.6.4. We
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split as follows:

<J(’)7oo(wa),g> = / |Vwo[|p_2 (Vw,, Vg) 2| dz

[e3

+/ |Vwoz|p_2 (Vwy, Vg) |z~ dz
R\ Ba

— / (w2 wag 2| " dz
Ba

- / w2 wag |2 d2
R\ Bq

=W 4 1™ — [ [®)

On B,, using properties of  and performing a change of variables, we see that

M = /
Iw‘g‘yf;l

_ A +yal\ Y
Ve — o]lP (V]ow — o], ¥ [y ) (M) da

|ya|

Using this expression for Lgl), it follows from Lemma 2.3.4-(a) that there exists a

constant C > 0 such that

N _ Ao + Uo7
I —/|< | ([[Vva\p *Vug — |Vol? ZV’U] ,V[Tym,\ag]) (%) dx

5.

< 0/ - [V [ve — 0][P 2 V[vg — v] = [Vua "> Voo + [Vo[P 2 V| - |V [7 0.9 do
ol < el

=0 (“9“7)5?(9,@))

as @ — o0o. Here, the last line is derived using Hoélder’s inequality followed by

property (iii) and Lemma 2.3.1. From this, we have

_ A + Yol

4

- Dot +yal\
[ 19 0V rna (P ) o (bl

lzl< 5
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as a — 0o. After a change of variables on the first integral, we obtain

a

I = / VP2 (Vig, Vo) |2] 7% dz (2.6.9)

[e3

~ Ao + Yo\~
[ e (90, V) (2D e 4o (gl o)
‘w|<\ya\ |ya‘

as o — oo. Similarly, using property (iv) instead of property (iii), we have
- / | "2 wa (2)g(2) |2 dz (2.6.10)

- [Aa + Ya h
_/|< 0|72 v(@) 1, 9] (@) (— az + 0 (Ilglpyr( )

|Ya |

as o — Q.

Next, using Holder’s inequality, we may bound

ILEQ) — / |Vua\p72 (Vua, Vg)|z|" " dz
R"\ Bq

(2.6.11)

[ (9P D~ 190 9] V)
R\ B,

—2 —2
< H ]Vwa!p Vw, — ’vua|p Vug HLg’ (R™\ B,) ||gHD(1z’p(Q,0)

Let us now bound the right hand side by considering two distinct cases. First, if
1 < p < 2 then it follows from a result of Mercuri-Willem [52, Lemma 3.1] that,

for some constant C' > 0,
|[VwalP 2 Vg — [Vua”™> V| < C[Vw, — Vo[ = C|V [, o] [
Then,

19l Vit~ 90 Vit gy < C I [0 ey =0

||Lz’ (R"\Ba LE(R™\Bo)

as a — oo by Lemma 2.3.5. In conclusion, when 1 < p < 2, we have shown that

|| |Vw04|p*2 Vw, — |vu&|p72 VUO‘HLQI(R"\BQ) — 0.
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On the other hand, if p > 2 then it is easy to see that there is a constant C' =
C(p) > 0 such that

o+ oyl 2 (x+y) — 22— P2yl <O (laf 2y + 2] jyIP ), VYao,y € R™
Therefore,

)|wa|p*2 Vws — |Vta|" > Vg — !—V [Ty_m/\av} ‘pi? (—V [7'_ UD)

you)\a

< O (Jual* |9 [y, 0]+l 9 [ 0,007

Then, the triangle inequality followed by this last identity allows us bound as

follows:

| Vel Vg — |Vua|" V“aHLfg’(Rn\Ba)

< H|Vwoé|p_2 Ve — |Viua|" > Vg + |V [Ty:”AaU} ‘p_2V [Ty:“)\av]’

LY (R"\Bg)
i

+ H ‘V [Ty_‘* ”\av} LY (R™\Ba)

<C (H|Vua|p_2 M )T H\VUCJ MW }p_Q

} ‘ ‘ LE (R\B, LE (R"\Ba )>

+ HV [Tz;x,xa“] HLg(Rn\Ba)

Then, using Holder’s inequality (with exponent p—1 > 1 and conjugate exponent
(p—1)/(p—2)) and that (u,) is a bounded sequence in D}P(Q,0), it follows from
Lemma 2.3.5 that

IVwal”™ Ve = [Vual”™ Vetal| y o 5, = 0

Having demonstrated this convergence both in the case 1 < p < 2 and p > 2, we

return to equation (2.6.11) and conclude that

1(52):/\ [Vital’ ™ ¥ (10, V9) 12 dz + 0 (19l o))
R7\ Bq,
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as a — o0o. Similarly, we obtain

IZE?) — / ua|” % uag 2| " dz 4 0 (HQHD;’P(Q,O))
R”\ By

as o — 00.

Combining these last two equations with (2.6.9) and (2.6.10), as a — o

(Jpolwa),g) = IV + 1P — [V — 12

= [ [Vual"* (Vua, Vo) |21 dz = [ Jual" *ua(z)g(z) |27 dz
R™ Rn

A —ap
—/|< o |Vv|p_2 (Vu,V [Tyara9]) (M) dx

4fa | Ya |

N Ao + Yol )
o 00 [l (2) (P2 ) s
r|< Mo

|ya|

Sing

+o HQHD;P(Q,0)> :
Finally, by Lemma 2.5.3,
(g oelt00),9) = (7' (1), 9) = (J2e(0), Ty 2.9) + 0 (lgllpprca) ) -

[]

Proof of Proposition 2.6.53. It immediately follows from Lemma 2.4.3 that v €
D'P(Q.). Since Qq is either a half-space or R”, we may find an increasing collec-

tion (Bg)ren of open sets such that
1. By is compactly contained in 2., for each k;
2. For each k, the closure of By, is a compact set contained in By,q;
3. Every x € (), is in By, for all k large.

For fixed k, it follows from Lemma 2.5.1 that

(Jiewa)s 1) = (T (), 72 2 1) + 0 (Bl e
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as a — oo over h € DVP(By). Here, we note that there is a slight abuse in notation
since the right-hand side is only well-defined for « large. Indeed, for all « large,
By € Q50 7, h€DyP(Q,0) for each h € D'?(By). We may further bound

(T, B} < ("), 73 2 1]+ 0 (1l e )
< HJ,(UOL)HD;LP’(Q,()) HT;,AahHD}ZaP(Qm +o (“h”DLP(R”))

= o (I1Plproqa) )

as a — oo over h € DV(By). Note that, for the last equality, we used the
assumption J'(u,) — 0 strongly in the dual of D!*(€,0) and Lemma 2.3.2. From

our work thus far, we see that
J! (va) = 0 strongly in D~ (B (2.6.12)
for each fixed k € N.

Next, we will prove that the conditions of Corollary 2.1.2 are satisfied for the
sequence (v,) with the increasing sequence of open subsets By, * Q. First, it is
clear from Lemma 2.3.1 that (v,) is bounded in D'?(R"). Let T : R — R be the

Lipschitz continuous function

x if x| <1
T(z) =

m i |zl > 1

Fix k € N and let p € C°(Qs) € C°(R") be a bump function such that
0<p<1l inR"

p=1 in By,
p=0 outside By..

Observe that
fo = |Vua|" 7 Vo, — Vo' 2 Vo

is uniformly (in «) bounded in L? (R™), with p’ := p/(p — 1). Moreover, by a
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classical result (see, for instance, Szulkin-Willem [65, Lemma 2.1] and Simon [61,
p.210-212] for the proof), we have that (f,, Vv, — Vv]) > 0 almost everywhere.

Therefore,

n

0 S/B (foa, VT (vy —v))dx §/ (fo, pPVT (Vo — v)) d
= [ GaV 0= 0D de = [ (£ T(00 = 0)Vp)do

We claim that both [él) and [&2) tend to 0 as a — oo. First, by Holder’s inequality,

1/p
9] < fall o ( [ 9o e - v>|de)

Since the right integrand is bounded by a constant multiple of the indicator func-
tion of Byi1, the dominated convergence theorem (using that v, — v almost

everywhere) implies that [&2) — 0 as a — oo.

Next, in order to estimate I$”, we first observe that pT (Vo — v) € DY (Bjy1)
and, in fact, pT' (v, —v) is bounded in DY ( By, 1) uniformly in «. Since J!_(vy) — 0
strongly in the dual of D' (B ),

(J (va), pT (v —v)) = 0 as a — .
Therefore, writing

IO = (o (va), pT (00— 0)) + [ 0al" vapT (v — v)da
Rn

J/

—~
=:Jé1)

— | Vo7 (Vo,V [pT (v — v)]) da,

]Rn

J/

—~
=:Jé2)

we have
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as a — 00. Using Holder’s inequality, we see that

1/q
0] < el ( [ reire. —v>|de) — (1)

as o — 0o. Here, we have used the dominated convergence theorem and applied
the CKN inequality (CKN) to deduce that ||val|qgn) is bounded. On the other

hand, as a — o0,

J? = A |VoP~2 (Vo, V [pT (vq — v)]) da
= /| - IVoP2 (Vu, pV (v — v)) da + . IVoP™% (Vo, T(ve — v)Vp) da
= /| - IVoP~2 (Vo, pV (v — v)) dz + o(1)

where, to deduce the last equality, we have used Holder’s inequality and the dom-

inated convergence theorem. We then split the right hand-side as follows:

«

J? = Vol (Vu, pV (v — v)) dx—/ Vo’ (Vu, pV (v — v)) dz+o(1).
R |va —v|>1

Note that the first term on the right-hand side tends to 0 as o — oo. Indeed,
this is because v, — v weakly in DP(R") or, equivalently, Vv, — Vv weakly in
LP(R™).

J® = —/ Vo’ (Vu, pV (v — v)) dz + o(1)
[va—v|>1
With another application of Holder’s inequality we see that,

EAES / Vol"™ [V (v — v)| da + o(1)
{lva—v[>1}NBj 41

1/p'
{lva—v|>1}N By

as a — o0o. Since v, — v pointwise a.e., the dominated convergence theorem

ensures that the right hand side tends to 0 as o — co. Especially, @ 0 as
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o —r OQ.

(1)

Combining our result for J and Jc(f), we see that I’ — 0 as & — oo. Putting

this together with 1Y 5 0asa— 00, we have shown that

/ (fo, VT (vq —v))dz — 0 as a — o0
BrNQ

where

= |Vua|"* Vs — Vo’ * V.

Therefore, by Corollary 2.1.2 (invoked with a = b = 0), up to a subsequence, we

have the following.

(1) Vv, — Vo almost everywhere in . Using that v, is supported in €,
v, — v pointwise almost everywhere and €2, — (), it readily follows that

Vv, — Vo almost everywhere in R”.

(2) HU“DIP = ”UaHDIP — [Jva — U”%l,p(gm) +o(1).

(3) There holds
(V0[P Vg — |V, — VP72 (Vu, — Vo) — |[VolP % V.

strongly in L (€0). Then, since v € D'P(€)) it immediately follows that

. . /
the convergence remains true in L? (R").

(4) Finally,

|va|q_2 Vo — |Va — v|q_2 (Vo — V) = |v|q_2 v.

strongly in L@~ (Q.) and hence in L¥/(@D(R").

Next, fix h € C°(Qs). Then, h € CX(By) for all k large; fix such an index k.
Since, as stated in equation (2.6.12), J'(v,) — 0 strongly in the dual of D'?(By),
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there holds

0= lim (J/ (v,),h)

a—r00
= lim ( V"% (Vog, V) dz — [va |92 vahdx>
a—0o0 Rn Rn
= IVo|P~% (Vu, Vh) da — 0| vhdx
Rr Rr
= (Ji(v), h)

where the second equality is due to a standard convergence result, using that
ve — v and Vv, — Vv pointwise almost everywhere. Since h € C°(Qy) was
arbitrary, we conclude that J/_(v) = 0 in Q.

Next, we establish the desired properties of the sequence (w, ). First, (a) follows

from Lemma 2.6.4. By this same lemma, we also see that

1 1
Jo,.00(Wa) = 5 ||wa||%é,p(Rn70) - 5 ||wa||Lg(Rn,0) = J(ua) — Joo(v) + 0(1)

=c¢— Jo(v) +0(1)
as @ — oo. That is, we have (b). Finally, by Lemma 2.6.5,

(Tooo(ta). 9) = (7' (1), ) = (T (0), 7 200) + 0 (19l pioge)

as @ — oo over g € DP(Q). Then, using that J'(u,) — 0 strongly in the dual of
DLP(Q) and applying Lemma 2.5.2, we conclude that

(o0, 9) = 0 (9lpso(6,0))

which gives (c).

2.6.3 Bubbling

In the iteration lemmas, the terms subtracted from the Palais-Smale sequence (u,,)

are referred to as “bubbles”. We claim that, as & — oo, the bubble terms converge
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to 0 in suitable senses. Explicitly, we provide two results.
First, in the first iteration result, i.e. Proposition 2.6.2, the subtracted terms

are

Ba(2) := A2 (Aia - xo) . (2.6.13)

Now, with condition (P1), we have the following result:

Lemma 2.6.6. Let v € DYP(R™, —x) and assume condition (P1) holds (i.e. Ay —

0). Then, up to a subsequence,

(a) VBu(z) — 0 pointwise almost everywhere on R™.

(b) By — 0 weakly in DEP(R™,0) and pointwise almost everywhere;
as o — oo. Here, B, are given by (2.6.13)

Proof. Fix ¢ > 0 and observe that, after a change of variables,

fo VBN = [ V0@ el

B(—=zo0, 5

The right-hand side of this equation converges to 0 by the monotone convergence
theorem. Passing to a subsequence, we infer that VB, — 0 pointwise almost
everywhere on R"\ B(0,¢). As e > 0 was arbitrary, a diagonal argument gives the
existence of a subsequence such that VB, — 0 almost everywhere on R".

Since (VB,) is bounded in LP(R™, 0), a simple change of variables and standard
convergence results show that B, — 0 in D2P(R",0).

On the other hand, since (B,) is bounded in D!?(R™,0), up to a subsequence,
it converges both weakly in D}*(R™,0) and pointwise almost everywhere to some
function in DAP(R™, 0). By uniqueness of the weak limit, we conclude that B, — 0

pointwise almost everywhere. O

Next, in Proposition 2.6.3, the bubbles take the form 7, , v and we obtain a

similar convergence result:

Lemma 2.6.7. Let v € D'"'(R™). If a = b and condition (P1) holds (i.e. Ao, — 0)

then, up to a subsequence,
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(a) V [Ty_m)\av} — 0 pointwise almost everywhere
(b) 7, s v — 0 weakly in DyP(R",0) and pointwise almost everywhere.

Proof. Up to a subseqeunce, we may suppose that y, — y. Given an arbitrary

e > 0, observe that for all « large

3

—) C B(y,e).

B (ya.
Yoo g

Therefore,

[y Va1 o]l
B(ye) ’ B(ya2/2) ’
p
<C (HUHLQ(B(O,a/(Q)\a))G) + HVUHLP<B(O,5/(2/\Q))E))

where the second inequality follows from Remark 2.3.2 and C' > 0 is a constant
independent of a. Since A\, — 0, the right-hand side tends to 0 by the dominated

convergence theorem as o — co. Therefore,
\Y [T;h)\av] —0 in LP (B(y,s)c> .

Since € > 0 was arbitrary, a diagonal argument shows that, up to a subsequence,
\Y [Ty_a ’/\av} — 0 almost everywhere.

By Lemma 2.3.2, the sequence (7, , v) is bounded in D,#(R",0). Then, utiliz-
ing also that V [Ty_a 7 )\av} — 0 pointwise almost everywhere, it follows from duality
and a standard convergence result that V [Ty_a 7 \ U] = 0 weakly in L2(R",0). Put
otherwise, 7.~ , v — 0 weakly in D}?(R",0).

On the other hand, since 7, , v is a bounded sequence in DLP(R™,0), up to a

subsequence we may assume that there is some w € DEP(R",0) such that
. T, 2,V — w weakly in DyP(R™,0), and
* T, 2, U — w pointwise almost everywhere.

Then, by uniqueness of weak limits, w = 0. ]
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2.7 The Proof of Theorem 1.1.1

We now produce the proof of Theorem 1.1.1, i.e. we establish the main compact-
ness result in the parameter case a < b. As previously stated, this setting can only
produce weighted bubbles centered at the origin, which may also occur in the limit
case a = b. We mention once more, in the spirit of transparency, that although this
theorem is original research, it was first established during the author’s master’s
degree in [12]. However, because the argument is essential in the more difficult
a = b # 0 regime, it needs to be included somewhere within this thesis regard-
less. Choosing to include the proof in the a < b case offers the best exposition
possible; it allows for an organic treatment of the a < b while highlighting the key
distinctions between the distinct parameter cases and improving the concision of
the proof of Theorem 1.1.2.

For the sake of brevity and clarity, we decompose the proof into several distinct

steps.

Step 1. Being a Palais-Smale sequence, by Proposition 2.2.1, (u,) is bounded
in DL?(Q,0). Hence, passing to a subsequence, u, converges weakly to some
vy € DIP(Q,0), with pointwise convergence almost everywhere on Q, as a — oo.

Therefore, by Lemma 2.6.1, the sequence (u!) defined by u} := u, — v, satisfies
) T2 gm0 = Nl = N0l + 001
(i) J(ul) = c— J(vp);
(i) J/(ul) = 0 in D1(0,0).

Furthermore, we find that J'(vy) = 0 and Vu, — Vug a.e. on R" as a — o0.

Especially, vy solves problem (A).
Step 2. If u} — 0 strongly in L}(€,0) then the proof is complete. Indeed,

lim z|”P |\ Vu ()" = x| |u dz = lim |(J'(u,),u,)| — 0
(I« |[Vup @) =l ui ()] ().l

a—0o0 a—0o0
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since J'(ul) — 0 in the dual of D}?(Q) and the sequence (u)) is bounded in
DLr(Q,0
DLP(Q,0

). Hence, Vul — 0 strongly in L2(,0), i.e. wu, — vy strongly in
). Thus, the conclusions of our theorem are satisfied for k£ = 0 since
J(vg) = lim J(ug).

a— 00

Step 3. If we do not satisfy the termination condition of Step 2, then, after

passing to a subsequence,

inf/ }ui|q|x]_qux >4
Q

a1

for some 9 > 0. We may suppose without harm that

q

0<d< (c“’b) o (2.7.1)

2P
where C,;, > 0 is such that the CKN inequality (2.1.1) holds.

Consider the family {Qq},-, of Lévy concentration functions each defined by

Qa(r) == sup/ |ui|q |x]_bq dz,
B(y,r)

yeQ

where each (u,) is extended by 0 outside 2. Note that, by CKN inequality (CKN),
one has Q,(r) < oo for every r > 0. By continuity of each Q,, we may apply the
Intermediate Value Theorem to extract a smallest AL > 0 such that Q,(A\}) = 4.

Finally, for each index a, we may select y. € Q such that

Qa(\L) = sup/ |l | 2| " dx = / |ul|® 2| " da = 0. (2.7.2)
B(y,A4) oG

yeQ B(yd, A&

Passing to a subsequence if necessary, we will assume that Al — X! > 0 and

yl =yl € Qas a— oo.

Step 4. We show that the sequence of points y! /Al is bounded in R™. If not,
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passing to a subsequence we may assume that

1
@—H)o, as o — 00,

Ad
and that |y}| > 4\l > 0 for each @ € N. Consider the functions

A\ 22}
tnle) = i(a) = (5 ) )7 O + st ()
lval vl
with 7 defined as in equation (2.3.3). Lemma 2.3.1 then implies that v, € D"P(R")
with v, — 0 strongly. Furthermore, by the Gagliardo-Nirenberg-Sobolev inequal-
ity, we also obtain v, — 0 in LP (R"). Using that p* > ¢, Hélder’s inequality

further asserts that v, — 0 in L{ (R"). However, Lemma 2.3.3 and (2.7.2) show

loc

that, as a — oo,
[ m@ltde = [ Jul(a)| ez o) = 5+ (1),
B(0,1) B(yhA4)

contradicting our deduction that v, — 0 strongly in L{ _

(R™).

Since y! /Al is bounded, passing to a subsequence, we may assume that,

We then define a sequence of functions via homogeneity:
va(®) = ()" un (Ao (@ + 20)).

It is clear that, for each @ € N, v} € D}?(Q,,, —x) C D}P(R™, —x() where

Q-Mz, Q
QaI:/\—II)\—l—SC(].

«

By homogeneity, we mean that

1 1
HUQHD;’I)(R”,—JJU) = ||U'Oé||’Dcllvp(Q70)7 HUO‘HLg(R",—xO) = ||U'Oé||Lg(Q,O)
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1

1) is a bounded sequence in D}P(R™, —z4) whence we may assume

In particular, (v

without loss of generality that
vl — v! weakly in D}P(R", —z0), v} — v' a.e. in R"

for some v! € DIP(R™ —x4). We note that, by a change of variables

sup / v (@)|" |z + 2| M dx = sup/ lub(2)]* 2| Mdz =6 (2.7.3)
B(y,1) B(w,\g)

y€Qa weQ

where the last equality follows from equation (2.7.2).

Step 5. For a given h € D1P(Q,, —x), define h,, € DLP(Q, 0) via the homogeneous

transform:
- z
ha(2) == (Ay) ' h ()\—1 - x0> :
A change of variables shows that

<‘]3/607oo<vi¢)a h> = <J/(U(11), ha> .

Since J'(ul) is a continuous linear functional on DP(Q,0), for each a € N, by a

Riesz-type representation result, see (2.1.2), there exist functions f(gl), ceey " e

LY (Q, |z|~") so that
(I (ug) by =" / fO(@)0h(x) 2] dz,  Vh € DyP(8,0).
i=1 79

Of course, p’ denotes the Holder conjugate exponent to p. Moreover, because we

have J'(ul) — 0 in the strong operator topology,

Z/ }fc(f)(x)|p/ lz|” " dr — 0, as a — oo. (2.7.4)
i=1 Y&
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Therefore, we may write

(Trooo(va)s h) = (J'(ug), ha)

= Z/ FO(2)05ha(2) |27 dz
i=1 Y&
= (ALY Z/ FOAL (2 + 20)) 05k () |2 + 2| da.
i=1 /8
It follows that
(Jro00(Va), h) = Z/ 9 ()0ih () |z + x|~ d, (2.7.5)
i=1 7 a

where we have defined

n—ap

g (x) = (A) 7 f (Nale +20)) -

Furthermore, by another change of variables,

Z/ !gﬁf)(x)!pllx+xo|‘“pdx:§:/ FD) 1277 dz = 0(1)  (2.7.6)
i=1 /$a 4 Q

as o — 0o because of (2.7.4).

Step 6. By way of contradiction, we claim v! # 0. Assume v! = 0 so that
vl — 0 weakly in D}?(R™, —z() and pointwise a.e. on R" as a« — oo. By the

compactness of the embedding DP(R", —xy) — LV

e R™ |z + z0|”™), we may
assume that vl — 0 strongly in L? (R", |z + 0|~ ") whence (v]) is bounded in

loc a
LP (R"™ |z 4 20|~ “"). By Proposition 2.4.1, Q, — Q. where

R" if \' =0,
O :=

Q
ﬁ—xo 1f/\1>0,

and let C be a countable cover of R” such that if A € C then either
1. A = B(y,1/2) for some y € {2, or
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2. A is compactly contained in the complement of Q.

If A € C is compactly contained in the complement of Q.., then A and €, are

1

disjoint for all o large since €2, — (2. Therefore, v,

vanishes on A for all a large

and, in particular, Vol — 0 in L? (A, —xy).

On the other hand, suppose A = B(y, 1/2) for some y € Q. Since 2, — Q,
y € Q, for all « sufficiently large. Given an arbitrary h € C*(R™;[0,1]) with
supp(h) C B(y, 1), using Holder’s inequality with the CKN-inequality (2.1.1) then
yields

/ |R[? [vd|* |2 + 20| " dw
R’ﬂ

S TRt
supp(h)

9a—pP

e p/q
< (/ \U;mxqudx) (/ \hv;\q|x+x0|qux)
supp(h) supp(h)

9—pP

<C,, (/ EAk |x+xo|_qux) ' (/ !V(hvé)‘pm—l—xo]_“pdx) .
supp(h) supp(h)

Then, bounding the first integral with equations (2.7.3) and (2.7.1),
/ R[? [0} |* |2+ @o| " dz < 2_p/ IV (hvl)| |z + @0 da. (2.7.7)
R supp(h)
On the other hand, since v} — 0 in L (R™, |z + x|~ "),

loc

/ (V(hol)|” |z + 2o~ da < 2p1/ P [Vl |” |2+ 2|~ dz + o(1)
R7 R™

= 27’_1/ |Vvi’p_2 (Vvi,v [|h|p vé]) |z + x| dx + o(1)
Rn

=27 (b 0t [ Jbf I bt ] o)
Rn
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Next, by Step 5 equations (2.7.5)-(2.7.6), we see that as o — oo
CANCIRLIZIEDS /ﬂ 9800; (IDI7 v3) |+ o~ da = o(1)
i=1 7/

where we have used that (|h|” v}) is bounded in D}?(Q,,, —1z¢). Ergo, concatenating
with (2.7.7),

1
/ ywhvg)|p|x+x0|—“pdxg§/ IV ()| 2+ o]~ d + o(1).
R™ Rn

We deduce that [, [V (hv))|” |z + x| dz — 0. Taking h =1 on A = B(y, 1/2),
we infer that Vol — 0 in L? (A, —x¢) . Having shown that this convergence holds
for all A € C, it follows that Vol — 0 in L} (R", |z + x| ™). Multiplying with a

cutoff function and applying the CKN-inequality, this implies that v} — 0 strongly

: q
in L,

(R™, | 4 xo| ") as @ — oo. However, this contradicts by (2.7.2) since

/ ‘vé‘q\x—%xo\_quxz/ ) |vé}q|x+xo|_qux
B(0,2) B(%—IOJ)

— / lul(2)|* 2] da
B(yaAa)

=6>0

for all @ € N sufficiently large.

Step 7. We claim that A\! = lim,_,oc AL = 0. To this end, we argue by contradic-

a

tion and assume instead that A\' > 0. Given any p € C°(R";R"), a straightfor-

ward change of variables shows that

[ (Ve o) ol

= oo [ (Gubenp (5 o) ) e

As the sequence (\!) is bounded, there is a compact set A such that, for each

(2.7.8)
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z
zr—>g0()\—1—x0)

is supported on A. Following this, since Vu! — 0 pointwise almost everywhere on

a € N, the function

R™ and is bounded in LP(R",0), standard convergence results imply that
/ |Vul(2)] [z] " dz =0, as a— oo.
A
Using this and that A}, — A; > 0, it follows from (2.7.8) that

/ (Voo (z), o(2)) |z + 20| P dz — 0, as a — oco.

Since smooth functions of compact support are dense in L (R”, |a + 20|, it
readily follows that Vol — 0 weakly in LP(R", —zy). Put otherwise, v} — 0 in
DLP(R™, —x0) which directly contradicts Step 6.

Step 8. Since v' € DIP(R" —14) and Q, — R", there exists a sequence functions
e € C°(Q,) such that ¥, — v! strongly in DLP(R", —x4) as a — co.

Consider the modified sequence given by a homogeneous transform:

Since 1, — v' strongly in D}P(R", —z,), a change of variables (i.e. homogeneity)
shows that

Pal) = (AL) 70! (4 — xo) — 0 in DYP(R™,0).
Therefore, after an application of Lemma 2.6.6 (with v = v!), we deduce that

(i) Vihq — 0 pointwise almost everywhere on R”;

(ii) e — 0 weakly in DL?(€,0) and pointwise almost everywhere a@ — oc.

Step 9. We outline the iteration process. Applying Proposition 2.6.2, we see that
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v! solves a translated version of (B) and the sequence

for A% := AL, satisfies

= HuOéHDLP (9] HUOH,Dlp 9] - Hleplp _ (1) +0(1)
(2,0 0) )

and

JO,OO(UZ) — C — J(’Uo) — Jxél),oo(vl)’
L (u2) = 0in D;(Q,0).

0,00

Next, we consider the auxiliary sequence

g (%) = g (7) — Va(2)
which is bounded in D!?(Q,0). Because ¢, — v! strongly in D'P(R™, —z}),

J (ﬂi) — C — J(Uo) — Jx(1) oo(vl),
0 >
J'(@2) — 0in D; 7 (Q,0).

We may therefore apply Steps 2-9 to this new sequence (%2), at each stage remov-

ing another solution v7.

Step 10. For each index j, a suitable translation of v/ solves (B). Now, recalling
Lemma 2.2.2, note that Palais-Smale sequences for problem (A) have non-negative
limiting energy. Moreover, by Proposition 2.2.3, the energies of non-trivial critical
points for the weighted limiting problem (B) are bounded below by a uniform
positive constant. Thus, this procedure can only run its course finitely many times
before we reach the termination condition dictated within Step 2. This completes
the proof of Theorem 1.1.1.
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2.8 The Proof of Theorem 1.1.2

We now begin the proof of Theorem 1.1.2, which contains the entire proof of The-
orem 1.1.1 as a sub-argument. Naturally, the proof begins in the same way (first
extracting a solution to (A) and recovering another (PS)-sequence by removing
said solution). However, unlike Step 4 within the previous proof, we will not be
able to assume y}/\} is bounded, because 7,1 1 ul, seemingly does not necessar-
ily converge strongly to 0 in all cases. In fact, we will see that in this situation,
Ty AL ul may capture energy concentrating away from the origin, in such a manner
that it does not “feel” the weights.

Steps 1-2-3. Steps 1,2 are identical to their respective counterparts from the
proof in the a < b case and we modify only the upper bound on § > 0 in step 3.
More precisely, as in step 1, we deduce that there is some vy € DP(€,0) such

that, with ul := u, — vo, up to a subsequence,

(i) uo — vo weakly in D}P(2,0) and pointwise almost everywhere;

() [uallpre i = ltallpr g, = 100l e + 01
(iii) J(ul) — ¢ — J(v);

(iv) J'(ul) — 0 in D;V(Q,0);

(v) Vu, — Vg and pointwise almost everywhere;

as a — oo. Moreover J'(vg) = 0 so vy solves problem (A). Then, as in step 2,
the proof terminates if u;, — 0 strongly in L{(£2,0). Thus, we proceed to step 3
assuming that u) does not converge to 0 strongly in L](£2,0). In the latter case,

up to a subsequence, we may suppose that for each index « there holds

sup/ |l |’ 2| " dx = / ub|* || "y = 6. (2.8.1)
(¥:A&) B(yL,\L)

yeQ

Yasa

for some 0 < A}, < diam(Q) and y} € Q. Here,

q

1 ap
0<d< ot (C—) : (2.8.2)
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where C,; > 0 is such that the CKN inequality (2.1.1) holds and C; > 0 is the
constant from Lemma 2.3.1. Finally, passing to another subsequence if necessary,

we further assume that AL, — A\ >0 and 3} — ' € Q as a — .

Step 4. The following dichotomy holds: either y! /Al is bounded or unbounded.

In the former case, we pass to a subsequence so that

and proceed exactly as in the proof with a < b (i.e. we follow Steps 5-10 from the

previous section). Otherwise, we may pass to a subsequence in such a way that

|yiy|_> d 1 1
0 an ‘ya}>4)\a.

In this case, it is automatic that AL, — 0 as a — oo. Subsequently, we may define
v = Tyl € DIP(RY),

Then, v}, € D'?(Q,) in D'?(R™) where

and, by Lemma 2.3.1, the sequence (v}) is bounded in D'?(R™). Therefore, there
exists v! € D(R") such that

vl — v! weakly in D"*(R"), v. — v' ae. in R™
Furthermore, by Lemma 2.3.3 and (2.8.1),

/ |v;|qu:(5—|—0(1) as  a — 00.
B(0,1)
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On the other hand, by Remark 2.3.1 and (2.8.1), we see that

sup / los|"dz < €O Sup/ |ul | 2| dx = C96
B(y,1) B(y,\%)

yeQa yeQ
as a — o0o. Combining these last two equations, we obtain

9
q9—p

5+ o(1) < sup / v | de < €45 < (@) (2.8.3)
B(y.1)

= P
y€Qa 2

where, for the last step, we used (2.8.2).

Step 5. Fix a compact set K C  and let (hy) in DY?(R™) be a bounded sequence
with h, € D'?(Q,) and h, supported in K for each index o € N. It follows from
Lemma 2.5.1 and the CKN-inequality (CKN) that

(Joo(Va), ha) = <J’(u;),ryjmha> +0(1) (2.8.4)

as o — 00. By a Riesz-type representation result, i.e. characterization (2.1.2), we
may find, for each «, functions f,gl), . fé”) in L? () such that

(TR =D [ IR T v e Do)
i=1 /9
Moreover, since J'(ul) — 0 strongly in the dual of D}?(£,0),

Z/ |fc(f)(z)‘p/ |z] " dz — 0, asa— oco. (2.8.5)
i=1 /9

Combining (2.8.4) with the aforementioned functional representation, we may
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write
() ) =3 [ F0C00 g ] ()11 2 o)
—Z | 590 [ ] () [l = 4] ] 2
+Z:/Qf§f)(z)8i Tah ] ‘ya‘ Az +o(1).

Since h,, is supported in K, each integrand is supported in A\l K + y!; then, using

Lemma 2.3.4, we see that for all a large and each index:=1,...,n

O |1y s ha] () 1217 = s ™) a2

30—“/ (=
K] Jo 112

A
S CK@ Hfé)HLg/(Q’O) ||ha||pl,p(Rn) = 0(1)

|| """ dz

0; [Ty_}Méha] (2)

where we have used Holder’s inequality, Lemma 2.3.2 and equation (2.8.5). Re-

turning to our earlier expression, we have
(o (v3) ha) = Z/ fé“(z)c?i A } ) [yh |~ dz + o(1)
i=1 /&

ap—2b
_ (A_%O Tyt [ [T 0ade + o)

&

Here, we have used that, since each h, is supported in K, the cut-off n in the

transform reduces to 1 on the integrand’s support for all « large. Hence,

(Jo(v), ha) = Z/ 9D0hodx + o(1) (2.8.6)
i=1 VR
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where, extending each f(gf) by 0 outside of €2,

] >\1 ap—2b 1\n—2y—1—ap ;
e = (ﬁ) (%) Tt

Now, bounding as in Lemma 2.3.1, we see that

/ 99 (@) d < C/ £ 277 dz = (1)
R™ Rn

by (2.8.5). Therefore, applying Holder’s inequality to the right-hand side of equa-

tion (2.8.6) we conclude
<Jéo(vi), ha> =o(1).

Step 6. We claim that v! # 0. By contradiction, suppose that v! = 0. Then,
vl — 0 weakly in D'(R™) and v} — 0 pointwise almost everywhere. Furthermore,
(R™, |x + 20| ™), we

may assume without loss of generality that v} — 0 in L? (R™).

by the compactness of the embedding D}P(R", —xy) < LP

loc

Since A!, — 0, passing to another subsequence if necessary, it follows from
Proposition 2.4.2 that there is a set (2, C R", which is either R™ or a half-space,
such that

1. Any compact subset of €, is contained in €2, for all « large.

2. Any compact subset of (@)B is contained in (Q_a)c C Qg for all « large.
We may cover R” by a countable collection C of such that if A € C then either

1. A= B(y, 1/2) for some y € Q, or

2. A is compactly contained in the complement of Q.

Pick an arbitrary A in the collection C. First, if A is compactly contained in the

1

., is supported

complement of ., then A is disjoint from €, for all « large. Since v
in Q,, it is clear that Vol — 0 in LP(A).

On the other hand, if A = B(y, 1/2) for some y € €, then, for all « large,



2.8. THE PROOF OF THEOREM 1.1.2 91

y € Q. Let h € C°(R™) be such that

0<h<1
h=1 in A = B(y,1/2)
h =0 outside B(y, 1).

By Hélder’s inequality with exponents ¢/p and conjugate ¢/(q—p) = n/p followed
by the CKN inequality (CKN),

/|h|p\v;\qu:/ (Rl )? [0l ]*7 da
R™ supp(h)
p/q p/n
<([pparar) ([ jupar)
supp(h) supp(h)
p/n
gc;;(/ |v(m;)ypdx)(/ yv;yqu) .
supp(h) B(y,1)

Then, using equation (2.8.3), we deduce that for all a large (so that y € Q,)

p/n
Lonetarac< ((S)7) e e
R Rn

=2"P ‘V (hvi){p dz.
Rn

(2.8.7)

On the other hand, using that v} — 0 in L (R™), we obtain

loc

/ IV (ho})|” dz < 2”_1/ )P [ Vo] dz + o(1)
n Rn

_ op-1 / Vol P2 (Vo ¥ [[BF 0l]) da + o(1)
RTL

= op~1 {<J;o(vé), |h|pvcly> —I—/ |"U;|q |h|? dx} +o(1)
RTL
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as a — 00. Then, by step 5, as a — 00,

/ IV (hl)|" da = 2p1/ lva]® |hIP dz + o(1)
n R’ﬂ

< %/ IV (hvd)|” dz + o(1)

where we have used equation (2.8.7). Ergo, [, |V (hvl)|"dz — 0 which implies
that Vol — 0 in LP(A).

Having concluded that Vvl — 0 in LP(A) for any A € C, we deduce that
Vol — 0 in L (R™). Multiplying with a cutoff function and applying the CKN
inequality (CKN), this clearly implies that v} — 0 in L} _(R"); this contradicts
equation (2.8.3).

Step 7. In contrast with the previous case a < b, it is already known that A\!' = 0.

Consequently, Step 7 is superfluous here.

Step 8. Since 2, — Q. and v! € DP(Q.), there exist a sequence of functions
(1a) in C(Qy) with 1, € C°(Q,) for each a such that ¢, — v! in D'P(Q.) C
DLP(R™).

By Lemma 2.3.2, the sequence given by v, := Ty Wa € C>(Q) satisfies

Yo — T;g,,\}lvl Tyl AL (1/’06 - Ul) ) <cC Hl/’a - U1||D1>P(R")

DEP(R7,0) DIP(R™,0

for some constant C' > 0. Then, since ¢, — v! in DM?(R"),

Yo =T w0t =0 in DP(R",0) (2.8.8)

Recalling Lemma 2.6.7, it readily follows that, up to a subsequence,

1. V@a — 0 pointwise almost everywhere;

2. The sequence ¢, — 0 weakly in D}P(Q, 0) and pointwise almost everywhere.
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Step 9. We now show how to iterate to the next stage. Define

2 ._ 1 - 1
Ug "= Uy = Ty1 1 U

By Proposition 2.6.3, J!_(v') = 0 in Q,, and, as a — oo, we have

Hu2 HD“’ R™0) HUO‘HD“’ (€,0) HUOHD” Q0 HleDlp(R”) +o(1)
and

Joso(U2) = ¢ — J(vg) — Joo(vh)
Jboo(u2) =0 strongly in the dual of D?(£2,0).

Next, consider the auxillary sequence
ai = u}l — 1;&
which is bounded in D!}?(Q,0). Since, by Step 8,
ul — 2 =P, — T?;%é,/\(llvl — 0 strongly in D}P(R",0)
we see that

J(2) = ¢ — J(vg) — Jo(v1)
J(@2) =0 strongly in the dual of D?(£2,0).

We may therefore apply steps 2-9 to this new sequence (@), at each stage remov-

ing another solution v7.

Step 10. At the j** iteration stage, we had one of the following cases.

1. If y7 /M, is bounded then, as in the a < b case, a suitable translation of v
solves (B).

2. If the ratio y/ /N, is unbounded, then J! (v7) = 0 in a set Q.. Here, either

« Qs = R™ and v solves (C).
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« Q. is a half-space, so a translated rotation of v/ solves the limiting

problem (D) in H = {z € R" : z,, > 0}.

The procedure terminates because, by Lemma 2.2.2, Palais-Smale sequences nec-
essarily possess non-negative limiting energy and, by Proposition 2.2.3, at each

iteration stage, we remove a solution whose energy is uniformly strictly positive.



Chapter 3

Existence of Entire Nodal
Solutions and Symmetry

Prescription

The purpose of this chapter is to leverage the previously developed representation
theorems in order to answer the question of nodal existence for solutions to the
critical weighted problem in the whole of R™. As mentioned in Chapter 1, the
motivation for this endeavour is substantial. Primarily, we are interested in ex-
tending the known nodal existence theory for the unweighted critical p-Laplace
equation due to Clapp-Rios [24] and Clapp-Vicente-Benitez [21]. Within the first
aforementioned paper, the authors give what they state to be the first exhibition
of nodal solutions for the critical p-Laplace problem (1.1.6). Moreover, recently in
2025, Clapp-Vicente-Benitez [21] extended this to demonstrate that one can con-
struct solutions for an infinite number of distinct symmetry configurations. We
note, however, that these symmetries are restricted to 4-real coordinates, and to

isomorphic copies of said symmetries.

Aside from the paper of Szulkin-Willem [64], which establishes sign-changing
solutions in the 0 < a < b by using a truncated radial minimizer for the Caffarelli-
Kohn-Nirenberg inequality and a concentration compactness principle (following
the spirit of P.L. Lions [48]-[49]), the literature on nodal solutions to the pure criti-

cal Caffarelli-Kohn-Nirenberg problem in R" is extremely sparse. This is especially

95
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true in the a < 0 where, to the best of the author’s knowledge, no sign-changing so-
lutions have been found when p # 2. However, by virtue of the global compactness
theory developed in Chapter 2, we are in a comfortable position for resolving this
gap. In fact, we shall demonstrate that the pure critical Caffarelli-Kohn-Nirenberg
problem in R™ admits non-trivial sign-changing solutions, for an infinity of mutu-
ally exclusive symmetry configurations, for all dimensions n > 4 if a < b, and all
dimensions n > 4 with n # 5 is a = b # 0. Moreover, we widen the class of pos-
sible symmetries one can prescribe to these solutions and, in particular, find new
sign-changing solutions to both the unweighted critical p-Laplace problem (1.1.5),
and the Yamabe problem (1.0.5).

For the sake of clarity and future reference within this chapter, we restate the

problem of interest:

— div (Jz| |VulP~? Vu) = 2| " u|" ?u  in R™,

(B)
u € DIP(R™,0)

We recall as well that this is the Euler-Lagrange problem associated to the Caffarelli-
Kohn-Nirenberg inequality [9], and is described by the energy functional

1 1
J(u) = _/ |Vu|p|x|_apdx——/ % da. (3.0.1)
P Jre q Jr»

That is, a function v € DIP(R™,0) is a (weak) solution to (B) provided the
(Fréchet) derivative J'(u) vanishes, i.e. if (J'(u),h) = 0 for all h € DLP(R")
where (-, %) denotes the duality pairing. Of course, all parameters are subject to

the constraint dictated by (1.0.1). Henceforth, we work in dimension n > 4.

In what follows, we employ an approach relying upon the imposition of carefully
chosen symmetries, described concretely by the appropriate subgroup of O(n) and
a corresponding group homomorphism. By studying the problem (B) restricted to
functions satisfying these symmetries, we recover sufficient control over the Struwe
profile of Palais-Smale sequences, within this symmetrized framework, to obtain
a sign-changing solution to (B) in the limit. What is more, this function will
necessarily respect the symmetries imposed on the Palais-Smale sequence, as a by

product of the method. This naturally raises the question of whether one may
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systematically construct these groups G in such a way that we may distinguish

the resulting solutions by their inherent symmetries.

The structure of this chapter is as follows. First, we describe a framework al-
lowing for the construction of solutions to (B) in an abstract sense. More precisely,
given a subgroup G of O(n) and a homomorphism ¢¢ : G — {£1}, satisfying cer-
tain requirements, we prove a result which ensures the existence of an associated
nodal solution to (B) respecting the symmetries described by (G, ¢¢). We mention
that, as a by product of the distinction between the unbalanced case a < b and the
balanced case a = b # 0, there are substantial technical difficulties to overcome
in the latter case. After having given general existence conditions, we address
the question of symmetry categories previously mentioned. That is, we develop a
systematic category of symmetries one may prescribe to sign-changing solutions
of (B), and give conditions under which these symmetries are incompatible, i.e.
describe conditions where we can ensure the symmetry types are mutually exclu-
sive. This endeavour serves to both ensure a “variety” of possible nodal solutions,
while also expanding the class of symmetries imposed by earlier constructions (e.g.
Clapp-Rios [24] and Clapp-Vicente-Benitez [21]).

3.1 Symmetry Imprints

In this section, we develop the framework for our group symmetries, following
Clapp-Rios [24] and Clapp-Benitez [21]. Throughout this chapter, unless otherwise
stated, we fix a dimension n > 4 and denote by O(n) the orthogonal group on R™.
In addition, G is always assumed to be a closed subgroup of O(n). Given a point
x € R™, we write Orbg(z) to denote the orbit of x under the action of G, and
Stabg(z) to denote the stabilizer of z. A set 2 C R” is said to be G-invariant if

Orbg(Q) == | ] Orbg(z) = Q.

geG

We remark that the unit ball in R™ is G-invariant, no matter the subgroup G being

considered. If Q2 C R"™ is G-invariant, a function u : 2 — R is called G-invariant
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provided
u(gr) =u(z), VreQ, ged.

Developing more notation, we will write ¢ to describe a continuous group homo-
morphism

¢G G — {:l:l}

Under these conventions, a pair (G, ¢¢) shall be called a symmetry imprint. This
choice of terminology will become clearer after the following definition, in which
we declare a class of Sobolev functions respecting the structure imposed by the
pair (G, ¢¢g). First however, we give a pointwise definition of ¢g-equivariance,
which has been historically used in to address questions of existence and symmetry

prescription (for example, Clapp-Rios [24]).

Definition 3.1.1. Let (G, ¢¢) be a symmetry imprint and {2 C R™ be G-invariant.
A function u : Q — R is called ¢g-equivariant on € if there holds

u(gz) = ¢c(g)u(z)
for all x € €2 and every g € G.

Loosely speaking, by considering a ¢g-equivariant function, we are imposing a
minimum of symmetry upon the functions being treated. Conveniently, we denote
by C>(2)%¢ the real vector space consisting of all real valued smooth functions,
with compact support in €2, which are ¢g-equivariant. To ensure that this space
is meaningful, we impose the following two crucial conditions upon the symmetry
imprint (G, ¢¢).

(P1) There exists £ € R™ such that Stabg (&) C ker ¢¢.
(P2) ¢ is a surjection.

We observe that these two properties are not original to this thesis. In fact, these
are the same conditions used by Clapp-Rios [24]. Property (P1) is crucial to this
approach as it ensures that the space of ¢g-equivariant test functions C°()%¢ is
non-trivial, and hence infinite dimensional (we refer to the work of Bracho-Clapp-

Marzantowicz [6, page 195]). Of course, property (P2) ensures that any non-trivial
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¢g-equivariant function be sign-changing. This is of importance in our case as we

are mainly interested in the existence of sign-changing solutions.

Remark 3.1.1 (On the stabilizer condition). As stated above, condition (P1) cannot
be dispensed with. In fact, if (P1) fails and (P2) holds, then the trivial function is
the only ¢g-equivariant function. What is more, pairs (G, ¢) satisfying (P2) but
not (P1) do exist. For example, for all dimensions n > 2, consider G := O(n) with
oc(g) == det g. Obviously, ¢g is a continuous and surjective homomorphism of
groups. However, condition (P1) fails.

To see this, first observe that ker g = SO(n) C G. As Stabg (0) = O(n) we
see that € = 0 fails the condition in (P1). For £ # 0, write R® = H & H* where
H C R"™is a hyperplane of dimension (n—1), passing through the origin, containing
€. Define gy to be the element of O(n) which reflects across the hyperplane H.
Clearly, gy € Stabg(€) while ¢g(gy) = det(gy) = —1 ensures that gy ¢ ker ¢¢.

As mentioned previously, before building the category of (a, m) symmetries
which are the centerpiece of Theorem 1.2.1, we first state a plain existence theorem
which guarantees the existence of a solution with ¢g-equivariance if the symmetry
imprint (G, ¢¢) is appropriate. As one naturally ascertains from the Struwe-type
decomposition in Chapter 2, the situation is much more relaxed in the a < b

setting. Naturallly, this is subject of the first main result of this section:

Theorem 3.1.1. Let n > 2 and a < b in (B), Suppose that (G, dg) is a sym-
metry imprint satisfying (P1)-(P2). Then, there ezists a non-trivial sign-changing
CHR™ \ {0} )-solution to (B) which is ¢pg-equivariant on R™.

Remark 3.1.2. The C'-regularity of this solution is not a consequence of this the-
orem and is well known for finite energy solutions of (B) (see Shakerian-Vétois
[60]). However, it is mentioned because it means that u is defined pointwise away
from the origin, ensuring that the ¢g-equivariance of u holds in a manner which

is both meaningful and consistent with Definition 3.1.1.

An elegant facet of this theorem, is how easy it is to construct symmetry im-
prints (G, ¢¢) which satisfy conditions (P1)-(P2). The reason these two conditions
are sufficient to guarantee a solution with corresponding symmetries is precisely

a consequence of the simplified bubbling phenomena created in the a < b regime.
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More precisely, it is due to the fact that, when a < b, any loss of compactness nec-
essarily takes place at the origin and leads to a solution to the weighted problem.
We help to illustrate this with a simple example, tackling straightforward finite

group symmetry prescription.

Example 3.1.1. Fix a dimension n > 2 and let S C {1,...,n} be non-empty.
For each index j € S, let p; be the linear isometry of R™ given by

pj(l‘l, e lj_1,T5, Tj41, ,l’n) = ({L‘l, vy L1y, TG Ty 1y e - ,l‘n).

Define G to be the subgroup of O(n) generated' by {p;};cs. and let ¢ : G — {£1}
be the surjective homomorphism induced by the relation ¢¢(p;) = —1, for each
j € S. Clearly, being that G C O(n) is finite and therefore inherits the discrete
topology, this group homomorphism is continuous. Furthermore, it is obvious
that £ = (1,...,1) is a point for which (P1) holds true. Consequently, (G, ¢¢)
is a symmetry imprint satisfying conditions (P1)-(P2) and Theorem 3.1.1 ensures

the existence of a non-trivial solution ug to (B) which is ¢g-equivariant, i.e. a
CH(R™\ {0})-solution such that

u(pi(x)) = —ulz),
for every x € R™ \ {0} and every j € S.

In fact, as pointed out by Professor Clapp, this gives rise to the existence of
nodal solutions for an infinite number of distinctive symmetry-types even in the

low dimensions n = 2 and n = 3. This is illustrated in the following example.

Example 3.1.2. Let n > 2 and write R" = C x R"? with z = (z,y) where
x €R", 2 € C,y € R" 2, and define for any m > 0 the linear isometry

pm R* =R (z,y) — (ei%’”,y) )

Let A, = O(n — 2) denote the copy of the orthogonal group acting on the last

(n — 2)-coordinates of R", according to our representation above. Declare G,, to

IThis group is finite and merely consists of words of the form [] jes pjj with ¢; € {0,1}
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be the subgroup of O(n) generated by {p,,} U A,, and observe that p,, has order

2(m+1) - Consequently, G,, is a compact subgroup of O(n) and the surjection

06, = X1}, da,(pl) = (=1),

is a well defined homomorphism of groups. Moreover, notice that the pair (G,,, é¢,,)
satisfies (P1) for any £ = (z,y) € R", where { = (z,y) with |z| = 1. Thus, (G, ¢m)
is a symmetry imprint and Theorem 3.1.1 ensures the existence of an associated
non-trivial nodal solution w,, which is ¢,,-equivariant. What is more, if m # k
then w,, # u;. Indeed, suppose 0 < m < k and let v : R® — R be simultaneously
2k—m

(G, Om)-equivariant and (Gg, ¢r)-equivariant. Then, noticing that p,, = p;
we find that for each x € R™ one has

u(x) = ulpp (@) = ulpm(z)) = —u(2).

Hence, u vanishes identically. This implies that u,, # uy. Finally, we note that for
all dimensions n > 4 these groups G, are infinite, unlike those built in Example
3.1.1. However, the group G,, does not have infinite orbit everywhere away from
the origin. For example, the point z = (1,0) € C x R 2 has finite orbit as p,, has

finite order.

We now turn our attention towards the limit case a = b # 0 in the problem
parameters which, as seen in the previous chapter, is significantly more complex
that the case a < b or a = b = 0. In fact, because of the distinctive bubbling phe-
nomena we encounter in this case (most notably the possible loss of compactness
in the form of a solution to the unweighted problem (C)), properties (P1)-(P2) on
their own are not sufficient to guarantee the existence of a non-trivial sign-changing
solution to (B). In this setting, we require the following additional constraint on

our group G.
(P3) For each z € R™\ {0}, the orbit Orbg(x) is infinite.

Loosely speaking, condition (P3) ensures that the only loss of compactness pos-
sible from a suitable Palais-Smale sequence takes place at the origin, at sufficient
rate. More precisely, if a Palais-Smale sequence were to exhibit concentration phe-

nomena producing solutions to the unweighted problem (and therefore away from
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the origin), then the infinite orbit condition would lead to concentration along an
infinite orbit, contradicting the boundedness of the Palais-Smale sequence. Fur-
thermore, this reasoning explains why this condition may be omitted in the un-
balanced case a < b, since all bubbling is centered at the origin in this case by
Theorem 1.1.1. Condition (P3) is a subtle, and yet important, distinction from
that present in Clapp-Rios [24], designed precisely to handle the distinctive con-
centration phenomena occuring for a = b # 0. Such a condition is not necessary
for the unweighted model case a = b = 0 treated by Clapp-Rios [24] (see also
Clapp-Vicente-Benitez [21]) because the problem (C) is inherently translation in-
variant due to the lack of weights. Indeed, if @ = b = 0, it is enough for the

subgroup G to satisfy the weaker condition:
(P4) For each x € R" there holds dim(Orbg(z)) > 0 or Orbg(z) = {z}.

Obviously, (P3) implies (P4) but the converse fails. We also observe that the group
given in Example 3.1.1 fails both conditions (P3)-(P4). In fact, no finite group
G can satisfy condition (P3). As for Example 3.1.2, we remark that the groups
constructed therein are infinite for all n > 4, but these groups fail condition (P3).
This supports an overarching theme of this thesis: the CKN problem falls into
three distinctive qualitative categories: a < b, a =b =0, and a = b # 0.

In light of our discussions and development, we are ready to state the general
existence result for the a = b # 0 case. Our general existence result for the case

a = b # 0 can now be stated.

Theorem 3.1.2. Let n > 2 with a = b # 0, and suppose that (G, ¢g) is a
symmetry imprint satisfying (P1)-(P2)-(P3). Then, there exists a non-trivial sign-
changing C*(R™\ {0})-solution to (B) which is ¢g-equivariant on R™.

As before, we only mention that the solution is C'(R™ \ {0}) to emphasize
that the function is pointwise defined, thereby giving meaning to the symmetry
property.

We should also remark that we exclude the case a = b = 0 from the statement
of this last theorem, since it is covered by Clapp-Rios [24, Theorem 3.1] which
replaces condition (P3) with its weaker analogue (P4). Before we proceed further,

we also note that for these two theorems to be meaningful, we must construct
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symmetry imprints which satisfy these conditions. Obviously, we have already
done so within Example 3.1.1, but this only applies to the sub-limit case a < b by
our previous observations. In fact, as we mentioned earlier, it is natural in view of
these theorems, to ask whether one can design a systematic category of distinct,
mutually exclusive, symmetry types the solutions can satisfy. In other words, can
we define a large class of symmetry types in which we can easily distinguish the
solutions we find by their inherent symmetries. Put otherwise, can we also address
questions of multiplicity by pushing further the notions of prescribed symmetry
developed by authors such as Clapp-Rios [24] and Clapp-Vicente-Benitez [21].
The outline for this chapter will be as follows. First, we will develop the
variational background for the problem (B). Especially, we will introduce a sym-
metrized version of the problem, which we shall use to extract a solution with
the appropriate symmetries. To do so, we will use the Nehari Manifold method
and the principle of symmetric criticality. More precisely, we use a mountain-pass
argument to construct a symmetrized Palais-Smale sequence, operating at the ap-
propriate “minimal energy” level. Then, we shall decompose this Palais-Smale
sequence, by a global compactness analysis, to prove Theorem 3.1.1 and Theorem
3.1.2. Following this, after having given a general group theoretic framework under
which an appropriate solution exists, we will precisely define the broad category
of symmetries we consider. Here, we will construct the associated symmetry im-
prints and investigate their mutual incompatibility, thereby demonstrating that
the resulting solutions to (B) possess distinct, mutually exclusive, symmetries. To
rigorously investigate the incompatibility of these symmetry types, we will employ
a binary coding scheme, together with a ged-argument, giving rise to the surprising

gcd-condition appearing in the statement of Theorem 1.2.1.

3.2 Equivariant Palais-Smale Sequences

“right” Palais-Smale se-

Since our variational approach involves showing that the
quence necessarily leads to the desired solution of (B), it is key that we ensure such
a sequence indeed exists. As such, the purpose of this section is to construct Palais-
Smale sequences within the energy space, at an appropriate minimal energy level,

satisfying the prescribed symmetry requirements. Subsequently, we shall conduct
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a compactness profile analysis on such a sequence, and show that it necessarily
yields the existence of a non-trivial sign-changing solution to (B). Speaking in-
formally, particularly in the a = b # 0 case, it is not enough that we restrict the
energy of a Palais-Smale sequence. As we mentioned, when a = b # 0, such a se-
quence could potentially blow up away from the origin, producing a solution to the
unweighted problem (C), which does not address the question of existence for (B).
To correct this, we must choose our symmetries in such a way that they “cage” or
restrict the blow-up configuration of our chosen sequence. Consequently, it is best
if we build our Palais-Smale sequence itself from ¢g-equivariant functions within
the space D}P(R™, 0)%.

For the entirety of this section, we assume that (G, ¢¢) is any symmetry imprint
for which (P1) holds true. We emphasize that the results in this section do not
require assumptions (P2) and (P3) for the pair (G, ¢¢).

We define the ambient symmetric energy space DLP(€,0)?¢ to be the topologi-
cal closure of C2°(2)?¢ within the weighted homogeneous Sobolev space D1(€2,0).
Naturally, as a closed subspace of D}?(€,0), the symmetric space D}P(£2,0)%¢ in-
herits the structure of a reflexive Banach space. Moreover, the elements of this
space behave as expected with regards to the symmetries described by the imprint

(G, ¢¢). This basic property is verified by the next lemma.

Lemma 3.2.1. Let u € DXP(R™,0)%¢. Then, after modification on a set of mea-

sure zero, there exists a set E C R", of full Lebesque measure, such that

u(gz) = ¢a(g)u(z)

forallg € G and allx € E. In other words, u(gz) = ¢c(g)u(z) almost everywhere
on R™, uniformly in g € G. Furthermore, if u admits a Lebesgue representative in
C(R™\ {0}), then this representative w satisfies

w(gz) = ¢a(g)w()

for all x € R™\ {0} and every g € G.

Proof. For the duration of this proof, we forgo the usual abuse of notation and

regard u not as an equivalence class of functions, but rather as any chosen repre-
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sentative of its Sobolev equivalence class.

By definition, there exists a sequence (p,) in C>°(R™)%¢ which converges to u
in DMP(R",0) as a — oo. Passing to a subsequence if necessary, we may assume
without harm that ¢, — u almost everywhere on R", i.e. there exists a set F' C R"
of full measure such that ¢, () — u(x), as « — oo, for all x € F. Define

v(x) == lim @, (z),

a—0o0

and let £ C R"™ denote the set of all points where v is defined. Now, since E D F, it
is clear that E has full measure and that v = v almost everwhere on R". Moreover,

if ¥ € E, then because ¢, € C®(R")? for every a € N, we see that

lim @a(gz) = lim @ (9)pa(e) = ¢a(g) lim pa(r) = dalg)v(z),

whence gr € E and v(gz) = ¢c(g)v(z) by definition of v. This verifies the first
claim, i.e. v is a Lebesgue representative of u for which v(gz) = ¢¢(g)v(x) for all
g € G and x € E. For the remainder of the proof, we replace u by this better
representative v.

Next, suppose that w is a C(R™\ {0}) representative of u. Hence, w = v almost
everywhere on R™ and so, we can find a set £/ C R" of full measure such that
w(z) = v(x) for all x € E'. Fix g € G, define E* := ENE' N g 'FE’, and observe
that £* has full measure in R™ because ¢! is a linear isometry of R™. Thus, E*
is dense in R™ whence, given a point € R \ {0}, we may select a sequence (xy)
in £* such that x, — x as k — oo. Then, it follows by the continuity of w that

w(gz) = lim w(gzy) = lim v(gry) = im o (g)v(zy)

= ¢a(9) ]}1_{{)10 v(zy)
= ¢c(9) lim w(wy)
= pa(g)w(z).

This ends the proof. O

A key detail in the proofs of Theorems 3.1.1 and 3.1.2 is the restriction of
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problem (B) to a smaller subspace, consisting of Sobolev functions with sufficient
symmetry. Therefore, as a natural “stepping stone” in the direction of full solu-
tions, we consider solutions to a “symmetrized” version of problem (B), determined
by testing against a smaller class of test functions that are ¢g-equivariant. For-
mally, given a symmetry imprint (G, ¢g) satisfying (P1) and a G-invariant domain
Q) C R", we shall say that u € DP(Q,0)9¢ is a solution to

—div (||~ [Vu]"* Vu) = |2 [u["Pu in Q

3.2.1
u € DLP(Q,0)% ( )

provided (J'(u),h) = 0 for all h € DLP(Q,0)?¢. We also point out that, after an

extension by 0 outside €, it is automatic that
DLP(Q,0)% C DLP(R",0)% C DLP(R",0).

It will also become convenient to explicitly introduce an analogue of this sym-
metrized problem, in the whole of R™. That is, a function u € DP(R",0)%¢ is

called a solution to

—div (Jz| " |[Vu["? Vu) = 2|7 |u|*®u  in R”

3.2.2
u € DLP(R™, 0)%¢ ( )

if (J'(u), h) = 0 for all h € DLP(R™, 0)%.

3.2.1 The Nehari Manifold

As mentioned previously, we approach the existence question for the weighted
equation (B) from a varational angle. This involves the approach of Nehari mani-
folds, which also saw usage by Clapp-Rios [24] for unweighted case a = b = 0. Al-
though constrained minimization on Nehari manifolds are now standard, we choose
to include the details. This is partially for the sake of completeness, but is also
done because literature on the weighted homogeneous Sobolev space DEP(R™, 0) is

sparse.
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Definition 3.2.1. We define N'%¢(Q) to be the Nehari manifold

N6 (@) i= {u € DEP(Q, 00\ {0} : [[ullyny) = Nl b

La(Q]e| ~*7)

Subsequently, we set

c®(Q) = inf J(u
(©) et o) (u)

11 By
= inf <— — —) / |Vul? |z|” dz > 0.
ueEN?G(Q) \ P q Q

By testing a solution u of (3.2.1) against itself, it is easy to see that the Nehari
manifold A/?¢ () contains all non-trivial solutions of (3.2.1), should one exist. We
also point out that A¢¢ () is non-empty; this is verified in this next lemma which
compiles several important properties relating to this Nehari manifold and the
minimal energy level ¢?¢(§2). We emphasize that the results and arguments in this
section are standard (see, for instance, Clapp-Rios [24] and Clapp-Vicente-Benitez

[21]), but nonetheless require verification.
Lemma 3.2.2. There hold the following.
1. The Nehari manifold N¢(Q) is non-empty.

2. There exists pg > 0 such that
[ull proq0) = Ho for all u € N?E(Q).

Consequently, c?¢(2) > 0.

3. We have

ote’ —
c?0(§) = inf max.J (v(t))

where ' C C ([0, 1], DEP(2,0)%¢) consists of those continuous paths

7:10.1] = DL (0,00
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beginning at O with non-trivial endpoint of non-positive energy, i.e.

I':={v€C([0,1],Di"(Q,0)%9) : v(0) = 0, y(1) # 0, J(v(1)) < 0}.

4. C=(Q)%¢ NN?6(Q) is dense in NG ().

5. The Nehari manifold N¢(Q) is a closed C*-Banach submanifold of D1P(Q,0)%¢

and a natural constraint for the energy functional J.
Proof.

1. Certainly, since C°(Q)% is non-trivial (it is infinite dimensional) we may
choose u € C2°(Q)?¢ such that u # 0. Consider the mapping

(:R—=R, t— Htqui,p HtUHLq (2|07

which is clearly continuous. By inspection, it is easy to see that £(t) > 0 for ¢
near 0 whilst ¢(¢) < 0 for all |¢| sufficiently large. By the Intermediate Value
Theorem, it follows that £(tyu) = 0 for some to # 0 whence tyu € N9 () since,

of course, tou # 0.

2. By the CKN inequality, given u € N'9¢(2), we have

0= HUHPLP (2,0 H HL(I(Q || ~07)
> ||U||p1P QO) S ||u||'qDl»P QO)
= g (1= S Tl )

for a suitable constant S > 0. Since g > p, this is only possible if the D}P(Q, 0)-
norms of u € N'%¢(Q) cannot be made arbitrarily close to 0. Thus, there exists

po > 0 such that [[ul|prr g ) = po for all u € N?6(Q), as was asserted.

3. First, given u € N9 (Q) we have that u # 0 and ||ul|”

Dcll’p(Q 0 = HUH

La(Q]a]| ")
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whence, for ¢ > 1 sufficiently large,

||tu||§)clL,p(Q70) B Htul‘%q(QJI‘*bq)

p q
2.
= (5= %) luboa

< 0.

tu) =

Furthermore, by the first derivative test, it is easy to see that J(tu) (with ¢t > 0)
achieves its maximum at ¢ = 1. Let s > 1 be such that J(spu) < 0 and consider
the path

Y : [0,1] — DEP(Q, 0)%c

given by ~o(t) := tsou. Then,

Y(0) =0,
Yo(1) = sou # 0,
J(70(1)) < 0.

Thus, 79 € I'. Observing also that

max J(70(t)) = max J(tsou) = J(u),

te[0,1] te[0,1]

we infer that
inf max J(y(¢)) < max J(y(t)) = J(u).

€T te[0,1] T tel0,1]
Since u € N'%¢(Q) was arbitrary, it follows that

. < . _ (o¥e] )
IO = g T =
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To establish the reverse inequality, consider the function

||u||iq(Q,|m\7bq)

K Di’p<Q, O) — R, u — ||u||%(ll,P(Q70)
0 if u=0.

if u #£ 0,

By appealing to the CKN inequality, this mapping is easily seen to be contin-
wous: indeed, for all u € D1P(Q,0)% \ {0} we have

|| ”Lq Q b
|z %)

] D1 P(Q,0)
DaP(52,0)

Obviously, x(0) = 0 while, if u € D}P(€,0)?¢ has non-positive energy (i.e. if
J(u) <0), then

() = —— L@ 5 4y
D P

Consequently, for all paths v € I', we have x(y(0)) = 0 and x(y(1)) > 1 so that
(by the Intermediate Value Theorem) there exists t; € (0,1) with the property
that x(y(t;)) = 1. Then, v(t;) € N9¢(Q) and

max J(y(t)) > J(y(tr)) > ¢*9(Q).

te(0,1]

As this holds for all paths v € I", we deduce that

inf max J(y(t)) > ¢?¢(Q),

~v€el te€l0,1]

whence we infer that
inf max J(y(t)) = ¢?¢(Q).

~vel' t€]0,1]

4. For this point, let u € N'%¢(2) be given. Then, u # 0, u € DLP(Q,0)%¢, and

el 0y = 10 o0 -
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Since C2°(Q)% is dense in D1P(Q, 0)%¢ by definition, we may select a sequence
(uq) in C2(2)%¢ such that u, — u in DIP(Q,0), as a — oo. Without loss of

generality, we may assume that each u, # 0. For each index o € N, we define

1
a1, o
ta - ( q'Dap(Q,O) >0
HUO‘HL‘I(Q,\xrbq)

and set v, := tou,. Then, v, € C*(Q)%¢ C DIP(Q,0)% for each a € N and
Vo € N?6(Q) since

ol ) = Metial
= el
[l 17
| Ml g | “lID}r(.0
[ Mallpirog 177 [ Mol 1579,
— Hua”qu(Q,\xrbq)_ [Hua”qu(Q,x'bq)] I aHD;,p(QO)

[e7

q =P
= ¢4 [”uaHLq(Q»IiBIbq)] o p

Hua”%éqp(gp)
= tgz ||u0& ||(zq(Q’|1.‘_bQ)

= HvozH(iq(lelqu) :

In addition, by continuity of the DP(Q,0)-norm and the CKN inequality, it
follows from wu, — u in D2P(Q, 0) that t, — 1, as @ — co. Consequently,

[va = ullpirg) < v = tallprrge) + lta = ullpiego
= Htaua - uOlHD}l’p(Q,O) + 0<1)
= (ta — 1) ||UCYH’D(1L’1”(Q,O) +o(1)
=o(1)

whence we infer that v, — u strongly in D2P(2,0).
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5. This follows by a verbatim extension of the argument used within Clapp-Rios
[24, Lemma 2.3]. O

As an important point, we now verify that this minimal energy level ¢?< ()
is independent of our choice of G-invariant domain 2. This is crucial, as it en-
sures that our extracted function (which may a priori be supported on a bounded

domain) indeed solves the entire problem posed in (B).
Lemma 3.2.3. There holds that c¢®¢(Q) = ¢®¢, where we define c®¢ 1= c?¢ (R™).

Proof. Because D1P(Q,0)%¢ C DLP(R™,0)%¢ after an extension by 0 outside €2, it
is automatic that ¢?¢ < ¢?¢(Q). In order to establish the reverse inequality, let
u € N9 (R") and select a sequence (u,) in C°(R™)?¢ N N (R™) converging to
u in DLP(R™,0) as @ — oo. Since each u, has compact support and € contains

the origin, we may select for each index o € N some )\, > 0 such that the rescaled

V() = A2 g (%)

is compactly supported in €). Here, v > 0 is the homogeneity exponent, associated

function

to the CKN-inequality, defined in (3.5.8). By this homogeneity property,

HUaHD};P(Rn,O) = HUaHD};p(RmO) and [|ual| Lo g) = 1Vall o o)

which implies that J(v,) = J(u,) and v, € N9¢(Q). Finally, observe that
?¢(Q) < J(va), VaeN

whence ¢?¢(Q) < limg oo J(v0) = limy oo J(Ua) = J(u). As u € N9 (R") is
arbitrary, it follows that c?¢(Q) < c?¢. O

Having developed the necessary groundwork involving this weighted Nehari
manifold, the existence of a Palais-Smale sequence now follows from a typical
mountainpass argument, which we detail below. We emphasize that the mountain
pass theorem only tells us (a priori) that there exists a sequence with is Palais-
Smale in the DLP(Q,0)% sense.
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Corollary 3.2.4 (Existence of (PS)-Sequence at the minimal energy level ¢?¢).
There exists a (PS)-sequence in DYP(,0)%¢ at energy level ¢®c. Namely, there
exists a sequence (ug) in DEP(Q,0)%¢ such that

lim J(uy) = c®  and J'(ug) — 0 in D5 (Q,0)%6.

a—r00
Proof. By Lemma 3.2.3, it suffices to construct such a (P.S)-sequence at the energy
level ¢?¢(Q). Letting I' be as in Lemma 3.2.2, notice that given any path v € T,

the composition ¢ — J(y(t)) is a continuous mapping [0, 1] — R and is therefore
bounded. Consequently,

%¢(Q) = inf t :
¢ () ;Ielmrg[%J(v( ) < o0

Next, there exists by Lemma 3.2.2 a constant o > 0 such that for all u € N%¢(Q)
there holds ||ul|p1rq ) = to. It follows that

lullprroy  Nullpoqpe-te) I 1
J(u) = — - : = llullpr | ===
p q S0 \p g

1 1
(2
p q

uniformly over u € N%¢(2). Thus,

inf max J(y(t)) = c¢?¢(Q) > ub (1 — 1) >0

~v€I' t€[0,1]

whilst J(7(0)) = 0 and J(v(1)) < 0 for all v € I". Consequently, the assertion
follows after an application of Theorems 2.8-2.9 from Willem [73]. O

3.3 Palais-Smale Symmetric Criticality

Adhering to the notation used previously, let (G, ¢g) be any symmetry imprint
satisfying (P1) and Q C R" be a G-invariant domain containing the origin. Un-

der these conditions, we have shown in the previous section that we can build a
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Palais-Smale sequence at the restricted minimal energy ¢®¢, within the equivari-
ant subspace D}P(R™,0)?¢ of DLP(R™,0). Since our Struwe-type decompositions
in established in Chapter 2 require a Palais-Smale sequence relative to the larger
ambient space Di?(Q,0), it is most efficient to show that the sequence we have
built is also Palais-Smale in this larger sense, rather than adapt the proofs of The-
orems 1.1.1-1.1.2 entirely. This is precisely what the next proposition asserts; the
proof of which utilizes a calculation from Clapp-Rios [24, Lemma A.1], together
with a straightforward application of Minkowski’s inequality for integrals to make
the duality connection.

The following proposition, as described above, is a refinement of the principle
of symmetric criticality (see Palais [55]) stated for Palais-Smale sequences, rather

than mere critical points of the functional.

Proposition 3.3.1. Suppose (u,) C DIP(2,0)%¢ is a Palais-Smale sequence for

J in D2P(Q,0)%¢. That is, as a — 0o, J(ug) converges to some real number and
J' (1) — 0 in D7V (Q,0)%¢

Then, (uq) is a Palais-Smale sequence for J in the non-symmetrized space D:P(Q,0).
That 1is,
J'(ua) = 0 in D7 (Q,0).

Moreover, if u solves (3.2.1), then (J'(u),h) = 0 for all h € DLP(£,0).

Proof. Let h € C°(€2) be an arbitrary test function. Let 1 denote the normalized
Haar measure on G, so that p(G) = 1, and define

= /G dc(g)h(gz) dp

This rule clearly defines a function ¢ € C>(Q)%. Moreover, by Minkowski’s

inequality for integrals

1/p
Wlezoian = ([ | [ ootola™Tntg ] 1ol ar)
1/p
—1 p —ap
S/G(/qubc(g)g Vh(gx)|" |z| dx) dp.
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1

Then, simplifying, using that g, g~ are linear isometries, and performing a change

of variables, we obtain

1/p
19lptr 0 < /G ( / |Vh(gx)|p|9x|“pd:v) a

=/G(/Q|Vh(y)lp|y|a”dy)l/pdu

= HhHD;P(Qp) (3.3.1)

Next, as in Clapp-Rios [24, Lemma A.1], if u € D}P(£2,0)%¢ then u(gx) = ¢a(g)u(z)
and ¢¢(g)Vu(x) = g~ 'Vu(gz) so

(' (u), 9)
= / |Vu(x)|p*2 Vu(z) - VI(z) x| de — / |u(:zc)|q*2 u(z)d(x) |x|7bq dz
Q Q
- / /G V()2 ba(g) V() - (g7 Vh(ga)) 2]~ dudz
- / / (@) |2 b (g)ulz)h(ge) |2 ™ dudz
QJaG
_ / /G Vulgz)" 2 (6 Vuge)) - (7 Vh(ga)) 2] dudz
~ [ [ 1@ utgeintga) o] dpd
QJaG
Then, using that ¢! is a linear isometry and applying Fubini’s Theorem, we get
(7' (u), 9)
- / / Vu(ge) P2 Vulgz) - Vh(gz) gz dady
G JQ
- / / u(gz) "2 u(gz)h(g) |gz) ™ dedy
G JQ
= [ [ 1vuts)P™* V() - V(o) s~ dyel
G JQ

- / / ()" u(y)h(y) |y dydp
G JO
— (), )
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In particular,

(S (ta), h) = (J'(ua), V) .

Consequently, if u solves (3.2.1), then (J'(u), h) = 0 for all h € D}?(£,0). Finally,
combining this with (3.3.1) and recalling that ¥ € C>®(Q)%¢ C DLP(Q,0)%, we
see that

(T (a), B)| = [{T (ta), D) < (1" (ua)ll p10 g g0 [P llp2r00)

=[RS [ T

The assertion now follows by a density argument. O]

3.4 Symmetric Global Compactness

The goal of this section is to handle the compactness analysis of the carefully
chosen Palais-Smale sequence we have built in §3.2) in order to show that this
leads to a solution of (B) respecting the given symmetry imprint. Then, appealing
to the lifting done by Proposition 3.3.1, we can analyze the asymptotic behaviour
of our sequence using a direct application of our previously developed theory from
Chapter 2, with the simpler caveat of simply making additional observations along
the way.

Again, throughout this section, we denote by (G, ¢g) a symmetry imprint for
which (P1) — (P2) holds true, and let Q@ C R™ denote a G-invariant domain.

We begin by handling the simpler setting, taking place in the a < b regime.

Proposition 3.4.1. Assume a < b. Suppose there exists a Palais-Smale sequence
(uo) C DEP(Q,0)%¢ for J such that, as a — oo,

J(ua) = ¢®6, J'(uy) — 0 in DY (Q,0)%.

Then, there exists a mon-trivial solution to (3.2.2) which achieves the minimal

energy c%a.

Proof. By an application of Proposition 3.3.1, the sequence (u,) is Palais-Smale

in DLP(Q,0) with energy level c¢?¢. Consequently, by following the beginning of
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the proof for Theorem 1.1.1, there exists vy € DP(€,0) such that, after passing

to a subsequence, there holds u, — vy in DP(Q,0),

1. Vu, — Vg pointwise a.e. on (2,
2. J'(vg) = 0 on DLP(Q,0),

3. J(uq — vo) — ¢ — J(vp),

4. J'(ugq —vo) — 0 in D71 (Q,0).

In fact, since DLP(€,0)?¢ is a (weakly) closed subspace of D1P(€,0), we must have
vy € DLP(Q,0)%¢. Furthermore, it may assumed that u, — vy pointwise a.e. on
Q.

We now distinguish two possible cases. First, if vy # 0, then vy € N%¢(Q) so
J(vp) > ¢?¢ whence ¢?¢ — J(vy) < 0. However, being a Palais-Smale sequence for

J, we see that (u, — vg) has non-negative limiting energy, (i.e. by Lemma 2.2.2)

liminf J(uy — vg) > 0.
a—00
Hence, we infer that ¢?¢ — J(vy) > 0 as well yielding J(vy) = ¢?¢. Thus, after an
extension by 0, we have vy € N%¢(R") and so (3.2.2) has a non-trivial solution.
It remains to handle the case where vy = 0. In this case, we continue to follow
the proof of Theorem 1.1.1. Then, vy = 0 and the (P.S)-sequence (u,) has positive
energy, we may find sequences (y,) in Q and (\,) in (0, 00) such that

5:8up/ |ua|q|x|qu9::/ g 2] da
yeQ Y B(y,Aa) B(Ya,\a)

where § > 0 is chosen sufficiently small. Arguing as in Step 4 of [14, Theorem 1],

because a < b, we can show that (up to a subsequence)

= S
Aa

for some xy € R™. We may also assume that ‘$0 — g—z‘ < 1 for all indices a € N.

Then, setting

Vo () := A ua(Aa)
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we obtain a bounded sequence in D2P(R", 0)%¢ such that, for all « € N,

/ e |? |z~ dz > 6.
B(z0,2)

Up to a subsequence, we may suppose (v, ) converges weakly to some v € D}P(R™, 0).
By the inequality above, it follows that v is non-trivial by a duality argument

(see, for instance, the proof of Step 6 in the proof of Theorem 1.1.1 or Step 3 in

Mercuri-Willem [52, Theorem 1.2]). Moreover, arguing as in Step 7 from the proof

of Theorem 1.1.1, we obtain A, — 0 up to a subsequence.

Notice that v is indeed an element of DLP(R™ 0)% since DIP(R™,0)%¢ is a
closed subspace of DP(R™ 0) and v is, by definition, the weak limit of a sequence
in D}P(R™,0)?¢. Continuing to as in Theorem 1.1.1, we see that v € D}P(R", 0)%¢
is a solution to problem (B), and hence to (3.2.2). Furthermore, being that v is

non-trivial, J(v) > ¢?¢ and, defining

we have
L. J(wy) — ¢?¢ — J(v);
2. J'(w,) — 0 strongly in the dual of DXP(2,0).

As before, liminf J(w,) > 0 and, yet, ¢?¢ — J(v) < 0. It thereby follows that

J(v) = ¢®¢ and so v is a non-trivial solution to (3.2.2) achieving the energy c¢?¢. [

We now have everything needed to supply the proof of Theorem 3.1.1, which

we provide below.

Proof of Theorem 3.1.1. Observe that, since Corollary 3.2.4 ensures the existence
of a Palais-Smale sequence satisfying the requirements of Proposition 3.4.1, we
are automatically guaranteed a non-trivial solution to (3.2.2). Then, by applying
Proposition 3.3.1, it follows that we have found a solution to (B) which is ¢¢-

equivariant. This concludes the proof. O]
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We now turn towards the proof of Theorem 3.1.2, which requires an analogue
of Proposition 3.4.1 for the case a = b # 0. As we discussed in detail at the
beginning of this chapter (and in Chapter 1), we will require that the symmetry
imprint (G, ¢¢) being considered satisfy the additional orbit condition (P3), in
order to ensure that our constructed Palais-Smale sequence concentrate only at
the origin, sufficiently rapidly. From a technical view point, we are forcing the
concentration to occur exactly as in the a < b regime. In other words, we restrict
ourselves to symmetry imprints (G, ¢g) which effectively “trap” potential blowup

at the origin.

Proposition 3.4.2. Assume a =00 # 0 and (G, ¢¢) is such that (P3) holds true.
Suppose there exists a Palais-Smale sequence (uy) C DLP(Q,0)% for J such that,

as o — o0,

J(ua) = ¢®6, J'(uy) — 0 in DY (Q,0)%.

Then, there exists non-trivial solution to (3.2.2) which attains the minimal equiv-

ariant enerqy c%G.

Proof. As before, Proposition 3.3.1 implies that the given (PS)-sequence is also
Palais-Smale when considered within the larger space D!?(£2,0). Hence, after
passing to a subsequence, there exists a weak limit vy € DLP(Q,0) such that

Uy — vg in DIP(Q,0) and pointwise a.e. on £, as a — oo. Moreover,
1. Vu — Vg pointwise a.e. on  and J'(vg) = 0 on D?(Q,0),
2. ¢ (ua — v9) = %6 — g (vy),
3. ¢¢ (ug — vo) — 0in D; 17 (Q,0).

Of course, being the weak limit of a sequence in DP(€,0)?¢, we must have that
vg IS pg-equivariant, i.e. vy € DIP(€,0)?¢. We now distinguish two possible cases.
First, if vy # 0, then we proceed exactly as in the first part of Proposition 3.4.1.

If instead vy = 0, we once again select sequences (y,) in Q and ()\,) in (0, 00) such

that
— sup/ U |? |x|_bq dz = / U |? |x|_bq dx
yeﬁ B(yv)‘cx) B(you)\cx)
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where § > 0 is chosen sufficiently small. Then, by leveraging (P3), we can show

that (up to a subsequence)

i—z — (3.4.1)

for some xg € R™. Indeed, should this sequence be unbounded, we may pass to a

subsequence in such a way that
= =00, |ya| > 4.

Then, each y, # 0 S0 ya/ |yal| is a sequence on the unit sphere. Passing to yet

another subsequence, we may assume that

y—a—>y, as a — 00.

|Ya
Appealing to condition (P3) and borrowing ideas from Clapp-Rios [24], given any
m € N, we may select elements g,..., g, € G such that g;y # g;y, for all i # j.
Consequently, there exists € > 0 so that

gy — g;y] > 26 >0, Vij.
Using then that §_2| — y, it follows from this last identity that

g.y_a_g.y_a
Tyal 7 yal

>c 3.4.2
Yo (34.2)

for all @ € N sufficiently large. Hence, for all such «,

|gz‘ya - gjya| |ya|
> . 3.4.3
W SRBW (3-4.3)

Because the right hand side tends to +o0o, we infer that

B(9iYas Aa) N B(gjYa, Aa) = 9,
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for all ¢ # j and « large. But,

5:/ |ua|? 2| da
B(yasra)
:/ }Ua | |g ‘7qu2, (Z = gzx)
B(giya,Aa)
= [ Jeole )|
B(giya,Aa)

— [ uall el
B(giYa,Aa)

It thereby follows that, for all o sufficiently large,

/ ua|? 2| ’”de>z lua(2)|?]2| " dz = mé,

B gzyom)\a

which contradicts the fact that (u,) is a bounded sequence in DP(R™, 0). In short:
we have proven that y,/\, is bounded and thus, passing to a subsequence, we may
assume (3.4.1). From here, we complete the argument by following the second part

of the proof from Proposition 3.4.1. m

Equipped with this proposition, we can now prove the general existence theo-
rem for the case a = b # 0, provided our symmetry imprint satisfies the additional
orbit condition (P3).

Proof of Theorem 5.1.2. The proof is exactly the same as for Theorem 3.1.1, but
replaces Proposition 3.4.1 with Proposition 3.4.2. O

3.5 A Symmetry Category

Having demonstrated the general capability of producing sign-changing solutions
to (B), when provided a symmetry imprint satisfying certain conditions, we have
effectively reduced the problem to designing these symmetry imprints. Of course,
since the a < b case merely requires that this imprint satisfies (P1)-(P2), our
simple example from Example 3.1.1 already provides the existence of nodal solu-

tions in this regime. However, as we discussed previously, this simple approach is
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insufficient for the interesting (and most difficult) case a = b # 0, owing to the
failure of the infinite orbit condition (P3) for finite groups. In addition, we are also
interested in the variety of possible symmetries one can impose on solutions, while
retaining the ability to distinguish these solutions using their symmetries. This is
precisely the purpose of the (o, m)-symmetries appearing in the statement of The-
orem 1.2.1. In fact, we acknowledge once more that the class of (o, m)-symmetries
is large enough to bring the existence of new solutions to the unweighted critical
p-Laplace problem (C), and to the Yamabe problem (1.1.2).

As stated in the introduction, our groups generalize those obtained by Clapp-
Rios [24] and Clapp-Vicente-Benitez [21] by incorporating actions involving non-
trivial tuples of complex coordinates of arbitrary length.

Henceforth, we fix a dimension n > 4 and put k = k(n) := [n/2] — 1.

3.5.1 Building Groups of Prescribed Symmetry

For each integer j > 1, we define an R-linear isometry of R2U+1) =2 C/+! given by
Py (CjJrl — (CjJrl, (21, ce 7Zj+1) — (_Zj+172_17 . ,Z) (351)

Clearly, pﬁ contains a non-trivial permutation of the coordinates (z1,...,2;41)
unless { = 0 mod (j + 1). Furthermore, when j + 1 is even, there holds for
z e Citt

Y

pgﬂ(z) =—z and pi(jﬂ)(z) =z

On the other hand, it is easily seen that if j 4+ 1 is odd:

j+1 200 () = 2.

pj (21,0 z50) = (=21, 22, ..., —Z11) and

Regardless, p; has order 2(j + 1) for each j > 1. Additionally, we allow rotations

to act upon the coordinates of C/*! in the synchronous coordinate-wise manner:
i0 (0 if
e (21, zi1) = (21, €% 2540),

for § € [0,27). Define I'; to be the subgroup of O(2(j + 1)), acting upon the

coordinates of R2U+1D = Ci+l | generated by these rotations and the map p;. We
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emphasize that, when j = 1, this idea comes from Clapp [19] and Clapp-Rios [24].

An easy calculation shows that, for each 6 € [0, 27),

eiepj(zl, Ce ,Zj+1) = €i0(—Zj+1, Z_l, PN ,Z_]) = (—€i92j+1, €i€Z_1, ey eie%)

_ —i0 —i0 —i0
= (—e Wzq,e702, ... e7¥z)

= ;e (2, z0)

= pjei(%_e) (21, PN ,Zj+1).

Consequently, rotations permute with p; up to a change in angle in the sense that
¢p; = p;ei@m=0).

IT1 — ¢im is a rotation. However, for all (j + 1)-odd, no composition of p; can be

Pj
realized as a rotation (except the identity). It follows from these observations that

In the event that j + 1 is even, we have ,0?“(2) = —z whence

I'; consists precisely of those linear isometries g € O(2(j+1)) uniquely expressible

in the form

g:pjew, ee€{0,1,...,5}, 6 €]0,2m) if 7+ 1 is even,

| (3.5.2)
=pie?  ee{0,1,...,2j+1}, 0 €[0,2m) if j+1is odd.

This representation allows us to define a mapping
¢;: Ty = A{£1}, g (-1,

where g is expressed uniquely as in (3.5.2); clearly, this is a group homomorphism.
Moreover, ¢; is continuous being that it is a homomorphism of topological groups
that is continuous at the identity. Indeed, consider 7; := (1 +14,1,0...,0) € C/*!
and write g € I'; according to (3.5.2). If (j + 1) is even and ¢ > 0, then we have
lgn; — n;] > 1 implying that any ¢ sufficiently close to the identity belongs to the
kernel of ¢;. Similarly, when (j + 1) is odd, we clearly have |gn; — n;| > 1 unless
e=0ore=75+1 When e =75+ 1, direct computation shows that

lgn; — n;|° = 6 — 4sin(f) + 2 cos(d) > 6 — 2v/5.

Thus, again in this case, any g € I'; sufficiently close to the identity lies in the

kernel of ¢;. This demonstrates the continuity of ¢; on I';.
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Incorporating Pinwheel-type Symmetries

In the following, we borrow ideas from Clapp-Vicente-Benitez [21] (see also Clapp-
Faya-Saldana [23], and Clapp-Saldana-Soares-Benitez [20]) in order to produce
solutions satisfying a “pinwheel-type” symmetry within the weighted case. We
remark that whether or not we incorporate such a symmetry is encoded by the
value of o from Theorem 1.2.1. More precisely, o will determines the number of

“pins” within the symmetry class of our solution.

As in the paper of Clapp-Vicente-Benitez [21], we begin by considering an
action on C? = R*. We allow the unit circle to act upon C? via asynchronous
rotation:

eie(zl, 29) 1= (eiezl, 6_i622>.

Next, given a non-negative integer o and § € N, we adopt the transformation

7T _ 7T
0fC* = C? 2+ cos (2€+1) z + sin (%) p1(2).

For convenience, we write g, := o). As illustrated in Clapp-Vicente-Benitez [21],
0, commutes with these rotations and, moreover, g, has order 2°+2. In fact, there
holds 020" = o' If a = 0, let

Ta:{]}

where I denotes the identity of O(n). Otherwise, let T, denote the copy in O(n)
of the O(4)-subgroup generated by o, and these rotations. Next, by the relations

above, the mapping
Yo To = {£1}

induced by the rules . (¢?) = 1 and @.(0.) = —1 is a well defined group
homomorphism. If o = 0, we let ¢, be the trivial homomorphism. Notice (see,
for instance, Clapp-Vicente-Benitez [21]) that T, is compact in O(n) and ¢, is
continuous. Furthermore, it is easy to see that the point (1,0) € C? satisfies the
condition Staby_(1,0) C ker ¢,
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3.5.2 Group Construction

Fix now a dimension n > 4 and a non-negative integer . Suppose we are given
a tuple m := (myq,...,my) of non-negative integers and define the following con-
ditions:

Assume henceforth that (1.2.2) is satisfied. For each index j = 1,...,k, we de-
note by I'; o, with £ = 1,...,m;, the copy of I'; in O(n) acting upon the coordinates
of R™ indexed by

j—1

> om(+1)+20—-1)(j+1)+5 ifa>0,

=1
7—1

> om(+1)+20-1)(j+1)+1 ifa=0,

=1

through

7j—1
> om(+1) 420+ 1) +4 ifa >0,
o
> 2my (v 4 1) +20(j + 1) if o = 0.

=1
Since I'j, is an isomorphic copy of I';, we may abuse notation and view ¢; as a
group homomorphism I';, — {£1} in the natural way.

According to this scheme, given any non-negative integer o and m such that

(a, m) satisfies (1.2.2), we define a subgroup Ga . of O(n) by putting

k. m;

Gam = Tolom [[ ][ T (3.5.3)

j=1 =1
where A, is a copy of the orthogonal group:
0 <n —4-2k (i + 1)) if @ > 0 and (1.2.3) holds,

Bow =40 (n=250 mi(j+1))  if a=0and (1.2.3) holds,
{I} if (1.2.3) fails



126 CHAPTER 3. EXISTENCE OF ENTIRE NODAL SOLUTIONS

acting on the remaining coordinates of R", untouched by all of the I';, and T,.
Observe that G, n is indeed a well defined subgroup of O(n) since it is the product
of subgroups of O(n), with each subgroup commuting with the others.

It is apparent from the definition in (3.5.3) that each g € G » may be uniquely
expressed as a product of commutative factors belonging to the respective sub-

groups appearing in the definition of G, 4, in the sense that

kK my

g = Va9o H H’yjla Vo € Tcw 9o S Aa,ma Vi S Fj,[- (354)

j=1¢=1

Consequently, we define a group homomorphism ¢ : Gam — {£1} by allowing

each ¢; to act on the factors of g belonging to the copies of I';, i.e.

k. my

¢am< ) = Pa(Va HH 'VJE
G=1 =1

where g is expressed as in (3.5.4).
Before we proceed with some essential lemmas regarding the properties of the
pairs (Gom, Pam) constructed above, let us formally encode some notation which

is utilized in the statement Theorem 1.2.1.

Definition 3.5.1. Maintaining the aforedescribed notation, a function u : R* — R

will be said to be (a, m)-symmetric if it is ¢, n-equivariant.

Roughly speaking, an m-type symmetry describes in which ways the solution
u, with respect to the remaining coordinates not affected by Y,, may be syn-
chronously rotated, reflected, and coordinate swapped in relation to the function’s
sign. Furthermore, as we shall later demonstrate, these indeed give rise to distinct
and incompatible symmetries, in contexts where the assumptions stated in the
second part of Theorem 1.2.1 hold.

Remark 3.5.1. It is natural to ask whether one must impose some condition on m
and n, as in Theorem 1.2.1-(ii), to distinguish the solutions when o = 5. Without

any additional condition, there is no way, in general, to distinguish these solutions
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using the symmetries alone. For example, the mapping
RE=C* 5 R, 2z~ S(21Z23%)

is an example of a non-trivial function which is both (0, (2, 0))-symmetric and
(0,(0,0,1,0))-symmetric. Consequently, if we allow for actions on a composite
number of complex coordinates, there is no way, in general, to distinguish the
resulting symmetry types. In addition, to show that our imposed symmetries are
mutually exclusive, we utilize a binary coding scheme together with a gcd-argument
requiring that we compare symmetries on a coprime number coordinates. We refer
the reader to Lemmas 3.5.2 and 3.5.3, as well as Proposition 3.5.4 for the concrete

arguments.

Next, we show that the group and homomorphism pairs constructed above
satisfy (P1)-(P2) whenever condition (1.2.2) holds. In addition, we verify that
(1.2.3) implies property (P3).

Lemma 3.5.1. Let n > 4, o > 0 an integer, and m := (my,...,mg) be a tuple
of non-negative integers such that (o, m) satisfies (1.2.2). Then, the group Gom
defined in (3.5.3) is a closed subgroup of O(n), and (Gam, Pam) Satisfies conditions
(P1)-(P2). Furthermore, if (o, m) satisfies (1.2.3), then (P3) holds true.

Proof. We only explicitly treat the case a > 0, since a direct adaptation of this
argument applies in the special case & = 0 (see also the end of this proof for
comments on how the proof is adapted in this case).

First we demonstrate that G, is a closed subgroup of O(n). Indeed, owing
to the fact that each p; has finite order, and the set of actions by rotation form a
continuous copy of the unit circle in O(2(j+1)), it is easy to see that I'; is compact
in O(2(j+1)). It follows that each I'; ; is compact in O(n). By Tychonoft’s theorem
and continuity of the group operation on O(n), we infer that 1, H?Zl I1,7, T
is compact in O(n). Then, since A,y is closed in O(n), it follows from standard
theory on topological groups (see Hewitt-Ross [44]) that G, is closed in O(n),
which verifies our first assertion.

By construction, ¢, m is surjective and hence criterion (P2) holds true. In
addition, it is easy to see that ¢, is continuous on G, since, by our discussions
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in §2.1-§2.1.1, ¢, and each ¢; are continuous. To see that the property (P1) does
indeed hold, let e = (1,0) € C? and define for each index j = 1,...,k the point
&=(1+141,...,1) € C/* consider

k

é- = (e)€l7 e a§17 cee 7§ka cee afk)?w) € C2 X (H (ij(j—i_l)) X RTL*4*2Z§:1 mj(j+1)

Jj=1

with w € RP=4-225=m;(+1) arbitrary. Above, we emphasize that each {; appears
exactly m;-times in the tuple defining . We claim that Stabg, ,(§) C ker ¢ m.
Certainly, express any g € Stabg, ,,(£) according to (3.5.4) and observe that g = ¢
forces v,e = e and ;5 = § forall j = 1,...,kand £ = 1,...,m;. By our
comments at the end of §3.5.1, we have v, € ker ¢,. For each admissible pair j, ¢,

5.1
write ;, in the form of (3.5. ) That is,

Vil = ijeeewj

with

g €{0,1,...,5} if 7+ 1 1is even

g0 €40,1,...,2j+1} otherwise.
Here, p; ¢ denotes the copy of p; acting upon the coordinates treated by I';, = T';.
Note that, because p_;" shuffles coordinates unless €;, = 0 mod (j + 1), we must
have either €;, =0 or gj, = j + 1. If j 4+ 1 is even, the only possibility is €0 = 0.
If 7+ 1 is odd, then in the event that ¢;, = j + 1, the equality p Y, Lelliet; = ¢

reduces to
(—e ®t(1— i), —e "t —e7®ot L —e7 i) = (1+4,1,1,...,1)

which admits no possible solutions. Consequently, we have that each ;, = 0

whence g € ker ¢, by construction. This verifies (P1).

It remains to establish (P3) when (a,m) satisfies the additional condition
(1.2.3). To this end, notice that for any

—4-2%k i(j+1
x:(Z?Cl,lv"‘7<1,Tﬂ17"'?<]€,17'"7Ck‘,mk7 €C2 (H(ij ]+1>XRn ZJ:ImJ(jJr)
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there holds -
Orbg, . (¥) = Toz x (H 1T rﬂgm> X Ay 0. (3.5.5)
j=1t=1
Thus, so long as = # 0, the cardinality of Orbg(z) shall be infinite because con-
dition (1.2.3) ensures that A,y is infinite in the case n # 4 4 2 25:1 m;(j + 1).
This demonstrates (P3) and concludes the proof.

In the case a = 0, we proceed in the same way as above. Indeed, by the same
reasoning as before, for a = 0 and m satisfying (1.2.2), the group G4 given by
(3.5.3) defines a closed subgroup of O(n). The corresponding homomorphism is
obviously surjective by construction. To verify the stabilizer condition (P1), we
use the same argument as in the case o = 0, but omitting the inclusion of the point
e € C? and only considering the required copies of ¢; € C/*! within the definition
of . If (a, m) satisfies (1.2.2)-(1.2.3) with a = 0, then the orbit of a point

Tr = (gl,la"'aCl,mU'"7Ck,17"'7Ck,mk7w)

is given by
k my
Orbg,, () = (H H Fj,é(j,ﬁ) X Agmw
j=1 =1
and hence (P3) holds true by the same logic as for the case a > 0. [

3.5.3 Binary Codes

We now turn towards the task of investigating when the symmetry types («, m)
satisfying (1.2.2) are incompatible. To achieve this, we leverage a structure which
we call a t-code. Although we define this structure in an abstract sense, for the
purposes of this monograph, one can think of these as being the tuples encoding
which (complex) coordinates one may rotate without altering the value of a func-
tion. Essentially, a t-code will be used to describe the coordinates under which a

function is invariant, when these coordinates are rotated synchronously.

For any positive integer ¢, given a binary vector ¢ := (¢, ..., ¢;) € Zb, we shall
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write ¢ to denote the cycle of ¢ given by
c .= (Ct, Ciy... 7Ct71)'

Definition 3.5.2. A t-code is a non-empty subset C of the vector space Z! such
that

L. If ¢,d € C with ¢ < ¢ (meaning ¢; < ¢ for all j =1,...,¢) then c+ ¢ € C.
2. ceCforeach ceC.
An element ¢ € C is called a codeword (of C).

Given an arbitrary integer 0 < r < ¢, it will be convenient to associate it with
the codeword
v = (1,1,...,1,0,0,...,0) € Z&,

whose first r-coordinates are 1 and the remaining (¢ — r)-coordinates are 0. Note
that vy is simply the zero codeword while v; is the codeword consisting entirely of
ones.

Before presenting the main lemma of this subsection, which constitutes the

core of our distinguishing argument, we make a simple observation:

If »r < s <t are non-negative integers and v,,vs, € C where C is a
t-code, then v,_, € C

Indeed, if v,, v, € C then v, +v4 € C and repeatedly cycling v, + v, yields v,_, € C.

Lemma 3.5.2. Let r < s <t be positive integers such that ged(r,s) = 1. Suppose

that C is a t-code containing both v, and vs. Then, C contains the standard basis
of 75.

Proof. Since C is closed under cycling, it suffices to show that v; = (1,0,...,0) € C.

If r = 1 there is nothing to show. Otherwise, we write

S:k1T+T1
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for a non-negative integer k; and an integer remainder 0 < r; < r. Then, since
vy, Vs € C we see that vs_,, = v,, € C. If 11 = 1 then we are done. Otherwise, we
continue and write

T = ko1 + 12

for a non-negative integer ko and an integer remainder 0 < ry < ry. Since v, € C
and v,, € C, we also have that v,_g,,, = v, € C. Again, if ro = 1 then we
are done. Otherwise, continuing this process, since ged(r,s) = 1 the Euclidean
algorithm guarantees that, eventually, we have a remainder of 1. So v; € C and

we are done. O

3.5.4 Rotation Codewords

Keeping with the notation presented in this section, let & > 0 be an integer and m
a tuple such that (a, m) satisfies (1.2.2). Let 1 < j < k be such that m; > 0. Fix
anindex ¢ € {1,...,m;} and denote by (21, 22, ..., zj41) the (complex) coordinates

the group I';y € G4 m acts upon. Then, any x € R” may be expressed as

xr = (wlazla s 7Zj+17w2)7

where w; and wy are real tuples containing, respectively, the coordinates of x
before and after (zq,..., zj11).
Given a binary codeword ¢ = (i, ..., ¢j41) € Z4 of length (5 4 1), we define

a rotation operator
a,m,j.f . N n c110 cjt110
RY™I5(0) - R" = R"™, (wy,21,..., 241, W) — (Wi, e 2y, ..., €121 ws).

The key observation is that the set of all ¢ € Z™" such that u is invariant under
RY™34(0) is itself a (j + 1)-code.

Lemma 3.5.3. Let n > 4 and (o, m) be a pair for which (1.2.2) holds. Suppose
1 < j <k is an index such that m; > 0 and fixr £ € {1,...,m;}. Assume u is
(v, m)-symmetric and let C be the set of all binary codewords ¢ € ZY™ such that

u(RE™(0)r) = u(w)
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for all x € R™ and 0 € [0,27). Then, C is a (j + 1)-code.

Proof. For concision, let us write R.() := R®™7#(0) for the duration of the proof.
Clearly, C contains (0,0, ...,0) by definition. If ¢, ¢ € C with ¢ < ¢ then ¢+ € C

since

Rc<_0)Rc’(9) (U)l, AT ,Zj+1, U}Q) = (U)l, 6(0’1—01)i921’ e 76(c;-+170j+1)i92j+17 wg)

= Rc—i—c/(g)(wla Rly -y Zj+1, w?)

where ¢+ ¢’ is computed in ZQH. Next, to show C is closed under cycling, we write

piR(=0)p; (w1, 21, .., Zj41,w2) = pjR(—0) (w1, %2, . .., o1, — 71, W)
= pi(wr, e 095, . e 0T, —emeihE )
= (wy, €091z, €01 4, .. €0 Zjt1, W2)
= R:(0)x.

In the above, p; = pj, is the copy of p; € I'; appearing in I'; ;. Thus, ¢ € C and

we are done. O

Proposition 3.5.4. Fiz a dimension n > 4. Let (o, m) and (,n) be pairs such
that each satisfies condition (1.2.2). Assume that u : R" — R is (o, m)-symmetric
and (B,n)-symmetric. If « = B and m # n, then u vanishes identically if m S n

or ged(m,n) = 1.

Proof. We may assume without harm to the proof that @« = § = 0 (otherwise we
consider only the coordinates (x5, zg, ..., z,) of x). By hypothesis, m # n. Thus,
there exists a minimal index j € {1,...,k} such that n; # m;. Without loss of
generality, suppose we are in the case m; < n;. We now distinguish two possible

settings.

1. If my = 0 for all indices ¢ > j then, owing to the fact that m; < n;, there exists

a copy of p; acting on 2(j + 1)-coordinates such that

u(p;x) =u(zr) and u(pjr)=—u(z), VreR",
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where the first identity arises from the ¢, m-equivariance of u and the second

comes from the ¢z -equivariance. We conclude that v = 0.

2. Otherwise, let ¢ > j be the minimal index for which m, > 0. In this case, there
exists a tuple consisting of 2(¢ + 1)-coordinates on which a copy of I'; acts, but

for which the first 2(j + 1)-coordinates are acted upon by a copy of I';.

Let now C denote the set of all binary codewords ¢ € Z5™ such that
u(RE™5N(0)z) = u(z), VO € [0,27)

and all x € R". By Lemma 3.5.3, C is a (/+1)-code. From the isomorphic copies
of I'; and I';, it is automatic that v;;1,v.41 € C. Observe that the condition
ged(m,n) = 1 enforces ged(¢ + 1,5 + 1) = 1. An application of Lemma 3.5.2
implies that C contains the standard basis of Z5™, thereby ensuring that u
is invariant under rotations in each individual coordinate acted upon by the

aforementioned copy of I'y.

By the aforementioned ged-condition, at least one of £+ 1 or 5+ 1 must be odd.

Thus, we are reduced to two cases.

(i) If (¢ +1) is odd, then

_ r+1
U(U)1, By e 7Zé+17w2) - _u(pf <w17 Ly e vy 41, w?))
= _u(wly _Z_17 ceey TRI4, w2>
for any (wy, 21,..., 2001, w2) € R™. But then, since w is invariant under
rotations in each of the (complex) coordinates 2, ..., zp41, it follows that
u(wla _Z_la ceey TRU4, w2) - u(wh Zlyee e Z€+17w2)‘
Combining the last two equations, we get
u(wh Ly vy 241, w?) = —U,('UJ1, Ly e evy R4, wZ)-

We conclude that v = 0.
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(ii) If (j + 1) is odd then, by the same argument,

_ j+1
U(wl, 1y .- 7Zj+17w2) - _u(pj (wlu 1y .- J’Zj+17w2)>
= _u(wh _Z_l7 sy TR+ w2)
for any (wy, 21,..., 2041, w2) € R™. Using that u is rotation invariant in
each of the coordinates z1,...,2j11,..., 241, We again find that
u(wh —Z_l, ceey —Zj+1, wg) = u(wl, ATREEE Zj+1, U)Q).
As before, we obtain
U(wl, Rl ey Zj+1, w2) = —'LL(wl, R1y -5 Zj+1, w2)'

Ergo, u = 0.
In any case, we deduce that u = 0 which completes the proof.
O

Proposition 3.5.5. Let n > 4 and suppose (o, m) and (B,n) are two tuples, each
satisfying (1.2.2). Let u : R™ — R be (a, m)-symmetric and ([3,n)-symmetric. If

a # [, then u vanishes identically.

Proof. Since a # 3, we may assume without loss of generality that e < 8. In this
case, we must distinguish between o = 0 and a > 0. In the latter case, we have

Oa = Q%Bfa implying that, for all x € R",

u(@) = u(gy " (x)) = uloa(z)) = —u(x),

where the first equality uses the (5, n)-symmetry of u and the final equality invokes
the (o, m)-symmetry. Consequently, we infer that u = 0.

If instead o = 0, then observing that g%ﬁ = p; yields a similar contradiction

provided my # 0. Indeed,
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whence u = 0. It remains to treat the setting where 0 = o« < f and m; = 0. In
this case, let j > 1 be minimal such that m; # 0. Denote by (21, 22, ..., zj11) the
complex coordinates acted upon by the first copy of I'; in G4 . Then, for any

= (21,...,251,w) € R® 2 CIH x R*20+D  there holds

u(z) = u(ewzl, . ewzjﬂ, w) (3.5.6)
for any 6 € R, by virtue of the (o, m)-symmetry. Owing to the (3, n)-symmetry,

we also have

0

U(.T) = u(ei 21, 6_20227 3y ey RZj41, w)

for all angles § € R. By following the argument in Lemma 3.5.3 (i.e. conju-

gating the above rotations by the copy of p; in Gom acting on the coordinates

(21,-..,2j41)), we see that
u(w) = u(e®z,e 2, 23, .., 25, i1, W) (E.1)
=u(z1,e%2,e P23, 24, ..., 25, 2j11, W) (E.2)
= w2y, 29, €% 25,702, .. , Zjy Zj41, W) (E.3)
= u(21, 22, 23, 24, - - - , ewzj, e_wzjﬂ, w) (E.j)

Now, given 6, we sequentially apply (E.1) with 6/(j + 1), (E.2) with 26/(j + 1),
(E.3) with 36/(j + 1), and so forth, until we apply (E.j) with j6/(j + 1). Each

such rotation preserves the sign of u, whence
w(z) = (e /0D 5, ei9/(j+1)zj7 e*ij9/(j+1)zj+17 w).
Then, applying (3.5.6) with —0/(j 4+ 1), we obtain
w(x) = u(z, 22, . .., 2, e’wzjﬂ, w).

Consequently, u is rotation invariant in the complex coordinate z;;;. Following

once more the conjugation argument from Lemma 3.5.3, it follows that u is rotation
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invariant in each complex coordinate of (z1, ..., zj11).

Next, by using that u is (5, n)-symmetric with 8 > 0, we obtain for every point
r=(z,w) € R" =2 C/+! x R*20+1) that

u(z) = u(gﬁ () = u(—22, 21, 23, 24, - - -, 2, Zj41, W)

= U(29, 21, 23, 24y - -+ 3 Zjy Zj41, W),

where we have used that u is invariant under rotation in each coordinate of z
for this last step. Again, by conjugation with respect to p;, the same argument
as before (see also Lemma 3.5.3) implies that any two adjacent coordinates of
2z = (#1,...,%j41) may be swapped while preserving the value of u(z). Iterating

this principle yields the identity
U(ZL’) = U(ZjJrl,Zl,Zg,...,Zj,UJ). (357)

On the other hand, the (a, m)-symmetry of u together with the rotational invari-

ance in each coordinate of z ensures that

—u(x) = ulp; (@) = u(~F5 A, - o, 5 w)

= U(Zj+1, ATREE ,zj,w).

Combining this last equation with (3.5.7), we conclude that u(z) = 0.

In all cases we have shown that © = 0, which is what had to be shown. O

Next, we aim to verify that the symmetry incompatibilities we have established
in Propositions 3.5.4-3.5.5 also ensure that the solutions we will produce in The-
orem 1.2.1 remain distinct even with regards to translations and dilations. This
is of important relevance to our problem (B) of interest since, if a function u is
a solution to (B), then so is the dilated function = — Au(Az), for A > 0, where
~v > 0 is the homogeneity exponent given by

n—>bg n—p(l+a)

= . 3.5.8
v . . (3.5.8)
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Note that if a = b = 0, then translation is allowed in the sense that
r—= NuAx+y), yeR",

is also a solution to (B). As a first step in this direction, we show that a non-trivial
solution of (B) with (a, m)-symmetry cannot be a translation of a (5, n)-symmetric
solution, provided («,m) and (5, n) satisfy one of the conditions dictated by the
second part of Theorem 1.2.1.

Lemma 3.5.6. Fix a dimension n > 4. Suppose that (o, m) and (5,n) are two
pairs, each of which satisfies condition (1.2.2). Let u,v : R" — R be non-trivial
solutions to (B) which are (a, m)-symmetric and (B, n)-symmetric, respectively.

Assume that one of the following conditions hold:

1. a# B;

2. a=p and m #n, withm < n or ged(m,n) = 1.
Then, u is not a translation of v.

Proof. Suppose for a contradiction that there exists a non-zero o € R™ for which

there holds u(z) = v(x — x) for all x € R”. We distinguish two cases.

1. If both (a, m) and (5, n) satisfy (1.2.3), then the transformation
¢:R"—=R" 2+ —x
satisfies the rules
u(s(x)) = u(z) and v(s(z)) = v(z)

for all x € R™. Notice that ¢ is R-linear. Consequently, for each z € R", we
have that
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As x € R™ was arbitrary, we infer that u is periodic and non-trivial; this

contradicts u being a non-vanishing solution of (B).

. Consider next the case where (a,m) and (5,n) do not both satisfy (1.2.3),

and assume without loss of generality that («,m) fails this condition. In

particular, n must be odd. Then, we consider the transformation
G:R" =R (21, Tp1,%n) — (=21, oy =T, Tp)-

Again, ¢ € G, is an R-linear isometry of R". Furthermore, u(sz) = u(z)
for all z € R™ because ¢ is composed of sign-preserving components of G .

In fact, we can say the same for v because

(i) If (B,n) does not satisfy (1.2.3) we get v(sz) = v(z) by the same rea-

soning as for u.

(ii) If (B,n) satisfies (1.2.3) there is a non-trivial copy of an orthogonal
group acting upon the final coordinates not touched by any sign-changing
action from Gz, whence ¢ is a sign-preserving transformation in G,

with respect to ¢g .

Now, ¢? = I and so

(z — <(20) 4 xo — 20)
(z = s(x0) + o)

Il
<

I
g

Hence, we have periodicity of w provided ¢(zp) # xo. Of course, by the
same reasoning as earlier, this would be a contradiction. If ¢(zg) = xo, this
means that all but the last coordinate of z( is 0, at which point we have
Orbe, .(z0) = {xo} by (1.2.3). But then, v(z) = u(x+ ) is a translation of
u by a G, m-invariant point in space. Thus, v is ¢, n-equivariant and must

be trivial by Propositions 3.5.4-3.5.5.
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The next corollary verifies the distinctness of our solutions under the previously
mentioned translations and dilations.

Corollary 3.5.7. Fiz a dimension n > 4. Suppose that (o, m) and (5,n) are two
pairs, each of which satisfies condition (1.2.2). Let u,v : R™ — R be non-trivial
solutions to (B) which are (a, m)-symmetric and (B, n)-symmetric, respectively.

Assume one of the following hold true:

1. a# B;

2. a=p and m #n, withm S n or ged(m,n) = 1.
Then, u is not a translated rescaling of v, in the sense that there does not exist
A€ R and y € R" such that

u(z) = Nv(Az +y).

Here, v > 0 is the homogeneity exponent given by (3.5.8).

Proof. By way of contradiction, suppose we can write
uw(z) = Nv(Ax + y)

for some A € R and y € R™. Since u is non-trivial, we must have X\ #£ 0. If y = 0,
then u(z) = w(z) where w(x) := Nv(Azx) is itself ¢z ,-equivariant. Notice also
that w is a solution of (B). Consequently, Propositions 3.5.4-3.5.5 imply that u is
trivial which contradicts our assumptions. If instead y # 0, we observe that

u(z) = Nv(Ax +y) = Nv <)\ [x%—%D :w(x—l—%),

meaning that u is a translation of a ¢g ,-equivariant solution of (B). Ergo, we are

in contradiction with Lemma 3.5.6. Thus, the proof is complete. O

3.6 The Proof of Theorem 1.2.1

We now turn towards the proof of our main existence result for nodal solutions, i.e.

we provide the proof of Theorem 1.2.1. As we mentioned in Chapter 1, and in the
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introductory portion of the current chapter, although we already possess existence
results for the problem (1.2.1) in the form of Theorems 3.1.1-3.1.2, the primary
pursuit of this chapter was to exhibit nodal solutions to (1.2.1) for an infinite
category of mutually exclusive symmetry types. Thus, Theorem 1.2.1 is effectively
a combination of these aforementioned general existence results, together with
the symmetry discussions from the previous sections in order to distinguish the

resulting solutions.

Proof of Theorem 1.2.1. Let n >4 and put k = k(n) := |2| — 1. For each v > 0
and every tuple m = (my,...,my) such that (a,m) satisfies condition (1.2.2),
the construction detailed in §2 yields a symmetry imprint (Gom, ¢am) satisfying
properties (P1)-(P2) by virtue of Lemma 3.5.1. Then, an application of Theorem
3.1.1 yields a solution g, to (B) which is (a, m)-symmetric.

If we are instead in the case a = b # 0, and the pair («,m) satisfies the
additional condition (1.2.3), the argument proceeds exactly as in the previous case
a < b, but instead by appealing to Theorem 3.1.2 since the symmetry imprint
(Gam, Pam) Will satistfy (P3) additionally.

Finally, we treat the case a = b = 0. Although condition (P3) will not hold
unless (1.2.3) is satisfied, it is easy to see from the definition of G, and (3.5.5)

that the weaker condition
dim (Orbg, ,(z)) >0 or Orbg, . (z) = {z}

is valid for all x € R". Consequently, an application of Clapp-Rios [24, Theorem
3.1] with © equal to the unit ball ensures the existence of a non-trivial solution
Uqm Of the problem (C) that is («, m)-symmetric.

In all cases, being that ¢, is surjective by construction, it is automatic that
each U, is sign-changing.

The second part of the theorem involves distinguishing the solutions by their
symmetry types. Since each solution constructed above is a D}P(R", 0)-function
satisfying the Caffarelli-Kohn-Nirenberg problem in R", it follows (see Shakerian-
Vétois [60]) that u is CT(R™\ {0}), after modification on a set of Lebesgue measure
zero. Consequently, by Lemma 3.2.1, each (a,m)-symmetric solution u has a
C(R™ \ {0}) Sobolev representative which, after setting u(0) = 0, is a function
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satisfying the («, m)-symmetry pointwise everywhere on R”. FErgo, the second
part of the theorem follows by combining Propositions 3.5.4-3.5.5.
O
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Chapter 4
Conclusion and Open Questions

There are several natural and interesting followup questions that arise from our
discussions in Chapters 1,2 and 3 of this monograph. Beginning perhaps with
the global compactness theory established within Chapter 2, and the historical
background in Chapter 1, there are several directions involving the Struwe-type
decomposition which carry questions of significant interest. First, it would be
interesting to investigate, under which conditions, one might be able to sharpen
the conclusions of Theorems 1.1.1-1.1.2 by describing the relative formation of the
bubbles themselves. To be more precise, one could ask whether bubbles can be
segregated during their formation, or if they can cluster at a single concentration
point and form a “tower”. We comment that this question holds interest in either
the a < b or a = b # 0 regimes, albeit for different reasons. In the a < b regime,
because all concentration is automatically enforced at the origin, an investigation
into the towering of bubbles is especially relevant. In contrast, when a = b # 0
in the problem parameters, the fact that a Palais-Smale sequence may split into
bubbles solving different categories of problems, makes an investigation of the
separation of bubbles particularly interesting. Especially, in the a = b # 0 regime,
it would be interesting to study whether one can construct a sequence exhibiting

bubble clusters, at the origin, consisting entirely of unweighted profiles.

Pushing further the questions of sharpening the conclusions of Theorem 1.1.1
and Theorem 1.1.2, we mention also that an investigation of energy bounds for

sign changing solutions of the Caffarelli-Kohn-Nirenberg problem (A) in € in the

143
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spirit of Weth [72] could be useful in establishing the existence of sign-changing
solutions to (A), for Q # R". We should comment, however, that the work of
Weth [72] is for the unweighted Laplacian, with the proof fundamentally utilizing
the conformal invariance of the problem. As this conformal invariance is lost when
transitioning to the p-Laplacian, answering such questions would likely require
a modified methodology. Closely related to this is the question of comparing
the energies of solutions to the weighted problem (B) (for (a,b) # (0,0)) when
considered relative to the energy of unweighted solutions, i.e. solutions to the
problem (C). Note that a comparative result regarding these respective energies
could shed some light of when Palais-Smale sequences achieve a splitting into
bubbles for both the weighted and unweighted limiting problems given by (B)
and (C). In fact, identifying suitably general conditions under which a Palais-
Smale sequence for the energy functional J in (1.1.1) cannot result in unweighted
bubbling (in the a = b # 0 regime) could prove to be useful, in the sense that
it may overcome the dimensional constraint n = 5 present in the statement of
Theorem 1.2.1 (see below as well). One interesting potential path involves using
the existence of solutions in n = 5 with @ < b to build a (PS)-sequence consisting
of solutions to a slightly perturbed analogue of the a = b # 0 case (i.e. with
a = b — ¢ for some € > 0 small) in an attempt to produce a (PS)-sequence in the
a = b # 0 regime which inherits the simplified bubble tree from a < b, thereby

avoiding the algebraic constraints introduced by n = 5.

Addressing now interesting follow ups on the existence portion of this thesis,
i.e. Chapter 3, we should first discuss the consequences of the dimensional con-
straint n # 5 present in the statement of our main existence Theorem 1.2.1 within
the balanced case a = b # 0. The glaring change in this dimension is that we
find no sign-changing solutions to the problem (1.2.1), rather than the existence
of nodal solutions for an infinite number of mutually distinct symmetry classes,
as we find in all other cases. We should note here that we do not believe this
phenomenon to be a failure of the (o, m)-symmetries themselves. Indeed, when
a = b # 0, we do have a result ensuring the existence of an entire nodal solution to
(1.2.1) for a general symmetry imprint satisfying conditions (P1)-(P2)-(P3) (this
is Theorem 3.1.2). However, it does not seem trivial to construct a group and
homomorphism pair (G, ¢¢) satisfying all of (P1)-(P2)-(P3) when n = 5. What
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is more, without additional information on the profile decomposition offered by
Theorem 1.1.2, condition (P3) is necessary to ensure the forced concentration at
the origin — which is essential in verifying that the energy of the Palais-Smale
sequence does not escape, nor split, into unweighted bubbles in the limit. As we
believe no pair (G, ¢¢ satistying (P1)-(P2)-(P3) can exist in n = 5, we suspect
that a proof of nodal existence for n =5 and a = b # 0 would be of interest in it’s
own right, as it would likely require a new approach differing from the strategy
employed within this thesis.

Of interest as well, is how the prescription of symmetries can affect the energies
of solutions we constructed. Even whilst remaining within our (a, m)-category of
solutions, one could ask how increasing «, or increasing the number of non-zero
entries in the class m, could affect the energies of the solutions we find. That is,
can we effectively describe the energies of the solutions using the symmetries we
prescribe?

Furthering the question of existence, it would also be interesting to study the
implications of our global compactness theory in Chapter 2 in domains other than
R”. For example, it would be interesting to try and obtain a Bahri-Coron-type
(i.e. a statement reminiscent of those found in Bahri-Coron [4]) existence result
for the problem (A), although this would be most interesting in the situation
where 2 C R" is a smoothly bounded domain whose closure contains the origin.
This class of domains would include, in particular, the case where €2 is an open
ball punctured at the origin, as well as domains where the singularity lies on the

boundary.
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